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ANALYSIS OF GENERALIZED SELF-EXCITED VIBRATIONS

K. WERNEROWSKI (BYDGOSZCZ)

The asymptotic nonlinear method is applied to solve the generalized equation of the
self-excited vibration. In the last several decades, increased interest in the study of asymp-
totic analysis is observed, based mainly on application of the exact convergence. The
solution describes beiter the self-excited vibrations of a real mechanical system.

1. INTRODUCTION

Analysis of self-excited vibrations [4, 6, 9] in machines and tools with
application of the exact convergence has been performed. Nonlinearity of
the analysed vibration equations is often connected with negative damping
characteristic, input and dissipation of energy in the work cycle. Variable
dry friction force [1, 5, 9] is the main feedback cause of such a system.

Power series convergence of the analysed asymptotic solution was proved
by CHoma [2].

Analysis of nonlinear vibrations is complicated and only in a few cases
exact solutions exist. The method presented here is more efficient than
most of the approximate [3, 8, 10] approaches. The asymptotic analysis [2,
7] represents a progress in the small parameter application. Accuracy of
asymptotic nonlinear solution is very high.

2. THE NONLINEAR EQUATION OF SELP-EXCITED VIBRATIONS

The general nature of sell-excited vibrations is in the reality more com-
plicated than the basic models of Rayleigh and Van der Pol. Power series
with good convergence are more suitable to describe the nonlinear effects.

We can write the differential nonlinear equation of self-excited vibrations
in the form

o0
(2.1) Pde=ci Y (~1) 10,

i=1
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where ¢ = e(w, ) — small parameter, w — angular frequency, ¢ — friction
coefficient, C; — constant.

The function of friction is symmetric for the velocity of propagation oc-
curring in both directions.

In the asymptotic theory of nonlinear self-excited vibrations the first
constants are

(2'1)1 Ci=0Cy =1

Other constants are determined experimentally.

3. THE ASYMPTOTIC SOLUTION

General solution of differential nonlinear Eq. (2.1) has the form

(3.1) z = A(t,¢) cosla(l, €)],
(3.2) A(t,€) = B +eDy(t,B,h) + *Da(t, B,R) + ...,
(3.3) a(t,e) = wt+ h+epi(t, Byh) + 2 62(t, ByR) + ..

We analyse the nonlinear part of (2.1} with the values (2.1)
(3.4) ef(m,2)=ci (1—a°+ Caz* —..)).

The first approximate solution is given by

T = Z B, (t,&)cos [w,(f)t + hn(t,e)] ,
(3.5) "
gy w0 B, (t,e)sin [w,(lo)t + hn(t,g)] .

n==1

Using the last formulae we obtain

(3.6) ef=-¢ Z w,(LU)B'n(t,e) sin [wg’)t + hy,(t, s)]

n=1

X (1 - (5—0_: By(t,e)cos [w,(,,o)t + h,,?,(t,z-:)])2

n=1

+Cl3 (i Bn(t,e) o8 [w,(f’)t + h,,,(t,a)]) —.. ) .
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Important are the Fourier series coefficients expressed in the following form:

fon = —wp B, sin 7,93’) [1 — Bﬁ cos? 30510) + C3 B} cost 90510) - .. ] )

i
(3.7) o0 = w-.go)t +h,.

From the asymptotic averaging we obtain the results

dn, £ .
(3'8) dt ";fon(A’(P)Sln(P?
dh,, €
(3.9) = o fon(A@)cosp

which, on the basis of Eq. (3.7);, can be expressed in the form

dB
(3.10) dtn = eB, sin? ¥ [1 — B2 cos® o .+ C3 B2 cos O — .],
(3.11) % = £ By, sin {9 cos (% [1 — BZcos? o 4+ 3B cos? o ]

Very important part of the generalized analysis is the problem of aver-
aging convergence

T
M . .1 .
(312) ) Uo(d,p)sing) = lim = [ o4, @)singdt = B,
M. 9 2 2 (0) 4. 4. _(0)
(3.13) ; (sm ©a [I—Bncos o’ + CsB,, cos® ¢ %D

