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The present work focuses on nonlinear dynamics models of multi-walled carbon nanotubes
with initial curvature resting on Winkler-Pasternak elastic foundations in a nonlinear ther-
momagnetic environment using nonlocal elasticity theory. The derived systems of nonlinear
vibration models are solved with the aid of the Galerkin decomposition and the homotopy
perturbation method. Effects of temperature, magnetic field, multi-layer, and other thermo-
mechanical parameters on the dynamic responses of the slightly curved multi-walled carbon
nanotubes are investigated and discussed. As the temperature increases, the frequency ratio
decreases as the linear natural frequency of the system increases. The results reveal that the
frequency ratios decrease as the number of nanotube walls, temperature, spring constants,
magnetic field strength, and the ratio of the radius of curvature to the length of the slightly
curved nanotubes increase. These trends are the same for all the boundary conditions consid-
ered. However, clamped-simple and clamped-clamped supported multi-walled nanotube have
the highest and lowest frequency ratio, respectively. Also, from the parametric studies to con-
trol nonlinear vibration of the carbon nanotubes, it is shown that quadruple-walled carbon
nanotubes can be taken as pure linear vibration even at any value of linear Winkler and
Pasternak constants. Therefore, this can be used for the restraining of the chaos vibration
in the objective structure. These research findings will assist the designers and manufactu-
rers in developing multi-walled carbon nanotubes for various structural, electrical, mechanical,
and biological applications, especially in the areas of designing nanoelectronics, nanodevices,
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nanomechanical systems, nanobiological devices, and nanocomposites, and particularly when
they are subjected to thermal loads, magnetic fields and elastic foundations.

Key words: small-scale effects; multi-walled carbon nanotubes; nonlocal elastic theory; non-
linear thermal effect; magnetic field effect.

NOTATIONS

A — area of the nanotube,
¢; — coeflicient of the van der Waals force between the i-th tube and the (¢—1)-th tube,
F; — van der Waals force between the i-th tube and the (i—1)-th tube,
E — Young modulus of elasticity,
EI — bending rigidity,
hi, h2, hs — Murnaghan’s constants,
H, — magnetic field strength,
I — layer number ¢ = 1,2,3,4, ..., N,
I — moment of area,
ki, ks — spring constants/Winkler foundation constants,
kp — spring constant/Pasternak foundation constant,
L — length of the nanotube,
m. — mass of tube per unit length,
N — axial/longitudinal force,
r — radius of the nanotube,
AT — change in temperature,
t — time coordinate,
w — transverse displacement/deflection of the nanotube,
W — time-dependent parameter,
x — axial coordinate,
Z, — initial curvature of the tube,
¢(x) — trial/comparison function,
EAa,; AT — constant axial force due to thermal effects,
nAH2 — magnetic force per unit length due to Lorentz force,
a, — coefficient of thermal expansion,
1 — magnetic field permeability,
v — Poisson’s ratio.

1. INTRODUCTION

The discovery of the novel nanostructure materials by I1siMA [1] has led to
the increasing number of various applications of nanomaterials for the develop-
ments of nanoelectronics, nanodevices, nanomechanical systems, nanobiological
devices and nanocomposites. This is due to their excellent properties and high
strength to weight ratio. However, the carbon nanotubes (Fig. 1) undergo large
deformations within the elastic limit and vibrate at the frequency in the order of
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Fia. 1. Typical SWCNT (a), typical MWCNT (b).

GHz and THz. Consequently, there have been large volumes of research studies
that investigated or provided insight into the dynamic behaviors of the novel
structures [2-13|. The mechanics and buckling behaviors of the nanotubes under
external influences were explored by LIEW et al. [5], PANTANO et al. [6, 7], QIAN
et al. [8] and SALVETAT et al. [9], SEARS and BATRA [10], YOON et al. [11],
WANG and CATI [12], WANG et al. [13], ZHANG et al. [14]. The nonlinear vibra-
tion analyses of the single-walled carbon nanotubes (SWCNTSs) was presented by
ELISHAKOFF and PENTARAS [15], BUKS and YURKE [16], POSTMA et al. [17],
Fu et al. [18], DEQUESNES et al. [19], OUAKAD and YOUNIS [20], ZAMANIAN
et al. |21], and BELHADJ et al. [22]. Theoretical investigations of double-walled
carbon nanotubes (DWCNTS) have been conducted by ABDEL-RAHMAN and
NAYFEH [23|, HAWWA and AL-QAHTANI [24], HAJNAYEB and KHADEM |[25],
Xu and Guo [26], LEI et al. [27] and GHORBANPOUR et al. [28]. The analy-
ses of the carbon nanotubes were extended to multi-walled carbon nanotubes
(MWCNTSs) [29-33].

Studies on vibrations of SWCNTs, DWCNTs and MWCNTs presented in the
literature use experimental measurements, density functional theory, molecular
dynamics simulations, and continuum mechanics. There are some difficulties in
the experiment investigations at the nanoscale level. Therefore, the majority
of the past works are based on theoretical investigations using classical con-
tinuum models (which do not consider the small-scale effects). However, due
to their scale-free models, as they cannot incorporate the small-scale effects in
their formulations, the classical continuum theories are inadequate for accurate
predictions of the nanotubes’ dynamic behaviors. Such inadequacy in the clas-
sical continuum models is corrected in the work of ERINGEN [34-37|, where the
author developed nonlocal continuum mechanics based on nonlocal elasticity
theory. Although some studies in the literature have used the nonlocal conti-
nuum mechanics to present some theoretical investigations, to the best of the
authors’ knowledge, a study on the simultaneous influences of nonlinear thermo-
magneto-mechanical parameters on the nonlinear vibration of slightly curved
multi-walled carbon nanotubes subjected to linear and nonlinear elastic founda-
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tions using nonlocal elasticity theory has not been presented in the past studies.
Therefore, the present article, using the Galerkin decomposition-homotopy per-
turbation method, studies the impacts of nonlinear thermal loads, magnetic field,
boundary conditions, linear and nonlinear elastic foundations on the nonlinear
dynamic behavior of slightly curved multi-walled nanotubes. Parametric stud-
ies are presented and the results are discussed. The study aims to better design
multi-walled nanoelectronics, nanodevices, nanomechanical systems, nanobiolog-
ical devices and nanocomposites under the influences of linear and nonlinear
thermal loads, magnetic fields, and linear and nonlinear elastic foundations.

2. MODEL DEVELOPMENT FOR SWCNT AND MWCNT

Consider a slightly curved SWCNT and DWCNT subjected to stretching
effects and resting on Winkler and Pasternak foundations in a thermomagnetic
environment as depicted in Fig. 2. Applying Eringen’s nonlocal elasticity theory,
Euler-Bernoulli beam theory and Hamilton’s principle, the equation of motion
for the SWCNT under the influence of linear and nonlinear elastic foundations
in a nonlinear thermal and magnetic environment is developed as
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Further works on developing the governing equation of motion for the SWCNT
can be found in our previous studies [38-41|. Figure 3 shows the embedded
slightly curved DWCNT on elastic foundations.
Following the derivation procedures in our previous studies [39-41], the go-
verning equations of motion for the multi-walled carbon nanotube under the
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FiG. 2. Simply-supported embedded slightly curved SWCNT
on the two-parameter elastic foundation [42].

FiG. 3. Simply-supported embedded slightly curved DWCNT on elastic foundations [43].

influence of linear and nonlinear elastic foundations in a nonlinear thermal and
magnetic environment is developed as
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where the number of layer is represented by ¢ and 7 = 1,2,3,4,..., N, and F;
are terms that represent the interlayer interactions for the MWCNTs with N
layers. The elastic foundations’ terms £, and kw; + kww§, will be included in

+ F; =0,
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the governing equation only for the outer tube that interacts with the elastic
foundations.

The development of the expression for F; is based on the fact that the pressure
at any point between any two adjacent tubes depends on the difference of their
deflections at that point. Consequently, using the linear form of the van der Waals
forces, one can express the van der Waals force between the i-th nanotube and
the (¢ — 1)-th nanotube as

(2.3) Fi = ci(wi — wi_l).
It is assumed that all nested individual tubes of the MWCNT vibrate in
the same plane. Using the van der Waals forces in Eq. (2.2), the developed

nonlinear governing equations of vibration for the embedded MWCNT in a non-
linear thermal and magnetic environment with N layers are given in expanded

form as
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It can be noted that the elastic foundations’ parameters k,, k, and k,, do not
enter into the equations of the inner tubes. This is because only the outer tube
interacts with the elastic foundations.

Table 1 presents the end conditions considered in this work.

Table 1. The basic functions corresponding to the above boundary conditions [39].

Cases Mode shape, ¢(z) Value of g
1. Simple-Simple support

?’?1 ................

e R S S S e

Ay
R

Bz Bz
2. Clamped-Clamped support | | cosh T )" cOoS A
I P e e 4.730041

ARAAHAAR AR R R (Slnh6+smﬂ <mh< )_Sm<%>)
3)
(0 (3) (%)

The following boundary conditions for the multi-walled nanotubes are con-
sidered in this work:

cosh 8 — cos

3.926602

T e e e
A e e e (COShﬁ —cosf3

3. Clamped-Simple support <cosh ( ) — cos <

sinh 8 — sin 8

e for simply supported (S-S) nanotube,

(92wi(0 t) 82wi(L t))
2. i\U, U) = U, — = ) i(Lt) = ) ——— =0.
(2.9)  w;(0,t) =0 52, 0, wi(Lt)=0 50, 0
e for clamped-clamped supported (C-C) nanotube,
Gwi(O, t) 6wi (L, t)
2.1 i\ t) =Y, ——— =Y, (L) = y T o — Y
(2.10)  w;(0,t) =0 o 0, wi((Lt)=0 D 0
e for a clamped-simply supported (C-S) nanotube,
om0 o 2wl
(2.11)  w;(0,t) =0, “or 0, w;(Lt) =0, 92y 0.

3. SOLUTION METHODOLOGY: GALERKIN DECOMPOSITION
AND HOMOTOPY PERTURBATION METHOD

The method of solution for the governing equation includes the Galerkin
decomposition and homotopy perturbation methods. As the name implies, the
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Galerkin decomposition method is used to decompose the governing partial dif-
ferential equations of motion so they can be separated into spatial and temporal
parts. The resulting temporal equations are solved using the homotopy pertur-
bation method.

The procedures for the analysis of the equations are given in the proceeding
sections as follows.

3.1. Galerkin decomposition method

With the application of the Galerkin decomposition procedure, the govern-
ing partial differential equations of motion can be separated into spatial and
temporal parts of the lateral displacement functions as

(3.1) wi(xz,t) = ¢(x)Wi(t), i=1,2,3,...,N.

Using a one-parameter Galerkin decomposition procedure, one arrives at

L
(3.2) /Ri(x, t)p(x)dz =0,
0

where Ry (z,t) is the governing equation of motion for each tube of the multi-
walled nanotubes. From Eq. (2.8), for the outer tube of multi-walled carbon
nanotubes one can write that
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From Egs (3.1) and (3.2), one arrives at

AWy EA
(3.4) a1 EFINWN + aomony ———— 12 + akWyn + asky, WN NWN
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After collecting like terms, we have

d2Wy N Nis) Wy _ V-1
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Similarly, the same procedure is applied to the other inner tubes of the
MWCNTs, appropriately.

From the above and based on the previous information, the temporal parts of
the governing equations of motion for each nanotube in the multi-walled carbon
nanotubes can be written as

42w Nz c1 (asp — aq) ZH
3.7 + ' Wy — —Wso + 2Ly — o,
(3.7) d¢? (g — asp) pAq ! pAq 2 (g — asp) pAy !
where

Niggy =1 EL + (ap — as)(EANaxAT
+ [h11 (1 = 20) — 2ha1 (02 = 1) + ha1v?] A1 (ag)® (AT)? + nA H2 + kp)

+ (2 — asp)cr,

d?Wy N3 c 2 (asp —aq) B2
3.8 : Wo— L, — 2wyt W3 =0,
(38) dt?2 (e — asp) pAs 2T oA, N pAy P (g — asp) pAg 2
where

N(*3.8) =a1EDL + (aap — as) (EAN%AT
+ [hig (1= 20) — 2hgy (02 — 1) + hagv?] Ay (an)? (AT)? + Ay H2 + kp)

+ (ag — asp) (c1 + ¢2) ,

d?Ws N9
2 Wi — -
dt?2 (g — asp) pAs pAs3 pAs3 (a2 — asp) pAs

(3.9)
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N(*3.9) =1 Els + (a1 — as) (EANaxAT
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dt?  (ag—asp) pAy e pA4 pAy (g —asp) pAy

(3.10) W3=o0,



98 G. SOBAMOWO et al.

where

kas.lo) = a1 Bl + (ap — as) (EAN%AT
+ [h1a (1= 20) = 2has (v = 1) + hoao?] As (@0)” (AT)® + AsH2 + k)

+ (a2 — asp) (e3 +ca),

d2Wy N N3 S\ |

3.11 N Wi
1) =3 (a2 —asp)pAn " pAy T
asky, — a4E2A% — b6agpky — 3ok, + a&u’% w3 =0
(a2 — asp) pAn b
where

Niz11) = a1EIN + ook — aspk + (oqp — as) (EAN%AT
+ [huv (1 —2v) — 2hon (112 — 1) + thvz] AN (041)2 (AT)2 +nANH? + kp>

+ (2 — aspt) eN -1,
and the initial conditions are
dW;(0)

(3.12) Wi(0) =X and —25 =0, i=123,..N.

3.2. Homotopy perturbation method

Considering the nonlinear terms in Eqgs (3.5)—(3.8), the development of the
closed-form solution becomes highly involving. In order to generate symbolic so-
lutions for the nonlinear equations, we adopt the homotopy perturbation method.
The principle and the procedures of the homotopy perturbation method can be
found in our previous works [60, 61].

3.2.1. Analysis of SWCNT (N =1). For SWCNT, the dynamic equation of

motion is given by

d2w N(*g 13)
3.13 + : W+
( ) dt2 ((052 — 045,u) pAN

asks — 044% — Gagpks — 3azpks + agu% W3=0
(Ozz — OZS,U) pA 7
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where
Niy13) = 0Bl + asky — aspky + (a1p — as) (EA%AT
[l (1= 20) = 2 (02 = 1) + hao?] A (00)” (AT)” + 5 AH2 + k),
Introducing the following dimensionless parameters to Eq. (3.13):

[ W
14 =4/ = = _
(3.14) r T T = wot, a=-,

one arrives at

2 d’a 3
(3.15) W g2 + fia + faa” =0,
where
N*
(3.16) 9

3.16 = =

(3.16) / (2 — asp) pA

(3.17) by = oasks — 044}2%1 — baguks — 3aruks + ag,ug—f <I>’

(g — asp) pA A

and

Ni316) = a1 BT + agky — aspky + (cp — as) (EAaxAT

+ [P (1= 20) = 2hs (v* — 1) + hgv?] A (ag)® (AT)? + nAHZ + kp).

The initial conditions of Eq. (3.15) are given as

(3.18) a(0)=X  and dZ(TO) = 0.
It can be derived from Eq. (3.12) that
N*
(3.19)
319 w = = —_—,
( ) \/-?1 (O[Q _ 055/1) pA
where

Ni319) = a1 ET + gk — aspk + (a1p — a5) (EAN%AT

+ [ha(1 = 20) — 2hy (0% — 1) + hgv®] A(an)? (AT)? + nAH? + kp),
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and w and wp are the linear forced vibration and unknown nonlinear angular
frequencies, respectively. It should be stated that wg is to be determined.

