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MAGNETOHYDRODYNAMIC FLOW OF VISCOUS FLUID
IN A SLOT BETWEEN CURVILINEAR SURFACES OF REVOLUTION

J.SAWICKI (BYDGOSZCZ)

This paper contains the study of the magnetohydrodynamic, steady, laminar flow of
viscous fluid in a slot between curvilinear surfaces of revolution having a common axis of
symmetry. The boundary layer equations are expressed in terms of the intrinsic curvilinear
coordinate system z,6,y. The method of perturbation is used to solve the boundary layer
equations. As a result, the formulae for parameters of the flow, i.e. the velocity components

Vs, Ve, Vy and pressure P are obtained.

NOTATIONS

By vector of magnetic induction,
E)  vector of electric field intensity,
Hj  vector of magnetic field intensity,
Ha Hartmann number,
2h(z) thickness of slot,
hg,ha thickness of upper and lower curvilinear conducting surfaces,
I total current,
Ji current density vector,

2. dimensionless parameter corresponding to the effect of centrifugal
inertia forces,

2, dimensionless parameter corresponding to the effect of longitudinal
inertia forces,

P pressure,
pi inlet pressure,
Po outlet pressure,

R(z) radius of the midsurface of the slot,
Re Reynolds number,
Vi velocity vector,

z,0,y curvilinear coordinates,

X,Y,Z Cartesian coordinates,
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¢ angle determining the position of section between the spherical surfaces,
¢i, o angles determining the positions at the inlet and outlet sections,

®4,P, dimensionless parameters determining conductances of the lower
and upper surfaces,

p fluid dynamic viscosity,
o electrical conductivity,
04,04 electrical conductivity of the rotating lower and upper surfaces,

w1,w2 angular velocities of the lower and upper surfaces.

1. INTRODUCTION

Laminar flows of electrically conducting fluids in slots between rotating
curvilinear surfaces subject to the action of magnetic and electric fields at-
tracted much attention since many years [1, 2, 3, 4]. New possibilities offered
by electrically conducting liquids in solving various problems of construc-
tion and operation in the fields of friction, lubrication and wear of machine
elements, contributed to the growing interest in the research concerning this
type of flows. The present paper is aimed at investigating the effects of
electromagnetic fields and inertia forces upon the flows of viscous fluids.

2. EQUATIONS OF FLUID FLOWS

The motion of electrically conducting viscous fluids flowing through a
slot between the curvilinear surfaces of revolution, presented in Fig.1, is
assumed to be laminar, stationary and isothermal. The flow occurs in the
presence of external magnetic (0,0, B,) and electric (E,,0,0) fields in the
slot bounded by electrically conducting surfaces. The magnetic Reynolds
number Reps is assumed to be much less than unity, Reps < 1, what makes
it possible to disregard the effect of the magnetic field induced by the motion
of the fluid.

On the basis of the general laws of conservation of the mass and mo-
mentum, the equations of motion written in indicial notation “assume the
form:

(2.1) ‘/i,i =0,
(2.2) oViVij = —p,i+ Tijj + €ijkJ; Br -
Here
7ij = u(Vij + Vig)-
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F1G. 1. Flow region of fluid.

“Closure” of the set of Egs. (2.1), (2.2) necessitates the additional equa-
tions of the electromagnetic field:

(2.3) EijkEr,; = 0,

(2.4) E,"i =0,

(2.5) €ijkBk,j = podi,

(2.6) Bii =0, .

(2.7) Jig = 0,

(2.8) Ji = o(E; + €k Vi Bi).

Writing Egs. (2.1), (2.2), (2.8) in the curvilinear system of coordinates
(z,0,y) (cf. [5]) and applying the estimations typical for flows occurring in
thin layers, h < R, we obtain:

LRV, | 0V,

WV, OV, LR\  dp BV,



116 J. SAWICKI

Ve V R\ &V, _,
(2.11) Q(Vx 9 +Vy— v By +VV9R) = 352 —oB,Vy— 0E;By,
dp
(2:12) 0= ay’
(2.13) Jz = 0(Eg + VpBy),

where By, = Bp.
Thus, from Eq. (2.12) we have

(2.14) p=p(2).
The boundary conditions for velocity components and pressure are:

