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B R I E F N O T E S

ALIGNED MAGNETIC EFFECTS ON THE FLOW DOWN AN OPEN
INCLINED CHANNEL WITH HIGHLY POROUS BED

D.S. CHAUHAN and P. VYAS (JAIPUR)

The aligned magnetic effects on a steady, laminar, viscous, incompressible, conducting
fluid flow down an open inclined rectangular channel, bounded below by a highly porous
bed, have been studied. The Brinkman equation modified for MHD is assumed to govern
the flow in the porous bed and a set of modified boundary conditions, taking inio account
the effective viscosity considerations, have been applied at the flnid-porous medium in-
terface. The expressions for velocily distribution, magnetic strength and flux along the
channel are obtained and discussed.

1. INTRODUCTION

The viscous flow in an inclined channel with free surface has several
scientific and engineering applications, such as those in hydraulic engineer-
ing, chemical engineering, in coating on paper rolls, and in the designs of
the drainage canals. Several researchers [1-7] investigated such flows down
an inclined channel with a rigid bottom, or in a channel whose bottom is
2 porous medium where the flow is governed by the Darcy’s law, with or
without the magnetic field. CHAUHAN and SEEKHAWAT [8] also investigated
this problem in rectangular inclined channel using Brinkman model for the
porous medium bed.

In the present investigation, the effect of aligned magnetic field in a lam-
inar flow of viscous incompressible conducting fluid down an open, inclined,
rectangular channel with a porous bed of a highly permeable material, is
studied. In the coupled-flow problem the Brinkman effective viscosity in the
porous bed is considered, taking into account the effective medium theory
of FREED and MuTay KUMAR [9], which predicts the effective viscosity 7z,
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for dilute arrays as
(11) @w=1+3¢-9(3)
2 2
where C' is the volume fraction.
The set of modified boundary conditions, discussed by KimM and Rus-
SEL [10] at the porous interface, together with some suitable conditions for
the aligned magnetic field, has been applied. The expressions for the veloc-

ity profiles, magnetic strength and the flux across the cross-section of the
channel are obtained and discussed.

2. FORMULATION OF THE PROBLEM

A steady laminar flow of a viscous, incompressible, electrically conducting
fluid, down an open inclined channel of depth % and width 2b, under the
influence of an aligned magnetic field, has been considered. The rigid side
walls of the channel are perpendicular to the surface of the porous bed. The
surface of the porous bed is taken to be inclined at an angle 3 (0 < 8 < = /2)
to the horizontal. The thickness of the porous bed is @, with an impermeable
bottom. A Cartesian coordinate system is used with the z-axis along the
central line in the flow direction at the free surface, the y-axis normal to
it in the porous bed direction, and the z-axis directed along the width of
the channel. The fluid motion is considered under the action of gravity, and
simultaneously a constant pressure gradient is applied at the mouth of the
channel in both the free fluid and porous regions. The length of the porous
bed is assumed to be long enough to make the derivative 3/0z of all physical
quantites (except pressure} zero. A magnetic field of strength Hp is applied
at an angle & to the porous bed.

The governing equations are:

In the free fluid region (0 <y < b},

Pu  O%u . dp o,
(2.1) H (%“2' T @) +pygsinff — Bz + ﬂeHy“g'y'“ =0,

and the magnetic field equation,

ou [9H, O°H,\ _
(2'2) Ue”eHyEiE + (_3'_!?_ + '&2—) = 0.
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The y-component H, of the induced magnetic field becomes constant
that is

?

(2.3) . H, = —Hysind,
The governing equation in the porous region (h <y < h+ a) is given by
*U | 9 o p
2.4 ! — 4+ — i - 202 1.2 _
( ) (ayz + 622 ) + rg S‘lnﬂ am I(g U ae#e}IQ sin BU = 0.