With the application of the homotopy perturbation method (presented in
Appendix A) to Eq. (3.15), we have the following solutions:

e S-S support

(3.20)
X3 (ashs — 0y EA 6a6uk3—3amk3+aw 2)(%)

w(z,t) = (X cos wot +
D 90)

I . /nnmx
- (cos 3wpt — cos wmﬁ)) xy ~ sin (T),

where
D390y = 32 (alEI + aok1 — aspky + (oap — as)

: <EA%AT+ [h (1= 20) — 2hy (0% — 1) + hgv?] A(az)? (AT)? +nAH? +kp))

EA EA I
24 X2 —y— — — — .
+ <a3k3 Qy 5T b6aguks — 3aruks + agp—— 5T > (A>

e C-C support

(3.21)
X3 (ask — Gagpks — Sarpks + I
w(z,t) = (Xcoswot—i— (asks — au 046!1 5 — arpks + aspfa)(4)
D3 01y

T— RO )
(s ()~ (T}

D391y = 32 (alEI + ki — aspky + (oap — as)

where

.(EA%AT + [h1 (1= 20) = 2hy (V2 — 1) + hav?] A (a)? (AT)? + nAH2 + kp>)

EA EA 1
+ 24 X2 <043k3 — ayg—— — baguks — 3aruks + agp—— 5T > (A>

2L
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e C-S support

(3.22)
X3 (ks — asBA — 6aguks — 3o ks + agpnEA) (L
w(z,t) = | X coswot + (asks — as5p — 6aguks — 3aruks + asugr) ()
Dis 29

- (cos 3wot — cos wot)> \/z
L Bx Bx cosh B—cos B\ ]| . b Bx . [ Bx
(o (30 (s () ()

where

D399y = 32 (OélEf + k1 — aspky + (cap — as)

.(EA%AT + [h (1= 20) — 2k (2 = 1) + hgv?] A (02)? (AT)? + nAH? + k;p))

EA EA I
+24X° <a3k’3 T 6o ks — 3oppiks + a8M2L> <A>

3.2.2. Analysis of DWCNT (N = 2). The DWCNT governing equations of
motion for the temporal part are given by

42w, N(3.93) c1 (asp — o) (B1)
3.23 + ' Wy — —— Wy + 2L 7w = o,
( ) d¢? (g — asp) pAq ! pA; 2 (g — asp) pAq 1

where

N(*3.23) = a1E11+(C¥1M—a5) (EAlOéxAT—I- [hn (1 — 2’[1) — 2h9 (U2 - 1) + h31’02]

- Ar (az)® (AT)? + A H? + kp) + (a2 — asp) 1,

d2Ww. N
2 4 (3.24) W c1

3.24 _ W
(3:24) d? (ag — asp) pAsg S P
N asks — oy %22 — bagpuks — 3ar ks + aguEfL‘Q W3 — o
(ag — asp) pAs 2 ’
where

N300y = 1 Bl + agky — aspky + (cp — as) (EAZ%AT
+ [hia (1= 20) — 2hgy (02 — 1) + hgpv?] Ag () (AT)? + nAgH? + kp)

+ (a2 — asp) c1.



102 G. SOBAMOWO et al.

Applying the following dimensionless parameters:

I Wi Wo
ap = —, ao = — and T = wgt

3.25 =4/ —
( ) " Ay’ r r

into Eqs (3.23) and (3.24), the following dimensionless nonlinear system of equa-
tions is derived

d2
(3.26) wp ey —— + fia1 + fad} — fza2 =0,
d%as
(3.27) w(z) 1.2 + g1a2 +92a2 gsar =0,
where
f= Niz8) 1
(g —asp) pAr — pAy’
= (asp — o) ELy
2L (ap — asp) pAr’
_a
f3 - pAlv
(3.28) .
g1 = N(3.289) C1
(a2 —asp) pAz — pAs’
. (ausks — B2 — Gag ks — Baruks + asp’sr?) <Il >
2 = A
(g — asp) pAa A
gg = L
3 pA27
and

N(*3,28f) =a1EL + (aap — as) (EAlamAT

+ [hll (1 — 21}) — 2h9 (U2 — 1) + h317)2] Aq (Ct:,;)2 (AT)z + T]A1H12 + kp>,

Nis.089) = @1EI> + agky — aspky + (a1 — as) (EAQO[IAT
+ [lnz (1= 20) = 2hap (v° = 1) + hgpv®] Az (ap)* (AT)? + nAzH + k:p).

The solutions to the natural frequency and Eqgs (3.26) and (3.27) using the
homotopy perturbation method are presented in Appendix B. We arrived at
the solutions.
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e S-S support

(3.29)

—ay)EI
(%) X3 (cos 3wot — cos wot)

wy(z,t) = | X1 coswot + 5

(3.29) (asp—as)EL
32 (o + o) + 24 (pi3emedfh )
\/Tls. (mm>
. — S | —
Ay )
where
D399y = a1ET1 + (a1pt — as) (EAlaxAT

£ [ (1= 20) — 20y (0% — 1) + hne?®] Ay () (AT)? + A H2 4y ).

N7 7
(3.30) wa (x,t) = <X2 cos wot + i3.3o)) ) A—lsin (@»
D(3.30) 1 !
where
ks —oua 252 6 ks —3ax k—l—auE—A2
N(*3.30) = X3 <a3 Sl (ajfi5i)pA27M R (fﬁ) (cos Bwot — cos wot),
* _ a1 Elatasky —aspky
D(3-30) =32 ( (az—asu)pAs

(a1p—as)(EAzap AT+ [h12(1—20)—2hao (v2—1)+h32v?| Az (o) 2 (AT)2+n Ay H2 +y )
(2 —as ) pAs

+

EA EA
yoen ) 4oy ( sks—ou gt —Gaguks Sarukstasp gt \ (1
pAs (az—asu)pAs A )

e C-C support

Xt <%> (cos3T — cosT) 7
(3.31) wy (z,t) = 2L(ag—asu)pAr i

D*
(3.31) c1 (ch,u,—oq)EIl Al
32 ((ag—a5,u,)pA1 + p/il) +24 (2L(a2—a5,u)pA1)

Al (7)o (7)) (o) o () (I
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where

D?3.31) = EL + (a1p — as) (EA1043;AT

+ [hn (1 - 27)) — 2ho1 (U2 — 1) + h31’02] Aq (Oéx)2 (AT)2 + 77A1H$2 + ]4;10)7

N T

(3.32) wy(z,t) = <X2 cos wot + 932)) 1
D(3.32) Ay

COSh @ —COS @ — w Slnh @ _ Sin Bj
L L cosh 3 —cos 3 L L ’
where
N(*3.32) = X3 < shs—ay =7 (ifi’;i;)jAzwkg—k 81T ><£11>(cos 3wot — coswot),
* _ ay Elotaski —asuk
D(3.32) =32 ( : (6122—oi—;,ul)pAzlu -

(a1p—as)(EAzoy AT+ [h1o(1—20)—2has (v2—1)+haav?| Az (o) > (AT)?+n Ay H2+ky )

+ (a2—asp)pAz

A A
+-a +924 Oé3k3foc4%76a6uk373a7uk3+a8u% I
pAa (a2—asp)pAsz Ay )¢

e C-S support

(3.33)

(agpu—aq)ET
X3 (MW) (cos 3T — cosT) I

wy (z,t) = | Xy coswot + = —
(3.33) c1 (agp—aq)EL Al
32 (7( +pg1) 24 (—)

as—asp)pAr 2L(ao—asp) pAi
L Bx Bx cosh —cos 3 i Bx . [ Bx
. COS f —COS f — m S1n f —S1n f N
where

Df3.33) =Bl + (aqp — as) (EAlamAT

[ (1= 20) = 2hon (62~ 1) £ hyuv?] Ay (o) (AT)? s 2 + by ).
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N/ T
(3.34) w2(33,75)=<X2008w0t+ 55334)) =
D(3 21) Ay
(5% Ccos (B2 | - (CoshBmcos BN (P97 _gin (P2
7 G\ sinh §—sin 3 L L ’
where
Ny = X3 (B2 S st sost B ) () (contut — cosent)

* _ a1 Elstaski —aspk
D(3-34) =32 ( (az—asu)pAs

(Oclj.L—Cv5) (EAQCMmAT—F [hlg(l—Qv)—thg (1}2—1)+h321]2]142 (az)Z(AT)Z—i-nAQH%—f—kp)
(az—asu)pAz

azkz—aq 252 2L —6a6 ks —3ar ks +asp g2 2L I
+5;) + 24 ( I,

+

(a2 —asp)pAsz

3.2.8. Analysis of triple-walled carbon nanotube (N = 3). The nonlinear
vibration dynamic equation for the triple-walled carbon nanotube (TWCNT) is
given by Eqs (3.35)—(3.37)

d?wy N .35 c1 (agp — aq) 75 EAl
3.35 + ' Wi———Wso+ W = =0,
(3.35) dt? ((ag — asp) pA; LY TR (ag — asp) pA1 !

where
N{335 = EL + (a1p — 045)(EA1%AT
+ [h11 (1 = 20) = 2hay (V2 = 1) + ha1v?] Ay (a)? (AT)? + AL H? + kp)

+ (2 — asp) cx,

d2Wy N 569 c1 &)
(3:36) —5 + <<a2 S el AL ey L
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where
Niz36) = 1Bl + (aap — as) (EAgaIAT

+ [haz (1= 20) — 2hgy (0% — 1) + hagv®] A (aw)® (AT)? + A H? + k:p)

+ (2 — asp) c1 + (ag — asp) ca,

d2Ws N3 am 3
53 G+ (G g ) W g
n (agkg — oy Eﬁh — baguks — 3aruks + ag,u) Eﬁ?’ Wg’ _0
(a2 — asp) pAs ’
where

N(*3.37) = a1 FI3 + asky — aspk
+(ap — as) (EAgaxAT—k [h1s (1 — 20) — 2hag (v* — 1) + hgzv?] Az (aw)” (AT)?
+nAzH? + k:p> + (2 — aspt).
With the aid of the following dimensionless parameters:

I Wi Wo W3
_ a = —, ag = —, as = —, TZWOt,

(338) 1=/ . . ;

Eqgs (3.35)—(3.37) are transformed into the following dimensionless nonlinear sys-
tem of equations:

d%a
(3.39) ngdﬂl + fra1 + f2a? — faay =0,
d%a
(3.40) wg?; + giaz + g2a3 — gsar — gaaz = 0,
d2 ,
(3.41) WE2 4 hyag + hadd — hsay = 0,

e
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where
= N (*3.42f) c1
(a2 —asp) pAr  pAr’
fo = (asp — au) ELy f3= o
2L (g — asp) pAy’ pAL’
o= N5 42) C1+C2
(a2 —asp) pAz ~ pAy ’
— El c1 C2
(342) = (QSM a4) 5 = = i
T (a2 — asp) pAs B oA, M A,
iy — N (*3.42ﬁ) Co
(o — asp) pAs — pAs’
5 (agkg — oy Eﬁ?’ — 6aguks — 3aruks + CVSMEQI?) (Il>
2 (o2 — a5 ) pAs A
)
hg = —
57 pAs
and

N(*3.42f) =1 Bl + (a1 — as) (EAlaxAT

+ [h11 (1 = 20) — 2ha1 (02 = 1) + ha1v?] A1 (ag)? (AT)® + nA H? + kp),

Nis.499) = a1 EI2 + (a1p — as) (EAQ%AT

+ [Pz (1 = 2v) — 2has (112 -1) + h3202] Ay (0p)? (AT)? + nAsH? + k:p),

N(*3.42h) = a1 EI3 + azki — aspky + (o pp — as) <EA3axAT

+ [hng (1 = 20) — 2hog (v* — 1) + hazv®] Ag (ar)? (AT)? + nAsH2 + kp).

The procedure of the homotopy perturbation analysis is presented in Appen-
dix C. The displacements of the TWCNTs are expressed as follows.
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e S-S support

agpu—aog)ET
Xi?((gﬂ 1)EnL

m) (cos 3wyt — coswyt)

(3.43) wy (z,t)=| X1 coswyt+

D*
(3.43) c1 (agpu—aq)ELL
32 ((az—asu)m‘h + Pfil > +24 <2L(Oé2—015u)ﬂz41>

I (72)
Aq 1)’
where

Di 45y = B + (a1p — as) (EAlawAT

+ [h11 (1 = 20) = 2ha1 (v® = 1) + hg1v?] A1 (ag)® (AT)? + A H2 + kp),

X3 (M) (cos 3wot — cos wot)

2L(a2—asp)pAa
I . /nmx
e (7).

D5 44
DY _ 39 N34 La +c oy < (agp — ay) BT, >
(349 (az — asp) pAs pAs2 2L (ag — asp) pAs )’

(3.44) wo (z,t) = | Xa2coswot +

where

N3.42y = a1 Ely + (a1p — a5) (EAQamAT

+ [h12 (1 — 20) — 2hao (02 = 1) + haov?] Az (ay)® (AT)® + nAsH? + k,,).

EA EA
X3 <a3k3—a4 572 —6asuks—3arpkstagp =7 )
3

(e—asp)pAs

(3.45) ws (z,t) = | X3coswot + »
Dp; 45

I L . /nmx
. <A1) (cos 3wot — coswot) i sin (T),
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where

N k —6aguksz—3arpks+o
* _ (3.45) co agk3z— a4 QL 6R3—oQT UR3 SM 5L I
D(3-45) = 32 ((a2_asu)pA3 + PAS) +24 ( (a2—asp)pAs ) <A1>’

Niga5) = o, El3 + ks — aspky + (oap — o) (EAgOéIAT
[ (1~ 20) — 2oy (07 — 1) + hage?] A (0)” (AT) + nAsH2 + by ).
e C-C support

X3 (agpu—ayg)EI
1 \ 2L(az—asp)pAs

) (cos 3wpt — coswot)
(3.46) wq (z,t) = [ X7 coswot +

D {3.46)

V(o) o)) - (282 o () -on )]

where

N -
. (3.46) c1 (QBN 044)E11 >
Diy 4 = 32 + + 24 :
(3.46) ((0@ — ) pA; pA1> <2L (a2 — asp) pAs

Niz46) = 1 EL + (cap — o) <EA1azAT

+ [h11 (1= 20) = 2hgy (v2 — 1) + ha1v?] Ay (ag)? (AT)? + nA H2 + kp),

2L(as—asp)pAa

X3 (—(as“_a“)Eb ) (cos 3wt — coswot)
(3.47) wa (x,t) = | Xa2coswot +

D ?3 47)
A {[eosh () —eos() | - (B52285 ) [sinn (%) —sin (% )]}
where

* J—
¥ 1“(3.47) c1 C (agp — aq)ETs )
D =32 + + + 24
(3.47) ((ag —asp) pAs  pAs pAg) <2L (oo — asp) pAs

N(*3.47) = a1 Ely + (a1p — as) (EAQO%AT

+ [h12 (1 = 20) — 2hgy (V2 — 1) + hav®] A (ag)? (AT)? + nAyH2 + kp),
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(3.48)

EA As
X3<u3k3 ag—57= —6a6p,k3 3arpkgtagp 2L5>(71

(ag—asn)pAs Al)(cosSwot coswot)

w3 (:L‘,t) = | X3coswpt +

D(3A48)
/A {leosh () —oos () | - (305 ) [sinn (%) —sin (% )]}
where
N*
X _ (3.48) c2
D(3.48) =32 ((OQ — asp) pAs + pA3>
o4 a3k3—a4E£3 £ds (h))
(a2 — asp) pAs Ay

N(*3‘48) = a1 El3 + asky — aspks + (aip — as) (EAgaIAT

+ [hlg (1 — 27}) — 2h93 (U2 — 1) + h33’02] As (Oéx)z (AT)2 + 77A3Hm2 + k‘p)

e C-S support

2L(as—asp)pAr
D

X3 (—(as“_a4)E11 )(cos3w0t — coswot)
(3.49) wy (x,t) = | X1 coswot +
(3.49)

-\/Z {[cosh(ﬂ—g) —COS(ﬂx)] - (%)[Slnh(%) —sm

where

* J—
X “(3.49) c1 (agp — aq) By >
D =32 + + 24 )
(3.49) ((a2 — asp) pA; pA1> <2L (e — asp) pAy

N(*3.49) =B+ (ap — as) (EAlozxAT

+ [hll (1 — 21)) — 2h9 (U2 — 1) + hgl’UQ] Aq (ax)Q (AT)2 + 77A1Hx2 + k‘p>,

2L(az—asp)pAa

Dz(3.50)

2 {[cosh (52) —cos(52) | - (oimeend ) [sinn (52 ) —sin (42 )]},

X3 (—(%“_a“)EIZ )(cos3w0t — cos wot)
(3.50) wa (z,t) = | X2coswot +
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where

N .50 L)Ly, ( (agp — ay)Els )
2L (g — asp) pAs )’

DYy 50 = 32
(350 ((042 — asp) pAs * pAs  pAs
Ni350) = a1EL + (a1p — as) (EAQ%AT

[Pz (1= 20) = 2has (0 = 1) + hapv?] A5 (0,)* (AT)” + Ao HE + Ky ),

(3.51)

EAg EAg
3 askg—aq 57" —6agukg—Sagukztagu o | (I3 _
X3 ( (ag—asn)pAs Ay (cos Bwot—cos wot)

ws (z,t) = | X3coswot +

DT3.51)

Vs {[eosh (%) —eos() | - (e ) |sinn () —sin ()]
where
N*
* . (3.51) C2
Dig51) = 32 <(a2 E————yy + pA3>

asks — au’5t — Goguks — Sazuks + asptgt \ (1
+24 Ly
(g — asp) pAs Ay

N3 51y = a1 EI3 + agky — aspky + (cap — as) (EA;»,%AT

s (1 20) = 20 (02 = 1) + ) Ay (0)? (AT 4 wa T+ 1y ).