Ve=Vy=0 for y = %h,
Vo = w1 R(z) for y = —h,

(2.15) Vo = waR(z) for y=h,
p=p; for X =12
P = Po for T

3. SOLUTION OF THE EQUATIONS OF MOTION

Introducing the following dimensionless quantities:

—_ 2 »_ R —_ Y

T Ro 9 R Ro ) y ho
— Vo o Vo o VyR  __ph, b,
Vx s Vo ’ V€ Vo I Vy = Vo ho ’ p = l[V R I

we can present the equations of motion (2.9)—(2.13) in the form:

1 ARV, | ~
W34 R oz 3y =0
v, WV, 2R p 9%V, -
(32) /\ (V a + Vy a_ = ng) = -—a—; + /1—817— = Ha,2Vx ’

Ve

= an
(3.3) A (Vx—(ﬁ R /A Al

(3.4) 0= -
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where

/ ho By h
Ha = Boho A ’ E= o \/§7 A =Re < 0) Re = ——QVOhO .
[ Vo B Ry m

The quantities marked by the subscript “zero” are average values within
a discussed flow domain, X is the modified Reynolds number which satisfies
the condition:

(3.5) A<l

In Egs. (3.2)-(3.4) describing motion of viscous fluid, if condition (3.5) is
satisfied, A is a small parameter. Thus, the solution can be sought for in the
form of power series with respect to A:

o0

=Z,\'V;, Ve =Z,\'V0, Vy=z,\‘vy,
(3.6) 3 = .
p=3 N7, Z_EAJ E=) XE.
1=0 1=0

Introducing the series (3.6) into Egs. (3.1)-(3.4), and grouping the terms
with the same powers of A, confining the considerations to the linear ap-
proximation and returning to the previous, dimensional form, we get the
equations:

1 oRVY) | O

UL T moa i
(38) 0= —%—’f + a;vo oBV,

0
(39) 0= %”?
(3.10) 0= pa;;/go - oB2Vy - 0EJB,,

1 1

(3.11) %a(f;:“”) + 3(;2 =0,
(3.12) [V"a;; 5 +V) a;/ )2%] = —%i; - ua;;ﬂ - 0BV},
(3.13) 0= %ly,

vy ovyp R v}
: 0 '] 0 [’ 0y,/0 _ B0 2y/1 EIB :
(3.14) Q(V’_—am +Vy—8y +V,V, 7 pay oB,Vy — oE, B,
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The boundary conditions, in accordance with Egs. (2.15), have the form:

VO=VP=V2=V}=V}=0 for y=xh,

Vy = wR(z) for y=aA,
(3.15) VY = waR(z) for y = —h,

»” =p, pl =0 for = =gz,

P =p,, =0 for z=12z,.

Integrating Eqs. (3.7)-(3.14) with the boundary conditions (3.15) we have:

1 Ci chk
g 0 Yy .
@16) . Yo = oo W= (chkh 1)’

Coh thkh(kyshkh — khsh ky)
0l 0
(3.47) W= uk2R ch kh(th kh — kh)? :

R ch ky shky], B3 [T (chky
o  R[ _ chiy 4 i
(3.18) Ve—z[(wl v dColie )hkh]+k\/u(chkh 1)’

[A(z) — Aolpi — [A(z) — A ]Po

0 _
(319) p’= T
1 chky
i 34 ! o
(3.20) ¥, = 6451 [Q(Ch kh chky + 2) (ch oh 1)
_ (4thkh — 3kh — 0.5sh 2kh) (ch ky 1)]
thkh — kh ch kh

1 3 (2kh — sh 2kh) (chky )]
+4¢2 [2kyshky — 2khthkhchky ch kh (th kh — Fh) \chkh |