Here, u and U are velocities in free fluid and porous region, respectively;

p — the pressure, p — the density, o, — the electrical conductivity, u, — the

magnetic permeability, and Kp - the permeability of the porous medjum.
The boundary conditions are:

at z=42b  u=0=U, o, =0
at y=0, 2_g H, = 0;
y - ] ay - ] 63‘: — 16
v _oU
at y=h, u = U, u-@ = p?)—g-’—, H; = —Hycosé,;
and
(2.5) at y=h+a, U=0.

Let the mean flow velocity Uy be the characteristic velocity. Introducing the
following dimensionless quantities:

.o % .U e 2
(12 —go, U —go, T —'i]l'-p,
(2.6) Y :Ea & :Ea r :‘19702'5
K3 =20 =2 “ = 2
[ B h2 E) T U(}(G'ell)]'/z ) a” = B')

and using Eq.(2.3), Eqs. (2.1), (2.2) and (2.4), after dropping the asterisks,
are transformed to the following form:

%u  5%u . ,0Hy  ( dp R
(2.7) (—3—!}—2— + %2") — M sin @ 3y (R% =~ sin ﬂ) ,
0*H, O*H, . 20U
(28) (W “‘87) — MSIII 051}- S 0,

82U 62U -1 1 2 . 9 -1 dp R .
(2.9) (3—y2 + -a—z—z-) - ¢ (r'o + M*sin H)U =¢ (R-CH - F,smﬁ) ,



172 D.S. CHAUHAN and P. VYAS

where 12
U
M= ('0—) pelah,  R=00
H #
U 1
=gh ¢~ = p/R
The dimensionless boundary conditions are
at 2z = 4d, u=0="U, Hy = 0;
at y =0, g—uzﬂ, H, =0
' y
du OU M
t = = 1 —_— = —_—— .
at y=1, u = U, ¢ 3y 7y z o cos 0;
and
(2.10) at y=dy, U=0,
where

b Uoh

d=—, dy=1+a, and R, = ~-—— (magnetic Reynolds number).
h (1/cepte)

3. METHOD OF SOLUTION

Equations (2.7) and (2.8) are coupled. They can be uncoupled by the
transformations

(3.1) v=u+Hg and w=1u-H;
Using these transformations, we obtain
v 0% v
2 -— =
(3.2) oy + == 622 — M sin Bay Q,
(3.3) Fw -l— +Msm3‘-9-— Q
) oy | 922 oy

where P R
Q= (R-d—p — —sin ﬁ)

Substituting z = 2d¢/7 — d in Egs.(3.2), (3.3) and (2.9), we get

v 7 I
a7 T 1@ 9
w72 Pw 6‘
(3.5) el +4d2 3¢ — + Msi nﬁé— =,

(3.4) M sin 96—” = Q,
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and

U, w2 PU (1 _
a tamap 47 (gt 0)u =7

(3.6) i

The boundary conditions are

at £=0 and & =, v=0="U, H, =0
u

at y=0, 'a_-= 0, H, =0
oy & ou M
_10u
at y=1, u=U, ¢15.___5?7, H, mmcosﬂ,
and
(3.7) at gy = dl, U=290.

Applying finite sine-transform to Eqgs. (3.4)—(3.7) we get

d*z dv  7wn?_ 1—cosnx
(3.8) o’ — M sin BE?;— 4d29_( " )Q,
d&*w dw wn?_ 1—cosnr
(3.9) ] d 2 + MSI 9d 4d2 w = (—"—?;—) Q,
d U af 1 2 w20l f1—cosar
and the boundary conditions
da —
at y =0, E';:O) H; =0,
(3.10)at y =1, =10, qﬁ_ld-if: d—q, _H_m=—£(1;cgs—n—w)cosﬂ,
dy  dy Ry,
at y = dq, U =0,
where
F:/vsmn«fdﬁ, Ez/wsinnﬁdf,
0 0
ks kil
U = / Usinnédé, H, = / » sin ¢ dE,
0 0

and = is a positive integer,
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4. SOLUTIONS

On solving Egs. (3.8) to (3.10) under the boundary conditions (3.11), and
using the inversion formula for finite sine-transform, we get