3.2.4. Analysis of quadruple-walled carbon nanotube (N = 4). The gover-
ning dynamic equation of motion for the quadruple-walled carbon nanotube
(QWCNT) is given by

42w, N(*g 52) c1 (ogpe — aug) Z1
3.52 + ' Wi———Wo+ 2L\ wi =0,
(3:52) dt2 ((ag — asp) pAq Y PR (a9 — asp) pAq !

where

N3 509y = 1Bl + (cap — o) <EA1%AT
[P (1= 20) = 2ho1 (02 = 1) + hs10?] A (0)? (AT)? 4 nA HE + by )

+ (g — asp) e,
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d?Ws Nis.53) ¢ c2
099 S (G e s

where
N353y = a1Ely + (a1 — as) (EAzozxAT
o [Pz (1= 20) = 2h2s (v = 1) + hgav®] As ()" (AT) + Ao HZ + iy

+ (g — asp) c1 + (ag — asp) ca,

d*Ws Nis.54 2 c3
3.54 G V- 2y, B
(3:54) dt? ((ag — asp) pAs 3 pAs 2 pAs 4

where
N(*3.54) = a1 Bl + (a1p — as) (EAgaIAT
o [hs (1= 20) = 2hag (v = 1) + hysv®] Ay ()" (AT) + 9 AsH? +

+ (a2 — asp) c2 + (a2 — asp) cs,

42w, N3 55) ¢
3.55 o —anon | Ve oW
(3.55) —4p ((aQ —asp)pAs )t pAL
N azks — ou %24 — baguks — 3agpks + aguEﬁ“ Wj’ = 0.
(g — asp) pAg
where

N3 550 = 1 ELy + agky — aspky + (ap — as) (EAWIAT
[ (1= 20) = 2ha (v = 1) + hgav®] Au ()" (AT) + nAH? + by

+ (g — asp) cs.
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Using the following dimensionless parameters:

I 1% W- W 1%
(3.56) r= Aoa =t ay=2 a3= 2 a= 2t 1 =wot,
Aq r r r r

the following dimensionless nonlinear systems of equations are developed:

d?a
(3.57) WS?; + fra1 + foal — fzaz =0,
W2 d?ay
(3.58) 02 2 + gras + 9203 — gsar — gaaz =0,
d%a
(3.59) 2 d 2 —I— hias + h2a3 hsa; — hqaq = 0,
d2
(3.60) wi—— 12 Ly g+ roai — r3a3 = 0,
where
fi= N6 €1
(o —asp) pAr — pAr’
f2 _ (Oégu — Cm)EIl ) — i
2L (ag — asp) pAr’ pAy’
g = N(*S.Glg) c1+c2
(a2 —asp) pAs  pAy
g = (asp = as) ELy G= g =
2L (ag — asp) pAs’ pAy’ pAy’
(3.61) By = Nietn) L@ + 03’
(2 —asp) pAs — pAs
(g — aq)El3 cy c3
ﬁ = ) ﬁ = T ﬁ =
2 2L (Gf2 - 055;1) pAg 3 pAg 4 pAg
_— N 610) 3
L=

(g —asp) pAy — pAy’
Bazpks + agpt) <I1>
(g — asp) pAy Ay

C3

pAy’

EA
(Oégk‘g — 4 2L4

ro =

r3 =
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and

N(*3.61f) =aEL + (a1p — as) (EAlozxAT
+ [han (1= 20) — 2hgy (02 — 1) + hg10?] Ay (an)? (AT)? + nA H? + kp),
N(*3.61g) =a1ElL + (a1 — as) (EAQOémAT
+ [h12 (1 = 20) — 2hag (V2 — 1) + haov?] Az (ag)® (AT)? + nAsH? + k;p),
Nison = 1Bl + (a1 — a5) (BAga, AT
+ [hs (1= 20) — 2hag (02 — 1) + hsgv?] Az () (AT)? + nAsH? + kp),
N(*S.Glr) = a1 Ely + ask) — aspks + (aqp — as) (EA4axAT
+ [ha (1= 20) = 2hgy (0% = 1) + hagv?] Ag (an)? (AT)? + nAgH? + kp)_
The homotopy perturbation method is shown in Appendix D. The solutions

of Egs (3.57)—(3.60) presenting the displacements of the QWCNTs are expressed
as follows.

e S-S support
(3.62)

Xi; ( (agpu—aq)E1

e ) (cos37T —cosT)\ I (7
A, L)

wy (z,t)= | X1cosT + D
(3.62)

where

N*
% (3.62) c1 (agp — ag)ELL )
DY oo = 32 + +24 ,
(362 ((042 — asp) pAy pA1> <2L (a2 — asp) pAy

N(*3.62) = a1 Bl + (a1p — as) <EA1%AT
+ [P (1= 2v) = 2h9y (0% — 1) + ha1v?] A (az)? (AT)? + A H? + kp>,

(3.63)

X% ( (agpu—au)EI>

2L(a27a5u)p142> (cos3T — cosT) T,

way (x,t) = | XocosT + — sin (@)’
Ay l

DEk3.63)
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where

N
X (3.63) c1 Ca (agp — aq) Bl )
D =32 + + +24 ,
(3.69) ((az —asp) pAz - pAs PA2> <2L (a2 — asp) pAs

N(*3‘63) =Bl + (a1p — as) (EAQCVQ;AT
o [Pz (1= 20) = 202 (v = 1) + hyav®] As ()" (AT) + Ao H2 + iy ),

(3.64)

ws (x,t) = | XgcosT +

agu—aqg)ET
X3 (—ﬁ(i‘;_ai)pi;) (cos 3T — cosT) I (mm>
. \/ ——sin (——),
D(3.64) Ay l

where

N7 _
* (3.64) Cc2 Cc3 (ozgu a4)E13 >
Dl oy = 32 + 2 4 +24 ,
(3.64) ((ag —asp) pAs  pAs pAg) <2L (g — asp) pAs

Nz = 1 EI3 + (cap — as) (EAgaxAT

+ [h13 (1 — 20) — 2ho3 (V2 = 1) + haszv?] A3 (a)? (AT)® + nAsH? + kp),

A A
Xg’ < <a3k3—a4%—6046#]“3—3047/1‘]‘334‘0!8#%) )

(a2—asu)pAsg

(3.65) wy (x,t) = | XqcosT + -
Dis 65)

I I, . /nrmz
: <A1> (cos3T — cosT) ”Ail sin <T)’

where
N*
X (3.65) c3
D =32
(369 <(a2 “asp) pA; pA4>

asks — oy E2124 — 6aguks — 3aruks + agu E;%‘l I
+ 24 — 1,
(a2 — asp) pAy Ay
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N5 = 1 ELy + agky — aspky + (ap — as) (EA4axAT
+ [h1a (1 = 20) — 2haq (V2 = 1) + haav?] Ay (a)® (AT)? + nALH? + kp)_

e C-C support

—a4)EI
—220([25—;!;121);)21) (cos 3T — cos 7'))

DZK3 66)

T () o)) - (2232 e 3) s ()]

where

x3 (
(3.66) wy (x,t) = | XicosT +

N*
. (3.66) €1 (agp — aq)ELy )
(3.66) ((OQ — asp) pA; pA1> <2L (ag — asp) pAq

Ni366) = 1B + (a1p — as) (EAlOémAT

+ [h11 (1 = 20) — 2ho1 (02 = 1) + ha1v?] A1 (ag)? (AT)® + nA H? + kp),

X % (cos 3T — cosT)
(3.67) wa(z,t) = (Xz cosT + <2L( 2 SN)pAQ)

Dis67)
VA {[eosh (%) —eos(%) | - (a5 ) |inn (%) —sin ()]}
where

N,
" (3.670 c1 c2 (agp — aq) BT )
D =32 + + +24 ,
(3.67) <(0¢2 —asp) pAs  pAs pAQ) (2L (g — asp) pAs

N(*3‘67) =Bl + (a1p — as) (EAQCVmAT

+ [h12 (1 — 20) — 2h9o (V2 — 1) + ha2v?] As (ay)? (AT)? + nAsH? + k:p),

Dzkd 68)

V(o) o)) (2 () ),

X3 (%) (cos 3T — cosT)
(3.68) w3 (z,t) = (XS COST + 2L(ag—asu)pAs
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where

N/
X (3.68) c2 c3 (agp — ayg)El3 )
D =32 + + +24 ,
(3.68) ((ag —asp) pAs  pAs pAg) (QL (g — asp) pAs

Nis65) = a1EI3 + (a1pn — as) (EAgamAT

+ [hus (1= 20) = 2hgs (62— 1) + haae?] A (0)” (ATY? +mAsH2 + k).

3 (063 k3—cu % —6agpks—3arpks +asuE27124>
3 (cz—asp)pAs

(3.69) w4 (x,t) = | XacosT + -
D 60)

. <i11> (cos 3T — cosT) ill {[cosh <ﬁ;> — cos <B£:>]
(o) (7) (7))
cosh 3 — cos 3 L L ’

where

N7
. (3.69) cs
D =32
(3.69) =3 ((0@ — asp) PA4> - pA4

o <(a3k3 — au B — Gaguks — 3azuks + Oésﬂ%i“)) < I >

(g — asp) pAy Ay
N(*3‘69) = a1 Ely + agky — aspky + (1p — as) (EA404$AT

+ [P1a (1= 20) — 2hgy (0% = 1) + h3sv®] Ag (r)? (AT)? + nALH? + kp>,

e C-S support

D>(k3.70)

JE {Jeosh (%) —cos(2)] - (222 [sun (%) —sin (2]

X7 % (cos 3T — cos T)
(3.70) wy (z,t) = (Xl cos T + (QL( 2—asfL)p 1)
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where

N/ -
. (3.70) €1 (agp — ) ELy >
(3.70) ((a2 — asp) pA; pA1> <2L (a2 —asp) pAr

kas.m) =a1EL + (aqp — 045)<EA1%AT

+ [h11 (1 = 20) — 2ho1 (02 = 1) + ha1v?] A1 (ag)? (AT)® + nA1H? + k:p>,

2L(ao—asp) pAa

DEkS.?l)

B {[oosh (32) —cos(22) ]~ (s82222) s (22) —sin (2]

where

N — au)EI
DF3.71) =32 <( (3.7 + ot CZ) + 24 ( (asp = aa) BLy );

X3 (—(0‘8”70‘4)]5[2 ) (cos 3T — cosT)
(3.71) wa(x,t) = | XacosT +

ay —asp) pAz - pAs 2L (g — aspa) pAg
Nizmy = a1El + (a1 — as) (EAQ%AT

+ [h12 (1 = 20) — 2h9o (V2 = 1) + ha2v?] Az (ay)? (AT)® + nAsH? + kp),

2L(ag—asp)pAs

X3 (—(O‘g“_M)EIB' ) (cos 3T — cosT)
(3.72) ws(x,t) = | XzcosT +

D3 19
VA {[eosh (%) —eos(%) |- (shimed ) snn (%) —sin ()]
where

N _
¥ (3.72) Co c3 (agp — aq)El3 >
D =32 + + + 24 )
(3.72) ((ag —asp) pAs  pAs pAg) <2L (g — asp) pAs

Niz79) = 1 El3 + (cap — as) (EA;;%AT

+ [h13 (1 — 20) — 2ha3 (V2 = 1) + hazv?] A3 (a)? (AT)® + nAsH? + kp),
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A A
Xg) < (a3k3—a4%—6046#163—3047#163—1-&8#%) >

(2—asp)pAy

(3.73) wy (x,t) = | XqcosT + oh
(3.73)

. (2) (cos 3T — cos7) ill {[OOSh (%) oo (B;”

cosh 8 — cos 3 - Bx . [Pz
(s o (7)o (I}
where

N
. (3.73) C3
D =32 +
(3.73) ((ag — asp) pA4> pAy

4 o4 (Ozgk‘g — Oy ]%24 — 6a6,uk:3 - 30&7[”‘1’3 + O‘B/LEQI%I) <Il>
(a2 — asp) pAy A1)

N(*3.73) = a1 Ely 4+ agky — aspk; + (Oél,u — 055) (EA4OzmAT
+ [h14 (1 — 21)) — 2h24 ('02 — 1) + h347)2] A4 (a$)2 (AT)2 + T]A4H£ + kp).

In the same manner, the analysis of N layers nanotube can be carried out.

4. RESULTS AND DISCUSSION

Using the values of the parameters in Table 2, the effects of the various
parameters on the dynamic responses of the SWCNT, DWCNT, and MWCNT
were studied. The results are presented and discussed.

4.1. Effects of boundary conditions on the frequency ratio

Figures 4-7 show the effects of boundary conditions or supports on the fre-
quency ratio for the nonlinear dynamic responses of SWCNTs and MWCNTs,
respectively operating in thermal and magnetic environments and resting on
Winkler and Pasternak foundations. The figures show that the frequency ratio
for all supports or the boundary conditions considered decreases as the number
of walls increases. This response is because the carbon nanotubes generally have
weak shear interactions between adjacent tubes and such interaction becomes
more predominant as the number of walls increases. It could be inferred that the
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Table 2. Parameters used for simulations.

Parameters Symbol Value
Young modulus E 1.1 TPa
Density p 1300 kg/m?
Length l 45 nm
Outer diameter d, 3 nm
Thickness of each layer h 0.34 nm
Linear spring stiffness constant k1 107 N / m?
Nonlinear spring stiffness constant k3 108 N / m?
Magnetic field strength H, 107 A/m
Nonlocal parameter €0t 1.5-107° m
Inter layer constants c1=co=cs | 0.3- 1()12N/m2

18
—e— Clamped-simple supported
1.7 b | —+— simple-simple supported
—e— Clamped-clamped supported
16

Frequency ratio, ¥
S

0 05 1

15 2 25

Nondimensional maximum amplitude, X

Fic. 4. Frequency ratio versus non-dimensional amplitude for SWCNT
under various boundary conditions.

1.50 T T
1.45| |~ Clamped-simple supported

. Simple-simple supported
1.40 —#— Clamped-clamped supported

Frequency ratio, ¥

0 0.5 1
Nondimensional

F1c. 5. Frequency ratio versus non-dimensional amplitude for DWCNT
under various boundary conditions.