+%¢3 [(k"’y2 — k®h®)ch ky — kysh ky + kh th kh chky

_ (1.5sh kh — kh ch2kh — 2kh) (ch ky 1)]
chkh (thkh — kh) chkh

(3kh — 2th kh — 0.5sh 2kh)] (ch ky 1)
thkh — kh ch kh

+%¢5(sh 2ky — 2shky ch kh) + %@dky ch ky — kh cth kh ch ky),

+%¢4 [2(ch kychkh —1) —

@21)  Prind B{R‘p‘ [shkychky+ky+4(hky ky)

v="R9d h kh
thkh — 3 kh — 0.5sh 2kh /shky
~2chvkiisl ky — thkh — kh (ch el )]
+% [2ky chky — 2shky — 2kh thkh hsh ky
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(3.21) ___2kh —sh2kh (sh ky " )7
[cont.] ch kh (thkh — kh) \ch kh

R¢3 (k*y? — k2h?)sh ky + 3sh ky — 3ky ch ky + kh thkhsh ky

1.5sh 2kh — kh — 2kh (sh ky )
ch kh(thkh — kh) \chkh

J

R, 2 shky
+—-6—k—— shkychky + 3ky — 3(ch®kh + 1) T Eh
3kh — 2th kh — 0.5sh 2kh (sh ky i )]

thkh — kh chkh

( ch 2ky — 4ch kh ch ky — ch 2kh + 4ch?kh)
R 6

R 5

(ky shky — chky — khcthkhch ky

—khsh khthky + kh cth kh ch ky},

11 (chky 3 )
(3.22) Vo = 3W1(chkychkh+2) T Fh 1

+%W2(ky shky — khthkhchky) + %!P;;(sh 2ky — 2ch kh sh ky)

ch kh
%% [ch ky(k?y® — k?h?) + khthkh ch ky — kysh ky]

+%W4(kych ky — kh cth khsh ky) + %%(ch kychkh — 1) <Ch ky 1)

+iy77 [sh ky(k®y? — k*h?) + kh cth khsh ky — ky ch ky]

[A(z) — Ao]B; — [A(z) — Ai]Bo
A — Ao '

(3.23) p'=B(z)-

The complete solution to the fluid flow problem inside the slot between
(in general) curvilinear surfaces consists of the sum of partial solutions V°
and V1.

Functions C, E2, A(z), ¢, — &6, ¥; — Wg, B(z), k appearing in the solu-
tions (3.16)—(3.23) are presented in explicit forms in Part I of the Appendix.
Effective tabulation of the formulae (3.16)—(3.22) will be possible after as-
suming the forms of the surfaces bounding the slot.
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4. MOTION OF FLUID BETWEEN ROTATING SPHERICAL SURFACES

The parameters describing the geometry of the flow region can be written
as follows (Fig.2):
R = Rk sin(¢), R,‘ Rk sin(d>,-), Ro = Rk Siﬂ(d)o),
(4.1) T

¢ =—, R’ = cos(¢).

Il

'.
s
/

\x‘

VTN

F1G. 2. Spherical clearance geometry.

Introducing Egs. (4.1) into the solutions (3.16)—(3.23) and using the fol-
lowing dimensionless quantities:

= %, R= Ri; sin(¢), R’ = cos(9), V= V_,,;f:ax .
(4.2) .
Vo= Vy Rksin(¢,) Vo = Vo 2
£ Va?max h ] 8 W1Rk sin(qSo) sm(¢) :

where
poo i1l pehd Fi-1 1
e 2 pRysin(¢,) a; — a, sin(¢p)’
we obtain the formulae representing the motion of the fluid inside the clear-
ance between the rotating spherical surfaces:
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Approximation of order zero:

(4.3) v 2 (1_ chHay>,

®  Hal ch Ha
_0
(4.4) V,=0,
0 ch Hay . sh Hay]
@45 V= [(1+I\) (- k)50

g b E_O(chHay_ 1)
sin(¢) Ha \ chHa ’

(4.6) ﬁo i, la(¢) — ao)pi — [a(®) — ai] .

a; — a,

Linear approximation (sum of partial solutions V° and V1)

B . a; —a, (1 chHavy
(4.7) V= Vf—? sin(¢) - 1° {6451 [2(ch Hach Hay+2) ( T Hay - 1)

4th Ha — 3Ha — 0.5sh 2Ha (ch Hagy 1)'

thHa — Ha chHa
+%452 [2Ha@'sh Hay — 2Hath Hach Hay

2Ha — sh 2Ha (ch Hag 1)'
ch Ha(thHa — Ha) \ ch Ha
-1&453 (Ha?y? — )Cle;y — HayshHay + Hath Hach Hay
1.5sh2Ha — Hach 2Ha — 2Ha (ch Hay 1)]
ch Ha(th Ha — Ha) ch Ha