T
= Jim %fsin2 (,9,(10) [l — B2 cos? (pfzo) + C3B2 cost cp,(f’) —-.. ] di

T—boo
1 B? 1
=-|1-=24 =CsBt— ...
2( g T 16035 )

0

T
(3.14) ﬁf (fo(B,p)cosp) = %ﬂo%/fo(B’(’a) cospdt = Fy,
0
(3.15) ﬂf (sin cp,(f) cos go,g)) [1 — B2 cos® goflo) + Cy B cos? <p£?) - D
) T
= lim T / sin (% cos cp,(,f’) [1 — B2 cos? (,0,‘10)

0
+C3 B cos? L0 ] dt = 0.
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Using the formulae (3.8) and (3.9} and results (3.13) and (3.15) with the
friction damping we can write

(3.16) dz":-—%gBﬂ( 1+§83—1-603 n—)
(3.17) P .

Initial data are

(3.18) g = 0,

(3.19) B, = Bno,

(3.20) b = hno

and we can integrate the formulae (3.16) and (3.17) to obtain

Bp
dB et

3.21 f n S

ng ﬂ, + ]_6 e

_ et
(3.22) B, = Fohi (%),
dh,
2 . _— =

(3.24) ha = B

Amplitude (3.2) and phase (3.3) depend on the expansion coefficients.
They are found from the following equations:

s Do L (nmpse- ) (600 ing))
a6y P L (fBpeose =) (D, cos9))

(3.27) 9Dy = B, (51n2 o0 (1 [ — B2 cos® o 4+ C3 B2 cos* o0 — ]

ot
1 B2 4
—5( - S B~ ))

(3.28) aéil = sin (p( ) cos (p(o) [1 — B? cos (p(o) + C3B} cos? PO . ] .
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Phase {,OSS) = cpg’)(t) is given by the formula (3.7)z, and therefore the
integration is possible; we obtain

1
(3.29) D, =B, (HT(O) - 1sin 2v£0) B,(f) [8 0) _. — gin 47(0)

2" 32
+Cy B} (—é sin 7,(1,0) + - [; o _ ﬁ sin 47(0)}) . )
1 ( B3 CsBj

1 1
B, - =% R [ A — si
3 -I- 30 )t zhng + 5 S0 2h.0

8 32
1/1 1
(N _
-1-2 (8 0 35 sm4hno)] )
and

(3.30) pi= ; sin? 7(?) + B2 cost 7 .. éCSB5 cos® 40 _

1. 1
3 sin? hng — ZBE' cost hpo + gCg,Bi €08 hpg — . .. .

1 1
+B;?1 (—hno — sin 4hno) - CngL [—% sin hpg

The solution of the Van der Pol equation is the result of analysis of the
generalized equation (2.1) and of formulae (3. 21) (3.24), (3.29) and (3.30)

(3.31) T = E {F()fl (e 2) +¢B, { "}'(G) - Z sin 27(0) [é’y,go)
n=1
1 1 i1
_= {0} Lo i D () BT B (o)
39 sin 4}, ] + CsB, ( 65111 In '+ 5 [8%
1 1 B2 (C4BS
(0) B _=rn, 23Yn
32511147 ]) .. 2( . 24-}— <0 )t

1 1 1 1
——hyuo + = sin 2h, 2z

5o + 7 sin 2hpo + B (Shno = — sin 4hng)
i

1, 1 1 .
—C3B;§ I:—g s hﬂg + - (—S-hﬂg - 55 S 4hn0>] — .. } + 52 . }
X Cos {wnt +hnte [ sin '}'(O) + 1}‘2 cos? 7(0)
——(13175’5 cos 7(0) — %Siﬂ2 hoo — ZB,% cos? o

1 .
+—5-Canhng—...]+€ ...}:11?1+312+...-i—.’£k+... .

Important is the radius of convergence of the solution. The parameter
has been found in the form

(3.32) p= lim oy
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and

(3.33) p<l.

4., CONCLUDING REMARKS

1. Convergence of the decisive part of the equation is good.
2. The radius of convergence of the power series representing the accurate

solution is sufficient.
3. Van der Pol equation of self-excited vibrations was expanded and

solved by an asymptotic method.
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