25
maximum amplitude, X

15 2
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1.35

—6—Clamped-simple supported
1.30 Simple-simple supported
—#—Clamped-clamped supported

1.25

1.20

1.15

Frequency ratio, ¥

1.10

L n L L
0 05 1 15 2 25 3

Nondimensional maximum amplitude, X

F1a. 6. Frequency ratio versus non-dimensional amplitude for TWCNT
under various boundary conditions.

1.014

—6— Clamped-simple supported
Simple-simple supported

1.012 —#—Clamped-clamped supported

1.010

1.008

1.006

Frequency ratio, ¥

1.004

1.002

1.000

0 05 1 15 3 25

Nondimensional maximum amplitude, X

FiG. 7. Frequency ratio versus non-dimensional amplitude for QWCNT
under various boundary conditions.

approach of increasing layers (with the same geometry and size) of the carbon
nanotubes can be used to achieve the system stability as it changes the nonlinear
vibration to linear vibration.

It is established from all the number of walls considered that the frequency
ratio is minimum for C-C supported nanotubes and maximum for C-S supported
nanotubes. This is because the C-C supported system provides the best grip
(support) for the nanotubes. Therefore, the C-C supported system can be used
to control the nonlinear vibration of the system.

4.2. Effects of spring stiffness (k1) on the frequency ratio

The effects of the spring stiffness (k1) on the SWCNT, DWCNT, TWCNT,
and MWCNT frequency ratio are shown in Figs 8-11. From the results, the
frequency ratio decreases with increases in the spring constant (k;) because of
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18
17 —&— Winkler constant, k4 = 0 N/m?
: ——— Winkler constant, kq = 108 N/m2
—#*—Winkler constant, k= 10° N/m?
16 —&— Winkler constant, k; = 1010 N/m?2 p 1

Frequency ratio, ¥

-0 0.5 1 15 2 25 3
Nondil i maximum i X

Fia. 8. Effect of Winkler constant (k1) on the amplitude-frequency
ratio curve for SWCN.

1.50
1.45 —©— Winkler constant, k = 0 N/m? 4
——— Winkler constant, k= 108 N/m?
1.40 —#—Winkler constant, k= 10% N/m? 1
—&— Winkler constant, k; = 10'° N/m?

1.35 1
3 130 g
g
€ 125 1
>
o
c
$ 1.20 1
o
2
L 115 1

1.10

1.05

1.00 “o=¥

0 05 1 15 2 25 3

Nondimensional maximum amplitude, X

Fia. 9. Effect of Winkler constant (k1) on the amplitude-frequency
ratio curve for DWCNT.

1.35 T
—&— Winkler constant, kj = 0 N/m?
1.30 | |~ Winkler constant, k; = 108 N/m? |
—#*—Winkler constant, ky= 10° N/m?
—&— Winkler constant, ky = 10'° N/m?
1.25
3
g
§ 1.20
>
o
e
S 115
o
14
w
1.10
1.05
1.00
0 05 1 15 2 25 3

! i i maximum i X

Fia. 10. Effect of Winkler constant (k1) on the amplitude-frequency
ratio curve for TWCNT.
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1.014

—O— Winkler constant, ky = 0 N/m?
Winkler constant, kq = 108 N/m?
—%—Winkler constant, ky= 10° N/m?
—&— Winkler constant, k1 = 10'% N/m2

1.012

1.010

1.008

1.006

Frequency ratio, ¥

1.004

1.002

0 05 1 15 2 25 3
Nondimensional maximum amplitude, X

1.000

Fi1a. 11. Effect of Winkler constant (k1) on the amplitude-frequency
ratio curve for QWCNT.

the increase in the linear frequency. Also, it was recorded that at the large value
of the spring constant (k; = 10'® N/m?), the system vibration becomes stable,
and such a large value of the spring constant can be used as a good measure in
controlling the nonlinear vibration of the system.

4.3. Effects of nonlinear spring stiffness (ks)
and van der Waals forces on the frequency ratio

The influence of nonlinear spring stiffness (k3) and van der Waals force
on the frequency ratio of outer walled of embedded DWCNT, TWCNT and
QWCNT is presented in Figs 12-15. The frequency ratio increases with in-
creases in the value of the nonlinear spring constant, but it decreases with an

6.0

~—+— Winkler constant, k; = 0 N/m?

—6— Winkler constant, k= 102° N/m?
—#— Winkler constant, k3= 10%° N/m?
—6— Winkler constant, k= 1027 N/m?

5.5

5.0

4.5

4.0

3.5

3.0

Frequency ratio, ¥

25

0 05 1 15 2 25 3
Nondimensional maximum amplitude, X

Fia. 12. Effect of the nonlinear spring constant (k3) on the amplitude-frequency
ratio curve for DWCNT.
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18 T T T T T

—6— Coefficient of van der Waals forces, ¢ = 0 N/m2
17 —¥— C ient of van der Waals forces, ¢ = 0.3:10'2 N/m?|

16

15

14

Frequency ratio, ¥

13

L L

T n n
0 05 1 15 2 25 3
Nondimensional maximum amplitude, X

Fic. 13. Effect of van der Waals force on the amplitude-frequency
ratio curve for DWCNT.

—©— Coefficient of van der Waals forces, ¢ = 0 N/m2
1.7} | —=%— Coefficient of van der Waals forces, ¢ = 0.3:10'2 N/m?| 1

Frequency ratio, ¥
ES

1 L . L
0 0.5 1 15 2 25 3
Nondimensional maximum amplitude, X

F1G. 14. Effect of van der Waals force on the amplitude-frequency
ratio curve for TWCNT.

—©— Coefficient of van der Waals forces, ¢ = 0 N/m2
1.7} |—¥— Coefficient of van der Waals forces, ¢ = 0.3:10'2 N/m?|

Frequency ratio, ¥

o o5 1 15 2 25 3
Nondimensional maximum amplitude, X

Fia. 15. Effect of van der Waals force on the amplitude-frequency
ratio curve for QWCNT.
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increase in the number of walls. The frequency ratio increases with increasing
value of the nonlinear spring constant because the nonlinear frequency increases
as the value of the nonlinear spring constant increases without producing any
effect on the linear frequency. Therefore, the value of the nonlinear spring con-
stant can be kept as low as possible and the number of walls can be raised to
four and above, and these can be used to control the nonlinear vibration and
instability of the system.

4.4. Effects of environmental temperature change and magnetic force strength
on the frequency ratio of the outer wall of DWCNT

The effects of temperature and magnetic force strength on the frequency
ratio on the outer wall of DWCNT are presented in Figs 16 and 17, respec-

1.45

—s— Temperature, T = 0 K
1.40 | —+— Temperature, T = 1000 K
—e— Temperature, T = 2000 K
1.35 || —e— Temperature, T = 3000 K
Temperature, T = 4000 K

1.30

1.25

1.20

Frequency ratio, ¥

1.15

1.10

1.05

1.000 s 05 1 15 2 25 3
Nondimensional maximum amplitude, X
Fia. 16. Effect of magnetic force strength on the amplitude-frequency
ratio curve on the outer wall of DWCNT.

1.45

— Magpnetic field strength, Hy = 0 A/m
1.40 —6— Magnetic field strength, H, = 10° A/m
—4— Magpnetic field strength, H, = 10° A/m

Frequency ratio, ¥

0 0.5 1 15 2 25 3
Nondimensional maximum amplitude, X

Fia. 17. Effect of magnetic force strength on the amplitude-frequency
ratio curve on the outer wall of DWCNT.
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tively. These figures show that the frequency ratio decreases with an increase in
temperature and the magnetic field strength decreases. A further investigation
revealed the same trend in SWCNT, TWCNT, and QWCNT. Such a response
is because the linear natural frequency of the structure increases as the tempera-
ture of the nanotube increases. It should be noted that the vibration of the sys-
tem approaches linear vibration at a higher value of magnetic force strength,
H = 10° A/m. Such a range of values can be used to control the nonlinear
vibration and instability of the system.

4.5. The linear and nonlinear vibration deflection-time curve
of the outer wall of DWCNT

Although Fig. 18 presents the difference in the linear vibration with nonlinear
vibration of the DWCNT only, the same trend is recorded for SWCNT, TWCNT,
and QWCNT. The results show that the discrepancy between the linear and
nonlinear maximum displacement increases as the vibration time progresses.

5

—e— Linear vibration
4 :\\ Nonlinear vibration

w

N

N

Mid point deflection w(x, t)
L o

N

'
@

'
@

0 5 10 15 20 25 30
Time [s]

F1c. 18. The linear and nonlinear vibration deflection-time curve
of the outer wall of DWCNT.

4.6. Effects of curvature on the frequency ratio
of the single- and multi-walled nanotubes

The impacts of the radius of curvature on the frequency ratio of the SWCNT
and MWCNT are presented in Fig. 19. The figure shows that as the ratio of
the radius of curvature to the length of the nanotubes increases, the frequency
ratio decreases. Therefore, the ratio of the radius of curvature to the length of
the nanotubes can be used to control the nonlinear vibration and instability
of the system.
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2

—6— SWCNT
—&6—DWCNT
—+—TWCNT

R —Q—QWCNT_
K M 1

0.8

-
©

-
o

Frequency ratio
PN

N
N

0 01 02 03 04 05 06 07 08 09 1
Radius of curvature/lenght

Fic. 19. Effects of the radius of curvature on the frequency ratio.

4.7. Effects of the nonlocal parameter on the elastic foundations
of the multi-walled nanotubes

Figures 20 and 21 present the influences of nonlocal, Winkler and Paster-
nak foundation parameters on the elastic critical initial height of curvature of
MWCNT. The Winkler and Pasternak foundation parameters increase as the
initial height of the curvature increases. It is observed in Fig. 20 that the initial
height of the curvature increases as the nonlocal parameter increases in the Win-
kler foundation. However, the initial height of the curvature decreases as the non-
local parameter increases in the Pasternak foundation, as shown in Fig. 21. Such
an initial height of the curvature causes a buckling of the nanotubes.

3.0

g
o

201

Dimensionless critical initial height

L L s L s L L L
0 05 1 15 2 25 3 35 4 45 5
Dimensionless Winkler modulus

Fia. 20. Effect of the nonlocal parameter and Winkler parameter
on the initial critical height.
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—6— y =0.0nm?
——p =20 nm?

18 —Hy=4.0nmZ

Dimensionless critical initial height

0 002 0.04 0.06 008 0.1 012 0.14 0.16 0.18 0.2
Dimensionless Pasternak modulus

Fi1a. 21. Effect of the nonlocal parameter and Pasternak parameter
on the initial critical height.

5. CONCLUSION

In this work, nonlocal elasticity theory was used to develop systems of non-
linear dynamics models of slightly curved multi-walled carbon nanotubes resting
on linear and nonlinear foundations in a nonlinear thermal and magnetic envi-
ronment. Parametric studies were carried on the effects of thermo-mechanical
parameters on the dynamic responses of the slightly curved multi-walled carbon
nanotubes. It was established that

(i)

The frequency ratios decrease as the number of nanotube walls, tempera-
ture, spring constants, magnetic field strength and the ratio of the radius
of curvature to the length of the slightly curved nanotubes increase. These
trends were the same for all the boundary conditions considered. There-
fore, the increasing layers (with the same geometry and size) of the carbon
nanotubes, magnetic field, and temperature change can be used to achieve
system stability or control the system’s instability.

The C-S and C-C supported multi-walled nanotube have the highest and
lowest frequency ratio, respectively. Therefore, a C-C supported multi-
walled nanotube is recommended to achieve the system’s better stability.

The initial amplitude increases the nonlinear natural frequencies of the
multi-walled nanotubes. Therefore, the initial amplitude should be mini-
mized for better system stability.

As the temperature change and magnetic field increase, the frequency ra-
tio decreases as the linear natural frequency of the system increases. The
significant effects of these parameters show the potentials in controlling
the nonlinear vibration and instability of the system.
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(v) The frequency ratio increases as the dimensionless amplitude increases.
This is due to the “hardening spring” behavior of the nanotube.

(vi) To control nonlinear vibration of the carbon nanotubes, QWCNT can be
taken as pure linear vibration even at any value of linear Winkler and
Pasternak constants, and this can be used for restraining the chaos vibra-
tion in the objective structure.

The above results will greatly help in designing and manufacturing multi-
walled nanoelectronics, nanodevices, nanomechanical systems, nanobiological de-
vices and nanocomposites when subjected to thermal loads, magnetic fields and
elastic foundations.

APPENDIX A. HOMOTOPY PERTURBATION METHOD
FOR THE SINGLE-WALLED NANOTUBE

To provide a solution to Eq. (3.15), a homotopy with wp as the initial approximation for
the angular nonlinear frequency was constructed as

(A1) (1—17){ (?17224—(1)}4—13( d22+f1a+f2a):0.

Assuming that the solution of Eq. (3.20) takes the form of:

(A.2) a(t) =ao (1) 4+ pai (1) + p2a2 () + p3a3 () + .oy
and
(A.3) wo = wo + pwr —|—p2wg +plws + ...

On substituting Eq. (A.2) into the homotopy Eq. (A.1) and rearranging the coefficients of
the terms with identical powers of p, one obtains series of linear differential equations as

d?a
0. 2 0 _
(A4) P Wy ( d7'2 +a0) = 07
with the conditions

dao(0

(A.5) a(0) =X  and %() =0,

A 1 o[ d?a d%ag > d%a
( 6) P Wo 42 + a1 — W_F +w0d2+f1(10+f2040*0
with corresponding initial conditions

d

(A7) a1(0) =0 and adl7(_ ) =0,

A8 2o (L dar +2 da1 =0
(A.8) p w52 + a2 | —wpar + 2wowr ——- d 5 O+ fiar — foagar =0,
and the initial conditions are

daz(O)

(A.9) a2(0)=0  and



130 G. SOBAMOWO et al.

Since ddQT“QO + ap = 0, which implies that % = —ap from Eq. (A.4), we can write
Eq. (A.6) as
d2
(A.10) wg ( d7_a21 + al) — wgag + fiao + f2a8 =0.

The solution of the initial zeroth approximation is given by
(A.11) ao = X cosT.
On substituting Eq. (A.11) into the first approximation equation in Eq. (A.10), one obtains

2
(A.12) wa ( CL a21 + a1> —wiXcosT + fiXcosT+ fo(X cos7')3 =0.
T

Using trigonometry identities to the fourth-term on the left-hand side of Eq. (A.12), then

d? 1
(A.13) we ( d:; + a1> —wiXcosT+ fiX cosT + %f2X3 cosT + ngX?’ cos 37 = 0.

The coefficient of cosT in Eq. (A.13) is set to zero in order to eliminate the secular terms
3
(A.14) —wiX cosT + f1.X cosT + Zf2X3 cosT = 0.
From Eq. (A.14), the nonlinear natural frequency is given as

(A15) wo = 1/f1 + %fQXQ.

The frequency ratio is given as ¢ = “2. Therefore, from Eq. (A.5) and Eq. (3.20), the
frequency ratio can be written as

(A.16) wzi‘wz 1+§éx2
. \fl 4 f1 ‘

On substituting Eqgs (3.16) and (3.17) into Eqs (A.7), the frequency ratio is developed as

A A
(A.17) = \/1 n § (a3k3 — oa;% — 6a6uki — 3arpks + agu%) (ﬁ) X2,
4 D(A.17)
where

Dia.17) = a1 ET + asky — aspky + (a1pp — o) (EAaIAT
+ [h1 (1= 20) — 2hs (0% — 1) + hav?] A (a)? (AT)? + nAH? + kp).

The solution of Eq. (3.32) gives

f2X?

(A.18) () = S35 S

(cos3T —cosT).

Therefore, the first approximate solution of Eq. (A.6) is

f2X°

32 1 2AaX2 (cos37 —cosT).