1 —y chHay
+6¢4 [2(ch Hagych; Ha — 1) ( T 1)

3Ha — 2th Ha — 0.5sh 2Ha (ch Hay 1)]
th Ha — Ha chHa

+%¢5(sh 2Hay — 2sh Haych Ha) + %QG(Ha?jch Hay — Hath Hach Ha y)},

(48) V

{3Q511 [sh Hagych Hay + Hay

—9Hach Hag + 4 (Sh e, . Hay)
ch Ha

4th Ha — 3Ha — 0.5sh 2Ha (shHay H _)]
th Ha — Ha chHa *i
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(4.8)

[cont.]

+ %¢22 [2Ha§ch Hay — 2shHay — 2Hath Hash Hay

- 2Ha — sh 2Ha (shHa? H )]
ch Ha(th Ha — Ha) \ chHa

1
+§¢44(sh HaychHay + 3Hay

shHay 3Ha — 2thHa — 0.5sh2Ha (sh Hay _H )]
chHa th Ha — Ha ch Ha &

+Zl3-¢55 (ch 2Hay — 4ch Hach Hay — ch2Ha + 4ch2Ha,)

—2(ch?Ha + 1)

+Pg6 (Ha'g]sh Hay — chHay — Hacth Hach Hay

—Hash Ha + ch Ha + Hacth Hach Hay)},

T 0 1 F chHa¥y )
(49) Vy=Vyo+ lzsin(d)){SWl(chHay chHa + 2) ( T 1

+12¥,(Haysh Hay — Hath Hach Hay) + 8¥3(sh 2Hay — 2Hash Hay)

h Ha§
+12¥,(HaF ch Hag — Hacth Hash Hag) + 2495 (Cch ;ay - 1) }

[a(6) — ao)(Bi = 7:) — [a(6) — il (Bo = 1)

a; — Qo

(4.10) p=B(¢)-

Functions a(¢), ®; — b6, ¥; — ¥, B(¢), Ha, &;; — Pee are defined in Part
IT of the Appendix.

Table 1.
7 é = 20° é = 80°
2 =0N.=0 2 =0.023 21 =0N.=0 21 =0.023

2:=0 2.=0
—1.0000 0.0000 0.0000 0.0000 0.0000
—0.8000 0.1575 0.1559 0.1575 0.1573
—0.6000 0.2594 0.2583 0.2594 0.2592
—0.4000 0.3223 0.3226 0.3223 0.3223
—0.2000 0.3563 0.3578 0.3563 0.3565
0.0000 0.3671 0.3691 0.3671 0.3673
0.2000 0.3563 0.3578 0.3563 0.3565
0.4000 0.3223 0.3226 0.3223 0.3223
0.6000 0.2594 0.2583 0.2594 0.2592
0.8000 0.1575 0.1559 0.1575 0.1573
1.0000 0.0000 0.0000 0.0000 0.0000
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The above formulae have been illustrated in Figs.3 - 13, while the influ-
ence of longitudinal inertial forces on the longitudinal velocity component
profile V is shown in Table 1.
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FiG. 3. Effect of centrifugal inertia forces on the velocity profile V,; 21 = 0, 2¢ = 10,
K=0,Ha=2,1=0, %, =P, =0; dashed line - 2L = 2¢c = 0.
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5. DISCUSSION OF THE RESULTS

The presented equations used to describe the velocity fields and pressure
components and diagrams allow to formulate the following conclusions:

Increasing magnetic field reduces the velocity components V,, V3 when
E = 0 (short circuit) and one (K = 0) or both (K = 1) surfaces bounding
the flow rotate.

When I = 1 (open circuit) and:

a) one of the surfaces rotates (K = 0), the magnetic field reduces the
longitudinal velocity component V., accelerates it at the surface at rest and
slows down component Vj at the moving surface,

b) both surfaces rotate (K = 1), the magnetic field slows down the
longitudinal component V, and accelerates V.