(4.1) U= — Z (Cl cosh myy + Cq coshmay — i\fg) sin n§,
n'—'l Ql
(4.2) H, = - E (Cy sinh myy + Ca sinh may) sin né,
'n."'l
and
oo -1
(4.3) U= ;2‘:,,,2___:1 (Cseo"y + Che™ Y — ¢ Q?N) sin n,
where
Q = (Rt—ig - —smﬁ) ,
dx
n2n?
Ql “:ld_g ]

N = (1 mcosmr) ’

n
2,2
al = l¢—1 ( + M?sin? 0) +%dn7] )

1 ¢l
A = N = 13
@ (Ql of )
1/2
my = % [Msin3+ (Mzsinzﬂ—i-tlQl) ! ] ,
1 . 1/2
(4.4) my =3 [Msinﬂ - (M2 sin? 4 +4Q1) ] ,
Ay = (coshmy — cothmgsinhm,),
Ay = (eal(2d1—1) - eal) ,
Az = ¢~ 1(my — my)sinhmy,
Ay = - (ecn + eotl(?dl—l)) ,

cos § cothmsy +

Dy = (a4 MV $710N a@-n)
R [#3]

m

D, = (%Ngb—lmg cos & — $Q e""(‘il_l)) ,

m . 1431
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(4.4)

[cont.}

Ci1 = (D1 — C34,)/ Ay,

Cy = — (A;N cos # 4 C sinh ml) / sinh mg,
03 == (D]Ag - DgAi)/(AgAa - A}A,;),

-1
C4 = (¢ ?N -—C;;Galdl) eald].

ay

5. FLux

The flux across the cross-section of the channel (perpendicular to the
z-axis) is given by

d 1
V:/fudydz,
. Zd 0

_ 4 & (NC NCy N%Q
= FE ( - - sinh mq — 0 )

1 .
sinh my +
n=1 1

(5.1)

6. COEFFICIENT OF SKIN-FRICTION

The coeflicient of skin-friction at the porous bed is given by

(Crly=t = 573
(6.1 ) o
= - Z (m1Cy sinh my + maCysinh my) sin né.

n=1

7. DiscussioN

Figure 1 illustrates the velocity profiles at the central transverse section
(€ = m/2) of the channel flow for § = x/6, d = 7/2, ¢! = 0.8, ~dp/dz =
R = Ry = F = 1 and for different values of the permeability parameter
Ky, the Hartmann number M, the thickness of the porous bottom a and
the angle of inclination & of the applied magnetic field. It is observed that
the velocity in the channel increases by increasing Ky or a. However, when
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the angle 8 of inclination of the applied magnetic field is equal to /6 or to
7/4, the flow in the channel increases by increasing M, whereas it decreases
when # becomes /2 by increasing M.
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7y e m e e
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1 30 15 =/4 IV 20 15 x/4 VI 0.0 15 =/4
M 30 15 x/6 V 15 15 x/6 VI 2.0 15 =/4
I 3.0 15 «/2 VI 15 05 x/6 IX 20 L5 =/2

Figure 2 and 3 show the variation of flux across the cross-section of
the channel. It is observed that the fiux increases by increasing Ko. It
also increases by increasing M when @ is /6 to « /4, whereas it decreases
by increasing M when 6 becomes 7 /2. In Fig.4 it is observed that the
coefficient of skin-friction C increases by increasing M, while it decreases
by increasing Ko. It increases when 8 is increased from = /6 to w/4 and
decreases when @ becomes /2.

In Fig. 5 H, is plotted against y, for different angles of inclinations 8, Kg
and M. It is found that the magnetic strength H, decreases from negative
value toward zero, and becomes positive when @ varies from = /6 to « /2.
Tt increases numerically by increasing M. When the maguetic field is in
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FIG. 2. Flux for M = 1.5, 8 = %, d= 125

dp _ , o T
—E—R_Rm-_F_l, 5_5’

¢ =0.8 and 2 = 0.5.

transverse direction, H, is positive and increases by increasing M. However,
by increasing Ko, H, increases in the negative side when 6 is from /6 to
w/4, but when 0 is 7/2, H is positive and decreases by increasing K.
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