(A.19) a(t)=ao(T)+a1(r)=XcosT+
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After substitution of Eq. (3.16) and (3.17), we arrived at

N(a.20)

(A.20) a(r) = XcosT+ ——— (cos3T —cosT).
D 20)

where

« EA EA 1
N(A.QO) = X3 (agkg — a4§ — 6&6uk3 — 30¢7,uk3 + agﬂi) (Z) s

DZA'QO) =32 (alEI + aok1 — aspks + (aip — as) (EAazAT

+ [ha (1= 20) = 2hs (v° — 1) + hsv?] A (0)? (AT)? + nAH? + kp))

EA EA I
+ 24X2 (043163 — a4i — 60t6/ﬂ€3 — 3arpks + ozs,ui> (Z) .
From Egs. (3.1) and (3.14), we have
I

(A.21) w(z,t)=¢ ()W (1), Wza(r)q/z.

Therefore, the displacement of the nanotube is expressed as

I

(A.22) w(z,t) = ¢ (x)al(t) e

Substituting Eq. (A.19) and the shape functions in Table 1 into Eq. (A.23), we have for:

e S-S support

N*
(A.23) w(z,t) = | X coswot + #23) (cos 3wot — coswot) | 1/ L sin (@),
Diy 23 A l
where
N(A,23) = Xd <a3k3 — a;;i — Gag,u,k3 — 30{7}141433 + agpi) (Z)’

D<*A,23) =32 (alEI + askts — aspki + (c1p — cm)(EAaIAT

+ [h1 (1= 20) — 2hs (0% — 1) + hav?] A (a)? (AT)? + nAH? + k;p))

EA EA I
=+ 24X2 (()53,1{,‘3 — OME — 60&6,U,I€3 — 30(7[1]63 =+ agui> <Z) .

e C-C support

N(a.24)
(A24) w(z,t) = | X coswot + —=——= (cos3wot — coswot)

(A.24)

] oo (52 o (8] (s g, (82— (2],
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where

N(A'24) = X3 <a3k3 — a4i — 6aspks — 3arpks + agui> <Z>’

D<*A'24) =32 (alEI + askts — aspki + (c1p — a5)(EAaIAT

+ [h1 (1= 20) = 2h3 (v° — 1) + hav?] A (0)? (AT)? + nAH? + kp))

+ 24X 2 — —_— = — + —_— — .
(Ozsk‘g [6 7] oL 60&6/.tkg 30(7[1]{?3 ag oL ) ( )

e C-S support

N(a.o5)

DZFA.25)

o () - o (22)] - (<=2 (32 - (22))}

« EA EA I
N(AA25) = X3 (agk:; — Q4 — — 60[6/,LI€3 — 30(7/1,]63 + agu—) (*),

(A.25) w(x,t) = (X coswot + (cos 3wot — cos wot)>

where

2L 2L A
DzAAZS) =32 (OclEI + anky — Oé5uk1 + (alu — O¢5)(EA05IAT
+ [h1 (1 = 2v) — 2h2 (v* — 1) + hsv®] A(aq)® (AT)? + nAH: + kp))

EA EA I
+24X2 (agkg — a4i — 6agpuks — 3aruks + asui) (Z)

APPENDIX B. HOMOTOPY PERTURBATION METHOD
FOR THE DOUBLE-WALLED NANOTUBE

Following similar procedures for the analysis of SWCNT, a homotopy is constructed for
Eqgs (3.26) and (3.27) as

d? d?
(B.1) (1-p) {Wg ( 2+ a1)} +p {w(%?a; + fia1 + f2af — f3a2} =0,

=
d%a d%a
2 2 2 2 3
(BQ) (1 — p) {UJO (W + (12)} +p {wOW + graz + gea2 — gSal} = 0.
Taking the solutions of Eqgs (3.48) and (3.49) as
(B.3) a1 (1) = a0 (1) + pair (1) + plais (1) +pPais () + ..oy
(B.4) az (1) = a2 (1) + paz (1) + pase (7) + pPags (1) + ...,

(B.5) w=wo+ pwi +p2wQ +p3w3 4+ ...
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After the substitutions of Eqgs (B.3)—(B.5) into the homotopy in Egs (B.1) and (B.2), a se-
ries of linear differential equations is generated upon collecting and rearranging the coefficients
of the terms with identical powers of p,

Lﬁ%f”ram:o’ ai (0) = X1, 220@ — g

0 d dr
(B.6) p : I dasn ()
32+ a0 =0, ax(0)=X;, 222 =0,
2
wp { e a11} —whaio + fraio + f2aly — faazo =0,
ail (0) = 0, daéi{r(ﬂ) = 07
(B.7) p' 2
wi { T+ a21} — whago + g1aso + g2a3y — gsaio =0,
az (0) =0, 29—y,
2 [ d2%aqo 2 d2ajq 2 _
wp T2 t a2 —wpan + 2wow1 T2 T fiai1 + 3f2a1pa11 — fzaz21 =0,
a12 (0) =0 dap(® _
2 ? dr 3
(B8 p 2 [ d? 2 a2 2
wy { 1232 + a22} — wpa21 + 2wow1 “323% + graz1 + 3gaazeaz1 — gsair = 0,
asz (0) =0, 4220 _q

T

The solution of the initial zeroth approximation in Eq. (B.6) is given by
(B.9) a10(0) = X1 cos T,
(B.10) az0 (0) = X3 cosT.

On substituting Eqs (B.9) and (B.10) into the first approximation in Eq. (B.7), after the
elimination of the secular terms, the following nonlinear systems of equations are developed:

3

(B.11) ~X1wg + 1 X1+ Zf2X13 — f3X2 =0,
3
(B.].Q) —XQOJ(Q) + ngQ + Zng; — g3X1 =0.

From Eq. (B.11),

= Xwh + [ X+ S XY
- 7 .

After the substitution of Eq. (B.13) into Eq. (B.12), the resulting equation is

(B.13) X,

—X1w? X1+ 2 X3 —X1w? X1+ 2 X3
(B.14) w%( 1W0+f} 1+ 52 1>+g1< 1wo+f} 1+ 52 Xy
3 3

— g3X1 = 0.

2 3 3\ 2
3 —Xlwo + f1X1 + ZfQXl
+ —g2
4 f3
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Expanding Eq. (B.14) and collecting like terms, one gets

3 g2 X1 3 g2 2 3 3 9 g2 8
(B15) 4f3 Xl 0+ (f3 XEXl (f1X1+§f2X1 _§Ef1f2X1 W
AXi+3 X3 4+a X1 3 9 9
+< = 4]€§flxl+ BXT2X0 ( fiXT X7 )4 S ffXT | b

27 3 5
AR 3% s B+ S

11X+ 2 fXP 3 g2
A X1 — JIAL T g /200
+ g3X1— g1 < if

9 3 9
+ig X1 +2 (szszf + 1—6f1f§XI)] =0.

Equation (B.15) can be written as

(B.16) Mwg + Aewg + Aswi 4+ Aa = 0,
where
A= ijg{j X3,
Ao = % - %%Xf (f1X1 + gszf) 2 J!ﬁ fif2X7,
s = X1+ 2RX + 90X, 3 g2 23 T f2X1

(B.17) fs tan

9 9
+2X, (ffo + T6f22X§3> + ifleXfu

X+ 3fX3 392 | 3v3 , 27 ;36 3 .2 5
A =g3X1 — g1 <fa4 —ZE f1X1+6qf2X1+1f1f2X1

9 3 9
g hfixT 2 (Frnxt v phsxd)|

The roots of the sextic equation are

(B.18) (wo), = \/A(BA18>—(B~23> eV
* >\2

(B.19) (wo), = _\/A(B.18>7(B-23> Y
(B.20) (wo), = —Als.as)-(8.23) " \/TSA?BJS)%B-?S) _ A2

) 3 2 201 3’
(B.21) (wo), = — —Als.18)-(B.23) FA(B 18)-(B.23) A2

) 4 ¥ 21 3’
(B.22) (wo)s = —Alp.18)- (B.23) _ \/T3A?B-18)—(B-23> _ 2

. 5 2\, 21 3\’
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_AZkB.ls)—(BQS) _3AEFB.18)—(B.23) A2
(wo)g = - -2 -

B.2
(B.23) 21 2X1 3\’

where
Y DV VW A A2)° Y DV VD VI
A* — 3 2 _ = e 2 2 _—_—
(B.18)=(B.23) (27)\? o o) TV e Taae) Tlame e o

23 o) A A A2\? 23 e A2
Nt or o) Ve o2) (et oe o)
2703 T 6A2 2M 3M 9N 2703 76X 2)

The smallest real value of wq is the nonlinear natural frequency for DWCNT. Therefore,

* >\2
(B.24) wo = \/A(BAls)f(BAzs) TV

To find the expression for the linear natural frequencies for DWNT, substitute

(B.25) aio (7’) = X1 COS T,

(B.26) azo (1) = Xz cosT,
into Egs (B.11) and (B.12) after neglecting the nonlinear terms, which gives

(B.27) —X10® + f1X1 — f3X2 =0,

(B.28) —Xow® + g1 X2 — g3 X1 =0,
xi] [o
X | o
Jo
=0l

The determinant of the matrix in Eq. (B.30) is equal to zero and the frequency characte-
ristic equation is developed as

which can be written in matrix form as

(B.29) {_w thooh

—g5  —w4q

For the nontrivial case to occur,

(B.30) [ WA —h

-9z —wtag

(B.31) w = (fi + g1) W’ + fig1 — fags =0,
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where the roots of the quartic equation are

(fi+91)+ \/(fl +91)* = 4(f191 — fags)

(B.32) (w), = ! |
(B.33) @), = — (i 90+ + 921>2 —4(figr — f:sgs)’
(B.34) (@), = (fi+9) = + 921>2 ~ 4 fgs)

(B.35) (W), = — (f1t+9) - \/(fl +g1)* — 4 (frgr — fsga).

2
The linear natural frequency of DWNT is the lowest root, therefore,

(B.36) w = (f1+gl)_\/(fl+921) —4(f191—f393)'

Recall that the frequency ratio is defined as 1) = <2

* A
2A(B.18)7(B.23) B ﬁ

((fl +o1) — \/(fl +91)* =4 (figr — f393)> |

(B.37) P =

On substituting Eqs (B.25) and (B.26) into Eqgs (B.7) and (B.8), we have

Wi { d;‘:él + all} —weXicosT+ fiXicosT + fa (X1 cos7’)3 — fsX3cosT =0,
_ da11(0) _
ail (O) —O, % —O,

T

Wi { dj‘:%l + agl} — wWEXocosT 4+ g1 X2 cosT + g2 (X3 cos 7')3 —g3XicosT =0,

az1 (0) =0, <2210 ¢

After the application of trigonometry identities to the fourth-term on the left-hand side we
have

2 q P
wg { ddf_‘él + au} —w3X1 cosT + fiXicosT + %fQXf COST + ingf cos 3T

—fsXacosT =0, au(0)=0, L@ _gq

(B.39)

2
wg { ddfgl + azl} - ngg cosT + g1 X2 cosT + %ggXS cos T + %ggXS cos 3T

—gsXicosT =0, a2 (0)=0, dagiﬂ()):(].

T

It can be easily shown that the solutions of Eq. (B.39) are

X3 ( (agu—ca) Bl )(cos 31 —cosT)

ag—ap A
(B.40) an (1) = 2oz masmods

D(*BAO) ’
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where

N, _

" (B.40) c1 (aspp — as) BT

D =32(— 4+ — 24

(540 ((a‘z ~asu) pAr T PAl) * (2L (a2 —asp) pAr )’

Ng.ao)y = a Bl + (a1pp — o) (EAlazAT

+ [hn (1 — 2’U) — 2h9o1 (1)2 — 1) + h31’l}2] A, (Oéz)Q (AT)2 + ’I]AlHi + kp>,

EAy EA,
azkz—oy —6agukz—3arpkstoagp I
X3 2L 2L =L ) (cos 3T — cosT)
(ag—asu)pAz 1

(B.41) a2 (1) = * ’
Dig 1)

where

N/
" (B.41) c1
D =32 —— 277
(B.41) ((az —asp) pAz - pAs )

oy aszks — ag E2‘22 — 6aspks — 3arpks + ozg,u,Ez‘z2 (i)
(o2 — asp) pAz A )’

Ng.ay = aa Bl 4+ aokys — aspky + (aipn — as) (EAgazAT
+ [h12 (1 — 20) — 2hos (v® — 1) + h32v®] Az (w)? (AT)? + nA2HZ + k,,)
Therefore, the first approximate solutions of Eqs (37) and (38) are:

Xi‘s ( (agp—as)EI

TL(as—armpAs ) (cos 31 — cosT)

(B.42) a1 (z,7) = XicosT+ , ,
Dig a2

where

N* J—
. (B.42) c1 (asp — o) BT )
D =32 —=" 4 — | 4+2 ’
(B.42) ((a2 —asp) pAr | pAy ) <2L (a2 — asp) pAs

Ng.az) =Bl + (01 — 045)(EA104,AT

+ [h11 (1 = 20) — 2h21 (v — 1) + h31v®] A1 (w)? (AT)? + nALHZ + kp),

EA EA
XS, (&3’63*04 572 —6agpuks —3arpkz+agp 572 ) ( I

(az—asp)pAz 71) (cos 3T —cosT)

(B.43) a2 (z,7)=XzcosT+ . ,
Dig.as)
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where

N
« (B.43) 1
D =32 — 8 4 A
(B.43) ((az —asp) pAs  pAs )

ey asks — ag E;zz — GOtey,kg — 30[7,uk3 + 058/1,152‘22 <£>
(a2 — asp) pAz Ar)

N(*B.43) = a1 Els + asks — aspki + (aip — as) (EAgazAT
+ [hlz (1 — 2’0) — 2hos (1)2 — 1) + h32’l}2] Ao (Oéz)2 (AT)2 + 77A2H§ + kp>.

The displacements of the nanotubes are expressed as follows.

e S-S support

(B.44) ws (z,t)= | X1 coswot+

(agp—ay)ET 3
(7%(2;‘7&:“)%“1‘1) X* (cos 3wot — cos wot) li . (mrm)
DEkB.44) A e

where

N —
X (B.44) C1 (asp — o) BT )
D =32 | +24 )
(B.44) ((a2 —asp) pA1 pAl) (2L (a2 — asp) pAs

N(*B,44) = OélEjl + (oel,u — 055)(EA1051-AT

+ [hll (1 — 2’1)) — 2h21 (122 — 1) + h31v2] A1 (az)2 (AT)Z + 7’]A1H32; + kp),

EA EA
S12 —6a6uks —3aruks+agp 52 )

(az—asu)pAz

agks—ay
XS(33

(B.45) w2 (11, t) = | Xscoswot + "
Dig 45,

I /I . (nmx
. (i) (cos 3wot — cos wot) A sin (T)’

where

N
x (B.45) 1
D =32 ————F+ —
(B.45) ((az —asp) pAs  pAs )

+o4 azks —aq E2‘22 — 6agpks — 3arpks + asp Eﬁz (171)
(a2 — asp) pA2 A )’

N(*B.45) = a1 Els + ask — Oé5,UJ€1 + (Otllj, — Ot5) (EAQQIAT

+ [h12 (1 — 20) — 2hos (v® — 1) + h32v®] Az (ew)? (AT)? + nA2HZ + kp).
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e C-C support

3 (agp—ay)EI
X3 (72];(2‘;7&:“););\1) (cos 31 — cosT)

D;BAG)

T oo (82 con (B2)] - (b8 (32 g, (5
A\ T “S\L cosh B — cos 8 ST ST ’
where

N —
X (B.46) C1 (asp — o) BT )
D =32 ——F+—]+24 )
(B.46) ((a2 — asp) pAi pAl) (2L (a2 — asp) pA

(B.46)  wi (z,t) =

Nig.ag) = Bl + (01 — 045)(EA10¢IAT

+ [h11 (1 = 20) — 2h21 (v — 1) + h31v®] A1 (w)? (AT)? + nALHZ + kp),

EA EA
X3 <03’93*044 572 —6agukz —3arukzt+agu 2L2>
2

(a2 —asu)pAs

(B.AT) w2 (z,t) = | X2coswot +

DEKBA?)