Electric conductivity of the surfaces bounding the flow produces:

a) acceleration of V. at the resting surface and slowing down at the
moving one when &; # 0, &, = 0, or the opposite effect when &; = 0,
$,#0,K =0,

b) acceleration of the circumferential velocity V4 when &, # 0, ¢; = 0,
or the opposite effect when ¢, = &3 =5 and K =1,

c) longitudinal velocity profile V;, is not affected when both surfaces ro-
tate.

Increasing magnetic field:

a) reduces the pressure in the slot when the circuit is open (I = 0),

b) increases the pressure in case of short circuit (£ = 0) and both surfaces
rotate (K = 1),

c) reduces slightly the pressure when F = K = 0.

Electric conductance of the surfaces increases (®4 # 0, &, = 0) or reduces
(24 = 0, &, # 0) the pressure along the slot when K = 0, or does not affect
the pressure when K = 1.

For the longitudinal velocity component V:

o the effect of longitudinal inertia forces (2, # 0, 2¢ = 0) is negligible
and can be observed in the vicinity of the fluid inlet into the slot,

o the effect of centrifugal inertial forces (£21, = 0, £2c # 0) can be observed
mainly in the vicinity of the fluid outlet from the slot. It is related to the case
when only one of the surfaces is rotating (K = 0). However, the reported
effect declines when both the surfaces are rotating (K = 1).

For the tangential velocity component V:

o the effect of longitudinal inertia forces is important in the vicinity the
fluid inlet.
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For the pressure:

e longitudinal inertia forces slightly increase the pressure along the slot,

e centrifugal inertia forces reduce the pressure considerably inside a slot
in particular, when both surfaces are rotating (K = 1).

APPENDIX
ParT I
A@) = [ it A= A@),  Ao= Alz,)
)= ] R(thkh—kh)’ = Sk o =, Sl
.y Di — Do
C=A=a
k = B, 27
V i
hthy
J=2rR / o(E, + VyB,) dy,
h—hy

E,=ES+E!, E°= k\/%— la(z) - B(z)],
g

o(z) = ’
; oghg oghy th kh)
47 Rkh./opn ( 59 + 2%0h + h

oqhg @y hg, th kh]

B(z) = [ 20k i 20h ! * (gt @) 2kh &
- o4 hy oy hg th kh .
+ +
20h 20h kh
*

Fle £ [8w1(4th kh — 0.5sh 2kh + kh)

T 48 h <0dhd oghg + th kh)
20h  20h kh
kh — 0.2sh 2kh

F2UYy—— T2 4 480 (th kh — kh)],
1 4thkh — 3kh — 0.5sh 2kh
= . L2 -
Bla) sk /[¢7+6¢1 -y
1. kh—shkhchkh 1. 1.5sh2kh — khch2kh — 2kh

P R RR(h kR —kB) T 3°° " chkh (th Fh — k)

o L, 3kh = 2thkh — 0.55h 2kh] J
6 th kh — kh ot
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B; = B{zi), B, = B(z,),

poe [ C2H kh th kh HgR R 1
U7 LuR2KS ch?kh(thkh — kh)® ~ 12kSR3 ch2kh(th kh — kh)?
RR' (w1 +w)® E_g\/f R(wi—w2) (E)?0 R
4k?  ch2kh K3V pu  chkh k* u Rch%kh)’
5, g[ C?R' 2ch kh
27 ulpu2R3kS ch?kh(th kh — kh)?
C?h'  thkh(kh ch kh + sh kh)
" W2R%S T ch’kh(thkh — kh)?
+E_2\/'E'R’(w1 + ws) S (E2)? o 2R ]
K3V pu  chkh k* u Rchkh]’
5, -t C2H sh kh th kh
p p2R2k5 ch?kh(thkh — kh)3’
e g[ C2h kh th kh _ RR' (w —w2)2]
7wl u2R%S ch2kh(thkh — kh)®  4k2  sh’kh |’

RR' (wf -w}) EJ [0 R'(wi—w)

%:,7[_%2 sh2kh  k3\u ~ sh2kh ]
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3 —
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QLz 22'92])o 2 chgl k ¢0’ If:ﬂ
WA R} sin® ¢, (a; — a,) Po wy
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