. (;’Tll) (cos 3wot — coswot) ”1{1711 {{cosh <%> — cos (ﬂ—;)]
sinh 8 4 sin 8 . Bx . ([ Bx
h (coshﬁ — cosﬁ) {smh (f) s (T)]}’

where

N/
" (B.47) c1
D =32 — =20
(B.47) ((ozz —asp) pAz  pAs )

44 asks — aq Eﬁ? — 6aspks — 3arpks + ozg,u,Ez‘z2 (£>
(o2 — asp) pAz A )’

N(*B'47) =1 El + asky — 045,uk1 + (O¢1M — O¢5) (EAQO@AT
+ [hlz (1 — 2’1)) — 2]’L22 (’U2 — 1) + h32v2] A2 (az)2 (AT)Z =+ UAQHf —+ kp)

e C-S support

2L(az—aspu)pAy

D

X3 (7(0‘8”_0‘4)1511 ) (cos 3T — cosT)
(B.48) w1 (z,t) = | X1 coswot + "
(B.48)

I Bz Bx cosh 8 — cos 8 . Bx . [ Bx
Lo (7)o (7)) - (G05=505) b () - ()}

B
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where

N —
. (B.48) (asp —as)EL )
D =32 —="> 4 + 24 )
(B-48) ((ag —asp) pAi PA1> (2L (a2 — asp) pA

N(*B.48) = Fl + (ozl,u — 055)(EA10493AT

+ [h11 (1 = 20) — 2h21 (v — 1) + h31v®] A1 (w)? (AT)? + nALHZ + kp),

X3 agkz—oy 2L —6aguks—3aruks+asn 2L
2 (az—asu)pAz

(B.49) w2 (x,t) = | X2 coswot + m
Dig 49

. (I{Tll) (cos 3wot — cos wot) /[Tll { {cosh (%) — cos (%x)]
cosh 8 — cos 8 . Bx . [ Bz
h (sinhﬁ - sinﬁ) {smh (T) s (T)]}’

where
N*
« (B.49) c1
D =32(— 4 =
(B:49) ((Oéz — asp) pAz PAz)
Loy [ sk = aa S (L)
(o2 — asp) pAs AL )’

N(p.ag) = aElr + ank:s — aspky + (Qip — as) (EAQ&IAT

+ [hlz (1 — 2’0) — 2hos (1)2 — 1) + h32’l}2] Ao (Oéz)Q (AT)2 + ’I7A2H§ =+ kp>.

APPENDIX C. HOMOTOPY PERTURBATION METHOD
FOR THE TRIPLED-WALLED NANOTUBE

Following the same procedure as in the previous analysis, a homotopy is constructed on
Egs (3.39)—(3.41) as follows:

42 42
(C.1) 1-p) {wg (?‘I; +a1)} +p{w§ = S8 4 fan + fodd - f3a2} —0,

d? d%a
(C.2) (1-p) {wg (?a; +a2)} +p{ 2 T 2+ gias + gaa) —gsal} =0,

2 d2 Qda
(C3) (1-p) {Wo(d 2 —|—a3)}+p{ 0 g2 —|—ﬁ1a3+ﬁ2a3—ﬁ3a2}:0.
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We assume that the solutions of Eqgs (3.39)—(3.41) are in the following forms:

(C.4) a1 (1) = a0 (1) + pai1 (1) + p*arz (1) + p’ars (7) + ...,
(C.5) az (1) = azo (1) + paz1 (1) + p*asz2 (1) + p°azs (1) + ...,
(C.6) as (1) = aso (1) + pas1 (1) + p*as2 (1) + p°ass (1) + ...,
(C.7) W = wo + pw1 + p’wa + pPws + ...

After the substitutions of Egs (C.4)—(C.7) into the homotopy in Egs (C.1)—(C.3), a series
of linear differential equations is generated after collecting and rearranging the coefficients of
the terms with identical powers of p,

2 a
00 gy =0, a10(0) = Xy, 0@ _q

(cs8) p: dj;‘%“ +a20 =0, a2 (0)= X1, dajiofo) =0,

d2%az0 +as =0, aso (O) = X1, dagg_(o) =0,

42 2 3
dfél + (111} —wpaio + fiaio + feaig — faaze =0,

a1 (0) =0, 2e11©@ —q

2
{ dd‘jgl + a21} — wiazo + grazo + g2a3y — gsaio = 0,

2
wo
(C.9) p'
a2 (0) =0, 42210 =,
2
wh L + a31} — wiaso + hiaso + h2a3y — hzaso = 0,
az (0) =0, 210 _q
2 d2a12 2 d2a10 2 _
wh | g3 + a2 p —wpan + 2wowt 33 + fiain + 3f2aipa11 — fsaz =0,
a2 (0) =0, 4420 —y,
wd { d®azy + a22} — wiaz1 + 2wowr d®azo + g1az1 + 3g2a3pa21 — gsa1r =0
(ClO) p2 . 0 da-2 0 0 d-2 20 3 )
az (0) =0, 22220 _q
2 2
Wi {7‘{1232 + a32} — wiaz1 + 2wown ddjgo + fasy + 3haa3oas: — hzaz =0,
as (0) =0, 422 —,

In order to calculate the nonlinear natural frequencies for TWCNT, initial zeroth approx-
imations of the following forms are assumed

(C.11) a1 (1) = X1cosT,
(C.12) a2 (1) = Xacos T,

(C.13) aso (1) = Xz cosT.
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After substitution of Egs (C.11)—(C.13) into Egs (C.9), and setting the coefficient of cos T
to zero in order to eliminate the secular terms, the following nonlinear systems of equations
are established

3 .
(C.14) meﬁ+ﬁXi+Zthth2:Q
3
(C.15) —Xowi + 91 X2 + 702X3 — 93 X1 — 94X =0,
(C.16) —X1wd + X3 + ZF@X?‘? — fi3Xa2 = 0.

From Eq. (C.14)

— X2 X1+ 36X3
(C.17) X, = 1”°+f} L+ Xy
3

Substitution of X2 in Eq. (C.17) into Eq. (C.15) makes X3 to be

*Xlwg+f1X1+%f2X:f + g1 *X1wg+f1X1+%f2Xid
f3 f3

R (
(C.18) X3 =
g4

X103+ A X3 fax?\3
%92( s 1) — 93X

g4

+

Also, the substitution of Eq. (C.17) and (C.18) into Eq. (C.16) gives

(C.19) —w? (Nfcw)) b (N(*c.w)) n §ﬁ1 <N(*c.19))3 oy —X1wi + f1 X1+ 2 foXP
ga ga 4 ga f3 ’

where

N — 2 7X1w§+f1X1+%szf ta 7X1w§+f1X1+%f2X%
(C.19) 0 7 7

2 3 3\ 3
- Xwwi + fiXa + Zf2X1
gz f3 793X1.

Equation (C.19) gives a nonlinear algebraic equation of degree 18. Developing an exact
analytical expression or solution of the roots finding is very difficult. Therefore, the equation is
solved numerically using the Newton-Raphson method. The smallest real value of wg obtained
from the solutions is the nonlinear natural frequency for the TWCNT.

The analysis of the linear natural frequencies for TWCNT is presented as follows.

Neglecting the nonlinear terms in Eqs (C.14)—(C.16) results in

(C.20) ~Xw’ + X1 — fsX2 =0,
(C.21) —Xow® + g1 X2 —g3X1 =0,

(C.22) — X1 + i Xo — h3X; = 0.
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The above equations can be written in matrix form as

—+ i —fs 0 X 0
(C.23) —gs —w?+ g ga X | =10
0 fis —w?+h || X3 0
Xi
Since | X2 | cannot be equal to zero, for the nontrivial case, then
X3
—wr+ fi —f3 0
(C.24) —gs —w?+ g ga =0.
0 hs —w?+h

The frequency characteristic is obtained when the determinant of the matrix of Eq. (C.24)
is set to zero as

(C.25) Wb — (fr+g1+Hh) wt + (2f1h1 — fig1 — f3gs — higga) w
— (frg1hn — fihizga — fahags) = 0.
Equation (C.25) can be written as

(C.26) W8+ yw! + yow® + 93 =0,

where
i=—(fi+g+Mh),

Y2 = (2f1h1 — fig1 — f393 — hags),
vz = — (figih1 — fihags — fahuigs).
The roots of the sextic equations are

(C.27) wy =4 A -1

(C.28) Wy = —y A - 1L

5 = / _ l
(029) w3 = 2)\1 2)\1

_ / 71
(030) wWyqg = 2)\1 2)\1
VA JE3VA oy
(C.31) n A V)
(C.32) we = VAT VA

21 21 3’
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where
a3 (= s s (2 Y (2R s s
27 6 2 39 27 6 2
T el R T X W 1 R i N e N T LB TR
27 T 6 2 379 7w "6 2)°

The fundamental linear vibration frequency of TWNT is the lowest root of Eq. (C.26),
which is

(C.33) w=]4a- 1

where (as above)
s (=8 s s (e R (=f mos
27 6 2 379 27 6 2

3 2\ 3 3 2
sl (= s s\ (e i -, N3
+ (27+ 6 2) \/(3 9)+(27+ 6 2)'
Recall that the frequency ratio is defined as ¢ = 2%, and wo is found numerically from

Eq. (C.19) using the Newton-Raphson method.
Substituting Eqs (C.11)—(C.13) into Egs (C.9) and (C.10) results in

wi { day +a11}—w§X10 cos T+ f1X10 cos T+ fa (X10 cos 7)3—f3X20 cosT=0,

dr2
a11 (0)=0, 7(1“517(0) =0,

2
W { 4 ag +a21}—ng20 cos T+ g1 Xoo cos T4ga (X0 cos 7)° —g3 X109 cos =0,

(C.34) pt:{ 0L ar
az (0)=0, 22—,

wi { d?ag, +a31}—w(2,X30 cos T+ 1 X0 cos T+ g (X30 cos 7)3—ﬁ3X20 cos =0,

dr2
as: (0)=0, 4210 _q

After the application of trigonometry identities to the fourth-term on the left-hand side

2 [ d? 2 3 3
wh { 3t +a11}—w0X10 cos T+ f1 X10 cos T+ 3 fa X7y cos T

+1 faX{y cos 3T — fsXoo cos7=0, ai1 (0)=0, d“(;i;(o):o,

1 wg { d2a§1 +a21}7w8X20 cos T+ g1 X20 cos T+§g2X§0 COS T
(C.35) p: dr 4

+ing§0COSngggXu)COST:O, az1 (0)=0, da21(0) _

2
w2 d”as “+as1 —w2X30 cos T+ h1 X30 cos T+§52X3 COST
0 0 I 30

dr2
+ih2X§’0cos37'—h3X20cos7'=O7 as1 (0)=0, d“gilf”:o,

It can be easily shown that the solutions of Eqgs (C.34) are

X7 (M)(COS 3T —cosT)
(C.36) ar1(r) = 2L (g —asp)pAi

Dz‘cAse) ’
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where

N/, —
. (C.36) c1 (asp — aa) EL >
D =32 ———+ — ) +24 g
(C.36) ((0@ — o) pA; pA1> (2L (o2 — asp) pAr

Nic.se)y = B + (a1 pp — as) (EAlawAT
+ [h11 (1 = 20) — 2ha1 (v° — 1) + ha1v®] A1 (aw)® (AT)? +nAL H2 + k,,),

X3 (agp—ay)Ely
2 \2L(az—asp)pAs

ch.37) ’

) (cos 3T — cosT)

(037) a21(7') =

where

N/, _
" (C.37) c1+c2 (asp — aa) Bl )
D =32 + +24 s
(s ((042 —oasp) pAs - pAs ) (2L (o2 — asp) pAz

Nicsry = uEL + (aip — as) (EAanAT

+ [hlz (1 — 2’1)) — 2]’L22 (’Uz — 1) + h32v2] A2 (az)2 (AT)Z =+ 77A2H327 —+ kp),

EAg ) EAg
3 [ agkz—ayq 47> —6agukz—3arpkstoagp—p 15 _
X3 ( ca—asris - ) (cos 3T — cos )
(038) a31(7') = D> 5
(C.38)

where

N7,
* (C.38) C2
Dl agy = 32
(C-38) ((ch — asp) pAs pA3>

to4 asks — Ot4E;7/£3 - 6a6,uk3 - 3&7/Ak3 + 068/111527123 (i)
(o2 — asp) pAs AL )’

N(*CASS) = o1 Fls + ask — asukl + (ozl,u — 055)(EA30435AT

+ [hlg (1 - 21)) — 2ho3 (U2 - 1) + h33v2] As (az)2 (AT)2 -+ T]AgHi -+ k‘p).
Therefore, the first approximate solutions of Eqgs (50)—(52) are

Xii ( (agp—cq)EIy

5T (s —asa)p A ) (cos 31 — cos 1)

(C.39) a1 (z,7) = Xy cosT+ - ,
D 30)

where

N, —
X (C.39) C1 (asp — as) ELy >
Digggy =32 ——— —— + — | +24 )
(C.39) ((a2 — asp) pAs pA1> (2L (a2 — asp) pAr

N{c.se)y = Bl + (a1 — as) (EAlozzAT

+ [h11 (1 — 20) — 2h21 (v — 1) + h31v®] A1 (w)? (AT)? + nALHZ + kp),
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X3 (agp—oaq)Ely
2 \ 2L(az—asp)pAz

D€C.40) 7

(cos 31 — cosT)
(C.40) az (x,7) = XocosT + )

where

N/, —_
. (C.40) c1+co (asp — ) EL )
D =32 + + 24 )
(10 ((az —asp) pAz - pAs ) (2L (o2 — asp) pAz

N(*CAO) = OqEIQ —|— (0[1[1 — (15) (EAQ(leT

+ [hlg (1 — 21)) — 2hos (1)2 — 1) + h32v2] Ao (az)2 (AT)2 =+ 77A2H§ —+ k‘p),

EA EA
agkg—ay 3 _6aguks—3arpukst+a 3
Xg’( 3% 2L S R LY —1{‘11 (cos3T—cosT)

(aa—asp)pAs

(C.41) asz(z,7)=XzcosT+

DEkC‘41) 7

where

N*
X (C.41) c2
D =32 —+ —
(can ((042 — asp) pAs PA3>
424 aszks — ag EQ/I“S — Gozﬁukg — 30[7/1]% + Oés,uEzjz?’ (171)
(a2 — asp) pAs A1)’

N{c.a1y = 1 EI3 + asky — aspky + (a1p — ozs)(EAgazAT

+ [h13 (1 — 20) — 2has (v° — 1) + hasv®] As (a)® (AT)? + nAsH> + k;p).
The displacements of the TWCNT are expressed as:

e S-S support

(C.42)  wi (x,t)=| X1 coswot +

3 (agu—ayg)EI
Xi (W)(COS 3wot — cos wot) \/Esin (mm)
Ay ’

ch.42) !

where

N, _
. (C.42) c1 (asp — aa)EL >
D =32 ——C L )9y ,
(C42) ((062 — asp) pAi pA1> <2L (a2 — asp) pAr

N{c.az) = EL + (a1p — as) (EAlazAT

+ [hn (1 — 2’0) — 2h9o1 (U2 — 1) + h31’l}2] A, (Oéz)Q (AT)2 + nAle + kp),

X3 (%) (cos Bwot — cos wot) 7
(C.43) wa(z,t) = [ X2coswot + (@275l =L in (@)
Dzﬁc443) Ay
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where

N/, —
« (C.43) c1+co (asp — ) EL )
D =32 + + 24 ,
(C-43) ((ag — asp) pAz pAs ) (2L (a2 — asp) pAa

Nicasy = uED + (a1p — as) (EAgaxAT

+ [h12 (1 — 21)) — 2hos ('U2 — 1) + h32v2] Ao (Ozz)2 (AT)2 =+ nAgHi —+ kp),

EA ) EA
X3 agks—ay 572 —6aguksz —3arpkztagp S
3 (az—asu)pAs

(C.44) ws (z,t) = | Xscoswot + -
DG a9

L [ I . (nmx
. (A71) (cos 3wot — cos wot) 2, Sin (T),

where

N7,
N (C.44) c2
D =32 ——C @2
(Ca4) ((042 — asp) pAs pA3>

(b s o5 (1)
(a2 - a5p) pA3 A ’

Nic.asy = 1 EI3 + aoks — aspks + (aip — %)(EA;;%AT
+ [h13 (1 — 2’1)) — 2ho3 (’U2 — 1) + h33'l)2] A3 (Olz)2 (AT)Z =+ 77A5Hf + kp)
e C-C support

Xii ( (agp—cq)EIy

5T (s —asa)pAi ) (cos Bwot — coswot)

(C.45) wy (z,t) = (X1 coswot + D

Ekc.45)

I Bx Bx sinh 8 4 sin 8 . Bx . ( Bx
Lo (7)o ()] - oz ess) o ()~ ()}
where

N, —
. (C.45) c1 (asp — aa) EL >
Dicusy =32 ——m———F+—+ — | +24 ,
(C.45) ((a2 — asp) pAs pA1> (2L (a2 — asp) pAr

Nic.us)y = Bl + (a1 — as) (EAlozzAT

+ [h11 (1 — 20) — 2h21 (v — 1) + h31v®] A1 (w)? (AT)? + nALHZ + kp),
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3 ( (agp—aq)EL
X5 (7%(3‘;7&:#)[);2 ) (cos 3wot — cos wot)>

(C.46) wa (z,t) = | X2 coswot + "
D6 46)

I Bx Bx sinh 8 + sin 8 . Bx . ([ Bx
Al (7) —on (7)) - Gons=3) b () - ()]}

where

N/, _
N (C.46) c1+co (asp — aa)El> )
D — 32 + +24 ,
(C-46) ((062 — asp) pAz pAs ) (2L (a2 — asp) pAa

N{c.ae)y = 1 EL + (a1p — as) (EAzazAT

+ [h12 (1 — 2’0) — 2hos (U2 — 1) + h32’l}2] Ao (Oéz)Q (AT)2 + ’r]Asz + kp),

EA EA
x3 (043763*&4 572 —6aguks —3arukz+agp 5o )
3

(ag—asp)pAs

(C.A7)  ws(x,t) = | X3coswot + "
Dic.ar)

. (I{Tll) (cos 3wot — coswot) \/iill{{cosh <%> — cos (%)]
sinh 8 4 sin 8 . Bx . { Bx
- (m) {Smh (f) e (T)]}

where

* (C.a7) c2
D =32 —="2 4 =
(@40 ((Oéz — asp) pAs PA3>
oy (agkzg — a4 E2‘23 — 6aspks — 3arpks + aguEﬁs > ( I )

(o2 — asp) pAs Ar
N(*C.47) = a1 FI3 + aski — 015[”{1 + (Oélp, — 055)(EA3OCIAT

+ [h1s (1 — 20) — 2hos (v® — 1) + hasv®] As (aw)? (AT)? + nAsHZ + kp).

e C-S support

2L(az—asp)pAr

D

X3 (7(%“_‘“)]311 ) (cos Bwot — cos wot)
(C.48) wr (z,t) = | X1coswot + "
(C.48)

T oo (3 oo (22)] - (=2 o (2) o (2]}
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where

N, — E
N (C.48) C1 (asp — au) B >
D =32 —————+— | +24 )
(C.48) ((ag — asp) pAz pA1> (2L (o2 — asp) pAr

Nic.usy = Bl + (a1p — as) (EAlozzAT

+ [h11 (1 = 20) — 2h21 (v — 1) + h31v®] A1 (w)? (AT)? + nALHZ + kp),

2L(ag—aspu)pAs

D

X3 (M) (cos Bwot — cos wot)
(C.49) wa (z,t) = | X2coswot +

70.49)

e h Bz B\ _(coshB —cosp h Bz\ . (B
1/ i cos 7 cos | T Suhf s sin T sin (7 ,
where

N/, _
x (C.49) c1+ca (asp — aa) Bl )
D =32 + +24 )
(€49 ((0@ —asp) pAz  pAs ) (2L (o2 — asp) pAz

Nic.a9) = uED + (a1p — as) (EAgaxAT

+ [hlg (1 — 21)) — 2hos (1)2 — 1) + h32v2] Ao (az)2 (AT)2 =+ 77A2H§ —+ k‘p),

EA ) . EA
X3 azks—ay 57> —6aguks —3arpkztagp S
3 (az—asu)pAs

(C.50) ws (z,t) = | X3coswot + P
Dic s0)

. (I{TZ) (cos 3wot — coswot) 1/1{1—11 {{cosh (%) — cos (ﬂ—;)]
cosh 8 — cos 8 . Bx . [ B=x
B (sinhﬂ - sinﬂ) {smh (f) - (T)]}’

where

N/,
* (C.50) C2
D =32 0 @
(€.50) ((ag — asp) pAs pA3>

+24 (aSkS — oyt — Gaguks — Baguks + ospy ) ( I )

(a2 — asp) pAs Ay
N{c.s0) = 1 EI3 + asky — aspky + (a1p — as)(EAg,azAT

+ [h1s (1 — 20) — 2hos (v® — 1) + hasv®] As (aw)? (AT)? + nAsH? + kp).
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APPENDIX D. HOMOTOPY PERTURBATION METHOD
FOR THE QUADRUPLE-WALLED NANOTUBE

Following the same procedure, a homotopy is constructed on Eqs (68)—(71) as follows:

0.1 -p (o (G v )} {ed S8+ fan+ foat — fuan} =
o2 a-p (G2 )}+p{w2d2 g1+ gu0d — gaas —guas} =0,
03 a-pfu (T e +o{t b s e} =0,
(.4 - fuh (48 +a)b+ {wodzwaﬁwaz_m} 0

Taking the solution of Egs (3.57)—(3.60) to be in the following form:

(D.5) a1 (1) = a0 (1) + parr (1) + p*ar2 (1) + p’ass (1) + ...,
(D.6) az (1) = azo (1) + paz1 (r) + paze (1) + pazs (1) + ...,
(D.7) as (1) = aso (1) + pas (1) + pPasz (1) + p’ass (1) + ...,
(D.8) as (1) = a0 (1) + paar (1) + pasz (1) + p’asa (1) + ...,
(D.9) W =wo 4 pwi + p°ws + pPws + ...

On substituting Eqs (D.5)—(D.9) into the homotopy in Egs (D.1)-(D.4), collecting and
rearranging the coefficients of the terms with identical powers of p, a series of linear differential
equations is developed as

2 a
ddzéo +a10 =0, aio (O) = X, dclli[‘)r(()) =0,

2
42020 4 a0 =0, ag (0) = X1, d220(0) — g,

(D.10) p°

d2a30 + asp = 0, aso (0) = Xl, 7dag?r(0) = 0,

d2ay4 +as0 =0, asw (O) = X, dag?r(o) =0,




(D.11)

(D.12)
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p

p

2 [ d%a 2 3
wo { T3+ a11} — wga1o + fiaio + f2a7g — fzaz =0,

a1 (0) =0, 4@ _q

T

2 [ d%a 2 3
wo { T3+ a21} — whazo + g1a20 + g2030 — gzaio — gaaso = 0,

az (0) =0, 22210 _q

=

2 [ d2%a 2 3
wo { T+ asl} —wgaso + fliaso + fz2azg — fizazo — fiaaso = 0,

_ das1(0) _
az (0) =0, 4210 —q

w2 Laa gL G2as0 + rrado + raady — raaso = 0
0\ “aas 41 040 + 71040 + 2040 — T3a30 = 0,

au (0) =0, 440 —q,

T

2 [ d%a 2 d?a 2
wo { 132 + alz} —wgail + 2wow1 7% + fiai + 3f2ai0a11

—fsa21 =0, ai2(0)=0, daéiﬂo) -0,

T

2 [ d2%as99 2 9 d2asg 3 2
Wo | —q50 T 22 ¢ — wpa21 + 2wowir — 5~ + g1a21 + 3g2a30a21

—g3ai11 —gaaz1 =0, a2 (0) =0, p=

2 [ d2%ass 2 9 d2as3q I3 3inal
Wo | —qr2 T 012 ¢ — wWas1 + 2wowil —g 5 + hiasy + 3h2a30a31

—hgaz1 — huaar =0, a3z (0) =0, dagiz(()) =0

T

we d2“42+a — wias + ras + real; — rsasn =0
0 d-2 41 041 1441 2041 340 = Y,

as2 (0) = 0, 7(1&32(0) =0,

T

dag2(0) __
dep0) _ g
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In order to calculate the nonlinear natural frequencies for QWNT, we assumed initial
zeroth approximations given as

(D.13)
(D.14)
(D.15)

(D.16)

a0 (1) = Xy cosT,
azo (1) = X2 cosT,
aso (7) = X3 cosT,

a0 (T) = XacosT.

Substituting Eqs (D.13)—(D.16) into Egs (D.11), and setting the coefficient of cosT to
zero in order to eliminate the secular terms, the following nonlinear systems of equations are
established

(D.17)
(D.18)
(D.19)

(D.20)

3
~Xawh + X1+ X7 f3Xo =0,
2 3 3
—Xowg + g1X2 + ZQ2X2 —93X1 —gaX3 =0,
3
—Xlwg + X3+ Zﬁng — h3Xo — hu Xy = 0,

3
—X4wg +7r1 X4+ ZTQXS —r3 X3 =0.
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From Eq. (D.17)

—X1wi + f1 X1+ %fQXid
fs '

Substituting Eq. (D.21) into Eq. (D.18) and making X3 the subject of the formula gives

(D.21) X, =

(= Xawgt+fiXa+ S f2 X3 w2 4 —Xi1wi+f1 X143 X3
f3 0T g f3

D.22 X3 =
(D.22) X3 ”

f3
ga

_ 2 3 343
%92 ( X1W0+f1X1+4f2X1) 95Xy
+ .

Again, by substituting Eqs (D.21) and (D.22) into Eq. (D.19) and making X4 the subject
of the formula we have

N* N* 3 _X 2 X 3 Xg
(D.23) Xi= 1{ Xiuw? 1 (D.23)+Zh2( (D423)) h3( wi + iXa+ 5 fa 1)}’

ha g4 ga fs
where
N _ -Xiwi + X0 + 2 faX? g - Xiwi + 1 X1 + 2 foX?
- = 1
(D.23) s 0 7s
3
3 —X1wg + X1+ 3 X3
+492< - f}:al gt — g3 X1.
Substituting Eqgs (D.22) and (D.23) into Eq. (D.20) gives
(D.24)
—1 2k —X1wg+ A X1+ 52 X7 o ~X1wi+f1X1+5 f2 X7
— |77 Xw -l-*l[—( 4 wh + g1 4
ha { 0 gy I3 0 f3
3
3 (=X1wg+fXa+] faXP 3n ~XiwgHf X1+ 52 XP ) 2
taq (—X1Wg+f1f-;(1+%f2X?> ( X1Wo+f1X1+ f2X3>3 —ggXl]S
— X103+ 1 X145 f2 X7
—hs ( — lf3 i >}> (wg +11) + i;g <—{X1w3
+% [_ <—X1w3+f1f.;cl+%fz)<§> W2+ g1 (—X1w0+f1f—;(1+%fzxf>
+19 (—X1w8+flfxl+%sz?) —ggXl} n %% [_( X1w0+flfxl+ f2X3)w8
3 3
o (—X1w8+flfzf1+%sz?> ( X1w0+f1X1+ f2X3>3 —93X1]3
h *X1wg+f1X1+%f2X3 3 X1w0+f1X1+ f2X3 2
—hs _ _ Wi
f3 94 I3

X w2 fi X 43 f X3 L Xqw2f1 X143 fa X3\
+g1( 1wo+f1fgl+4f2 1)—}-%92( 1wo+f1fgl+4f2 1) —g3X1>=0.
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Equation (D.24) gives a nonlinear algebraic equation of degree 54. It is very difficult to
develop exact analytical expressions or solutions of the roots finding. Therefore, the equation is
solved numerically using the Newton-Raphson method. The smallest real value of wg obtained
from the solutions is the nonlinear natural frequency for the TWCNT.

To calculate the linear natural frequencies for QWNT, substitute:

(D.25) ao (7) = X coswr,
(D.26) azo (1) = X5 coswr,
(D.27) aso (1) = X3 coswr,
(D.28) (r) =

D.28 aqo (T X4 coswrT,

into Eqgs (D.17)—(D.20) and neglecting the nonlinear terms gives

(D.29) —Xiw’ 4+ f1X1 — fs X2 =0,
(D.30) —Xow” + g1 X2 — g3 X1 — gaXs =0,
(D.31) — X1+ h X3 — B3 Xo — ha X4 = 0,
(D.32) —Xuw® + 11 Xs —r3X3 = 0.

Equations (D.29)—(D.32) can be written in matrix form as

—w? 4+ fi —fs 0 0 X1 0
—g3 —w? 4 g1 —g4 0 Xa 0
(D.33) -
O —h3 —(4.)2 —+ ﬁl —ﬁ4 X3 O
0 0 —ry  —wi4r || Xa 0

Equating the determinant of the matrix of Eq. (D.33), the characteristic frequency equation
is obtained as

(D.34) Ww®— (f1—|—g1+ﬁ1—|—7"1)w6—|—(flgl+f1r1—|—f1ﬁ1—i—glrl—|—g1ﬁ1—|—ﬁ1r1+g4ﬁ3+f3g3—ﬁ41"3)w4
— (figiha+ frgari+ filari+gihari+ fagsri + fagshia + figahs — fihars — gahisr1 — g1hars) w?
+ (frgihari+ fagshiri — figihars — figahsry — fzgahars) = 0.

Equation (D.34) can be written as
(D.35) w® + 1w’ + Bow® + Bsw? + B4 = 0,
where
Bi=—(fi+g1+h+r),
B2 = (figr + fir1 + fiha + gir1 + giha + Fart + galis + fags — hars),
Bs = — (figiha+ frgiri+ filuri+gi1hari + fagari + fagsha + frgahis — fihars — gahisry — g1fiars),

Ba = (frgihar1 + fagshiry — figihurs — figahsry — fagahars).
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The roots of the octic equations are

Jﬂwﬁw(ﬂﬁ)ﬁw

wy = — —% + %\/%%—62+x+% 34&— (%%—524-)() —282 + —4&/82;8/8375%,
4 %—524-)(

wy = \l N " 1 ﬁfﬂfrxfl 3% 461 2—8B3—5}

(3w oo
S (Elpgrix ) 26 + 2 ,
42V QJ 4 4 /B g

wyq = —\l B + ! %—52+X—1\j 376%— (j—ﬁz-l-)() —2B2 + 46rPa—8fs 7

/82 ’
4/ F—P2+x

o J RN w N R S =

4 4 /52 ’
4 %1—52-!-)(

JBWBW(M) 2+ DLl

2 4 2 ’
44/ %—524-)(

Jﬁwﬁw(w) a1 A

4 4 2 ’
44/ B Batx

. J A s [T () e B2

4 2 4 4
4/ B —Botx

where

962 (484 + B183) — 27 (45254 - B3 — 5%54) + 2433
54

1/3

N \/ (2= 100 =)', (9001 ) =1 b= =P 2/33)1
9 54

982 (484 + B1B3) — 27 (48281 — B3 — BifBa) + 233
54

+

1/3

_\/(3(5153—4@— §>3+(9/32(464+6163)—27(4/32/34—[3%—ﬁ%ﬁ4)+263)2} B
9 54 37
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The fundamental linear vibration frequency of QWNT is the lowest root. Substituting
Eqgs (D.13)—(D.16) into Egs (D.11) and (D.12) gives

wg { djfél + au} —wiXigcosT + f1Xi0cosT + fa (X1 cos 7—)3
—fsX2ocosT =0, a1 (0)=0, dm@ g

T )

2 [ a2 2 3
wh { da§1 —|—a21} — wj X2 COST +g1X20 COST + g2 (Xzo COST)

B _ daz;1(0) _
—93X10 COST = O, a1 (O) = 07 0371_ - 0:

(D.36) p':

a2 3
wd { Tt + a31} — wgX30 cos T + hy X30 cos T + hg (X0 cosT)

—ﬁ3X20 COST = O7 asi (0) = 07 M =0

dr ’

d? 3
wh { Tt + a41} — wE X0 cos T + 11 X 40 coS T + 72 (X40 COST)

—7‘3X30 COST = 0, a41 (0) = 0, daéii(o) =0.

After the application of trigonometry identities to the fourth-term on the left-hand side

2 [ d%a 2 3 3 1 3
wo{ T3t +a11} —wyXiocosT + fiXiocosT + 5 f2X7gcos T + 7 f2 X7 cos 3T

—fsXsocosT =0, ay (0)=0, La@ _q

dr

2 [ dZ%a 2 3 3 1 3
wh { T+ a21} — wX20cosT + g1 X20cosT + $92X50cos T + 792X54 cos 3T

) —gsXiwcosT =0, a2 (0)=0, dajilrm) =0,
(D.37) p

2 - 4
wi { ddagl + CL31} — w3 X30 cos T 4 h1X30 cosT + %ﬁngo cosT + %ﬁngo cos 3T

—ﬁ3X20 COST = 07 as1 (0) = 0, dagi%r(o) = 0,

2
wi { ddﬁél + a41} — wi X4 cosT + r1 X0 cosT + %rng’o CcosT + iergo cos 31

—r3XsocosT =0, a4 (0)=0, dagii_(o) —0.

It can be easily shown that the solutions of Eqs (D.36) and (D.37) are

X13 ( (agp—ag)EIy

spae 20— ) (cos 3T — cos T)
(D.38) an (1) = 2L (a2 ou)pAl)

DzDAss)

where

N _
- (D.38) c1 (asp — au) BTy )
D =32 ——m—m—+ — | +24 ,
(D-38) ((ag — asp) pAi pAl) (2L (a2 — asp) pAs

Np.ss)y = arEL + (a1p — as) (EAlozIAT

+ [hll (1 — 21)) — 2ho1 (02 — 1) + h31’l}2] A, (Oéz)2 (AT)2 —+ ’I7A1H§ =+ kp),

X3 (agp—caq)Ely
2 \2L(az—asp)pAz

D(*D,39) ’

) (cos 3T — cosT)
(D39) a21(7‘) =
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where

Nj —
N (D.39) c1+c2 (asp — au) ET2 >
Dip.sg) = 32 + +24 ,
(D-39) ((052 — asp) pAa pAs ) (2L (a2 — asp) pAs

N{p.39) = a1 Elr + (oaapp — as) (E'AzawAT-i—

[hlz (1 — 2’1)) — 2h22 (122 — 1) + h32v2] A2 (am)Q (AT)Z =+ 7’]A2H123 =+ kp),

X{;’ ( (agp—ay)El3

2L<a2_a5u)pA3) (cos 37 — cos )

(D.40) as1 (1) = " )
D5 40
where
N _
¥ (D.40) c2 +c3 (aspp — aq) Els >
D =32 + 24 ,
(040 ((wz — asp) pAs pAs ) (2L (a2 — asp) pAs

N(p.a0y = a1 EI3 + (aapp — as) (EAgchAT

+ [h1s (1 — 20) — 2has (v° — 1) + hasv®] As (aw)® (AT)? + nAsH + kp),

EAy EAy
3 [ azk3z—ay <~ —6agukz—3arukztagu =g Iy o
X3 ( aa—aspAs - ) (cos 3T — cos )
(D.41) aq1 (1) = o ,
(D.41)

where

N(*D.41) ) cs3

Dy, =32 ——22) s
(41 ((az —asp)pAs)  pAa

L4 asks — ozzl}a%4 — 6agpks — 3arpks + 0(8[1,%124 (i)
(a2 — asp) pAs A )’

N(p.a1y = a1 Ely 4+ aoky — aspks + (oap — a5)(EA4awAT
+ [haa (1 = 20) = 2has (02 — 1) + haav?] As (a0)® (AT)? + AL H? + kp).

Therefore, the first approximate solutions of Eqgs (3.57)—(3.60) are

agu—ayg)ET
X3 (72&257&:;)0;1) (cos 31 — cosT)

Dip 42 7

(D.42) a1 (X,7) = Xy cosT+

where

N —
X (D.42) 1 (asp — ) ELy )
D =32 —T—+ —— | +24 )
(0-42) ((az — asp) pAs PAI) <2L (a2 —asp) pAs

N{b.a2) = a1 EL + (oapn — as) (EAloczAT

+ [h11 (1 — 20) — 2h21 (v — 1) + h31v®] A1 (w)? (AT)? + nALHZ + kp),
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X3 (agp—ayg)EIy
2 \ 2L(az—asp)pAz

DTD.43) ’

) (cos 3T — cosT)

(D.43) az1 (X, T) = XocosT +

where

N _
N (D.43) c1+c2 (asp — aq) Elz >
D =32 - +24 ,
(D-43) <(a2 — Oé5/.L) pA2 pA2 ) (2L (012 — a5,u) pAQ

N{p.azy = a1 Elr + (oapp — as) (EAQO(IAT

+ [haz (1 — 20) — 2h22 (V¥ — 1) + haav?] As () (AT)? + nAs HZ + k,,),

X3 (agp—ayg)El3
3 \ 2L(az—asp)pAs

DZkD.44) 7

) (cos 3T — cosT)

(D.44) as1 (X,7) = XzcosT +

where

N _
N (D.44) c2 +c3 (agp — aq) El3 >
Dip.aay = 32 + +24 ,
(D-44) <(a2 — asp) pAs pAs ) (2L (a2 — asp) pAs

N{p.aay = a1 EI3 + (oapp — as) (EA3O¢EAT

+ [hlg (1 — 21}) — 2h23 (1)2 — 1) + h33’U2] A3 (le)Q (AT‘)2 + ’I’]AgHaQ: =+ k'p),

EA EA
X3 azkz—ayg 57 —6aspkz—3arpkztagp 57t I
3 (aa—asu)pAs Ay

) (cos 3T —cosT)

(D.45) aa1(X,7)=XscosT+ - ,
Dip 45)

where

N(*D.45) ) cs3

Dy =32 ——2) &
(0-49) ((cm —asp) pAs) T pAa

ey asks — oy Ezi“ — 6a6,uk3 - 3(17,[1,[433 -+ Ozgp% <£>
(o2 — asp) pAa A )’

N{p.asy = a1 Els + azky — aspks + (oaap — as) (EA4axAT
+ [haa (1= 20) — 2has (V2 — 1) + haav®] Au (0)? (AT)? + nALH? + k,,).
The displacements of the QWCNTs are expressed as

e S-S support

X3 (%)(COS?)T—COST) 7
(D.46)  wi (z,t) = | X1cosT+ (@2 esmpds =L sin (@) ’
DTD.46) Ay
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where

N, _
¥ (D.46) c1 (asp — aa)ELL )
D =32 ——mMmmm—+ — | +24 s
(D-46) ((ag — asp) pAs pAl) <2L (2 — asp) pAs

N{p.aey = a1 EL + (oapn — as) (EAlaIAT
+ [h11 (1 = 20) — 2hay (v° — 1) + ha1v®] A (aw)® (AT)? +nAL H> + k;p),

X3 (agp—oq)EIy
2 \2L(az—aspu)pAz

) (cos 3T —cosT) T

. [/nTx
(DAT)  wa (z,t) = | XacosT + 7, in (T) ,

Dip amy
where
N _
N (D.47) c1+c2 (asp — aq) Elp >
D =32 +24 ,
(047 <(f¥2 —asp)pAz - pAs ) (2L (o2 — asp) pAs

N(*DA47) = EL+ (oap — as) (EAQOCIAT
+ [laz (1= 20) = 2han (v = 1) + hsav] Az (00)* (AT)? + daH + by ),

XS ( (agp—aq)EIl3

72“&2_&5“)’)143) (cos 3T — cosT) T

A—l sin (”lﬂ) ,

(D.48) w3 (z,t) = | XzcosT +

D?DAS)

where

Nj —
% (D.48) c2 + c3 (asp — aq)El3 >
D — 32 + +24 7
(D-48) ((ag — asp) pAs pAs ) (2L (a2 — asp) pAs

N(p.as)y = 1 EIz + (a1p — as) (EAgleAT
+ [h13 (1 = 20) — 2has (v° — 1) + hasv®] As (aw)® (AT)? + nAsH + kp),

EA EA
X33 <a3k3—a4 S7t —6aguks—3arukz+agp 2L4)

(g—asu)pAs

(D.49) wy(z,t) = | XscosT +

DZD.49)

I [ . /nmx
. <A—1> (cos 37 — cosT) A, sin (T) ,

where

N(*D.49) ) I c3

Dy, =39 ——©%) &
(-19) ((az — asp) pAs

pA4

Lo asks — oy E;i“ — 60[6/”{:3 — 30&7,[1,]63 + agp E2124 (]71)
(a2 — asp) pAa AL )’
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N(*DAQ) =a1EL + azks — aspki + (cap — 045)(EA40¢1AT
+ [h14 (1 — 2’U) — 2hoy (U2 — 1) + h34’l}2] Ay (Oéz)Q (AT)2 + 7]A4H§ + kp>.
e C-C support
Xi”) ( (agp—aq)EIL

2L(ag—asp)pAr

D(*Dﬁo)

L Bx Bx sinh 8 + sin 8 ) Bx . { Bx
Ve (7)o ()] - (S5 e (5) - ()]}
where

N _
# (D.50) c1 (asp — aq)ETL )
D =32 —F—+ —— | +24 >
(D-50) ((ag — asp) pAi pAl) (2L (a2 — as ) pAs

) (cos 3T —cosT)

(D.50) w1 (z,t) = XycosT +

Nb.soy = arEL + (a1p — as) (EAlaxAT

+ [h11 (1 = 2v) — 2hoy (122 -1)+ hava] Ay (az)? (AT)? + A H2 + kp),

XS ( (agp—aq)EIy

TL(as —arimpis ) (cos 3T — cosT)

(D.51) w2 (x,t) = XacosT +

D*

(D.51)
I Bx Bx sinh 8 4 sin 8 . Bx . ([ Bx
VL (7)o ()] - (G505 oo () - ()]}

Nb.s1 La + CQ) ! ( (asp — aqa)ET )7
(2 —asp) pA2  pAz 2L (o2 — asp) pAz

where

Dip.51) = 32 (
N{p.s1) = a1El + (oapn — as) (EAQO[IAT

+ [h12 (1 — 2’U) — 2hao (1)2 - 1) + h32’l}2] Ao (Oéz)Q (AT)2 + 'I’]A2H§ + kp>,

2L(a2—asu)pAs

DZ‘D452)

L Bx Bx sinh 8 4 sin 8 . Bx . ( Bx
Ve (7)o ()] - (S5 b (5) - ()]}
where

N7 _
" (D.52) c2 +c3 (asp — aa)El3 )
Dip 52 = 32 + +24 ,
(0-52) <(0¢2 —asp) pAs  pAs > (2L (a2 — asp) pAs

X3 (7(‘18“_“4)]513 )(cos 37 — cosT)

(D.52) ws (z,t) = X3zcosT +

N{b.s2) = a1EI3 + (oapn — as) (EA;),O(IAT

+ [h1s (1 — 20) — 2hos (v® — 1) + hasv®] As (aw)? (AT)? + nAsHZ + kp),
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EAy EAy
agkz—oy —6agpks—3arpkztagp I
X§’< 2L 2L (4L ) (cos 3T —cosT)

(ag—asp)pAy 1

(D.53)  wa(x,t)=XacosT+ m
Dip 53

V() (2)] - (252585 o () - ()

N(*D.53) ) C3
(2 — asp) pAs pA4

where

DEﬁD‘53) =32 (

Y04 asks — a4E2—‘24 - 60&6}14]63 - 3&7/Ak3 + Oég,LLE27124 <£)
(o2 — asp) pAs A )’

N(b.ss) = a1 Ely 4+ aoky — aspks + (oap — a5)(EA4o¢xAT
+ [h14 (1 — 21)) — 2ho4 (U2 — 1) + h34v2] Ay (az)2 (AT)2 + 17A4H3 —+ kp).
e C-S support

X13 ( (agp—aq)EIy

2L(a2—a5u)pA1) (cos 31 — cos T)

(D.54)  wi (z,t) = | XicosT +

DzDA54)

I - Bz (Bx\| (coshf —cosB\][ . b Bz\ . [(Bz
i cos T cos | b _smf sin T sin { ,
where

N -
x (D.54) 1 (asp — as) ELL )
D =32 ————+—|+24 ’
(D.54) ((a2 — asp) pA; pAl) (2L (a2 — asp) pAq

N(p.say = arEL + (a1p — as) (EAlaxAT

+ [hll (1 — 21/) — 2ho1 (1/2 — 1) —+ h311/2] A (Ckz)2 (AT)2 =+ 17A1H§ —+ kp),

(agp—ay)ET 3
7%(327&:#);‘2 ) (cos 31 — cos T)]

X3 (
(D.55) w2 (z,t) = | XacosT + D

ZD.55)
A (F) - (F)] - (Smmans ) oo () - ()]
where

N7 _
" (D.55) c1+c2 (asp — aq) Elp )
Dip ss) = 32 + +24 ,
(0-59) <(0¢2 —asp) pA2 - pA2 > (2L (a2 — asp) pA2

N{p.ssy = a1Elr + (oapn — as) (EAgazAT

+ [h12 (1 — 20) — 2h2s (v® — 1) + h32v®] Az (w)? (AT)? + nA2HZ + kp),
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3 (agpu—ay)EL
X3 (7%(227&:“)/)33)((:% 37 —cosT)

(D.56) w3 (z,t) = |XzcosT +

DzD.56)
i B\ o (Br\]  (coshs—cosY [ (e L (Bo
1 {{cosh < 17 ) cos ( 17 )} (sinhﬁ i sinh 17 sin 17 ,
where
N _
x (D.56) c2 + c3 (agp — aa) ET; >
D =32 + 24 )
(0-56) ((a2 —asp) pAz  pAs ) (2L (2 — asp) pAs

Nb.se) = a1 EIzs + (a1p — as) (EABQQ:AT

+ [h13 (1 — 2’0) — 2ho3 (02 — 1) + h33’l)2] As (Ozz)2 (AT)2 + ’I7A3H§ + kp),

EA BA
St —6aguks —3arpkstagp 5t )( I

21
(ag—asu)pAy A

X3 (aslmﬂm ) (cos 3T —cosT)

(D.57)  wa(z,t)=|X4cosT+ -
Dip s7)

I (] Bz Bz cosh B — cos 8 . Bz . ( Bz
Al ()~ (7)) - (imis) b (7)) - ()1}

Nib.sm) ) c3
(@2 — asp) pAs pAs

where

D(*D.57) =32 <

424 asks — Ot4E27124 — GOtep,k‘g — 3047,uk3 + 058/111527124 (i)
(o2 — asp) pAs A1)’

Np.sry = arEly 4+ asky — aspky + (cap — as) (EA4azAT

+ [h14 (1 — 2’0) — 2ho4 (1)2 — 1) + h34’l}2] Ay (Oéz)2 (AT)2 + ’I7A4H§ =+ kp>.
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