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LARGE DISPLACEMENTS IN TIRE INFLATION PROBLEM

J. PEL C (OLSZTYN)

In the paper a method for pneumatic tire structural analysis is described, taking into
account large displacements and cord-rubber plies material properties. Axisymmetrical
state of deformation is considered. The developed numerical algorithms and computer
codes are verified by solving some benchmark problems. Simplified radial truck tire model
is used for this purpose. The results were found to be in good agreement with other
available data. |

1. INTRODUCTION

Pneumatic tire is a structure which consists of various rubber compounds
and cord-rubber plies, i.e. rubber layers with cord reinforcement (Fig.1).
Complex geometry, large displacemens and strains under service loading,
nonlinear material characteristics and complicated loading conditions are a
source of serious problems in pneumatic tire structural analyses. Neverthe-
less, reasonable designing process makes the analyses to be carried out before
the tire has been manufactured. Numerical simulation of real tire response
during operation loading has even appeared to be less time-consuming as
well as less expensive than experiments.

There have been written many papers on pneumatic tire modeling and
computations. Quite a number of references one can find in papers [1, 2, 3].
In recent years the main efforts were concentrated upon finite element tire
model development and improvement [2, 4].

In the paper a method is described which incorporates the orthotropic
material properties of cord-rubber composite to the structural analysis of
a tire. Large displacements are taken into account in the analysis. Nu-
merical procedures have been worked out and then implemented into the



104 J. PELC

Innerliner

Bead filler

F1G. 1. Pneumatic tire cross-section.

finite element program(l) to tackle the pneumatic tire inflation problem.
The structure undergoes large displacements, Total Lagrangian (T.L.) for-
mulation presented by BATEE [5] being used to derive nonlinear equilib-
rium equations for the structure, Material was assumed to be linear elas-
tic, homogeneous and orthotropic. Permissibility of such assumptions was
discussed and justified in [6]. Cord-rubber elastic constants were obtained
from the Halpin-Tsai equations [7]. Nonlinear equations of the finite element
method have been solved using Newton-Raphson technique. The procedure
described by CRISFIELD [8] was employed to control the solution process.
Isoparametric axisymmetrical finite elements have been used in the analy-

(1)The program has been developed at the Institute of Structural Mechanics, Warsaw
University of Technology.
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sis. The algorithms and the computer code have been verified on two test
problems. The results are in good agreement with those obtained otherwise.

2. INCREMENTAL EQUATIONS OF DEFORMABLE BODY MOTION

Deformation process of a body may be described by Green-Lagrange
strain tensor §E;;. From here on superscript ¢ and subscript 0 indicate the
object to be considered at time ¢ with respect to time ¢ = 0, i.e. the object is
referred to the initial configuration of a body. The main feature of the strain
tensor being utilized here is its insensitivity to rigid body motion. This type
of motion occurs in elements of cord-rubber structure. Furthermore, the
2nd Piola-Kirchhoff stress tensor appears to be energetically conjugate to
the Green-Lagrange strain tensor, and both are used in T.L. formulation of
nonlinear problems. The virtual work principle may be written as

(21) f HHO8Si; 8 AR YAV = AW

oy
where °V — volume of a body at time ¢ = 0, *+4tW — virtual work done by
the externally applied forces on the corresponding virtual displacements at

time t 4 At.
Performing the decomposition

HA3Sy = 55 +oSi,
(2:2) HE; = B+ oEy,
oFij = o€ij +o%ij

where ge;; and on;; are the linear and nonlinear parts of strain tensor incre-
ment with respect to displacements increment, respectively, and assuming
that

S = oD o€
(2.3) 04} 0+izkl Q€KL »
§oF;; = 8065,

the principle of virtual work may be rewritten in the following form:
(2.4) fﬁDijkl oext & oeij °dV + ff)Ssj § omi; *dV
) (1374 oy
= Hhatyy _ ‘[E,S,'J' 8 0ei; %4V .
7
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On the basis of Eq. (2.4) one can determine a displacements vector incre-
ment and then, using Eq. (2.2), current strains and stresses are computed.
However, Eq. (2.1) is no longer satisfied with the obtained displacements
because of the approximation {2.3). So the right-hand side of Eq. (2.4)
is replaced by unbalanced virtual work, and the subsequent displacements
vector increment may be obtained. In this way an iterative process has been
involved in the incremental procedure.

3. FINITE ELEMENT METHOD EQUILIBRIUM EQUATION

With the coordinates and displacements being approximated within the
element, formula (2.4) yields the following equilibrium equation in the ma-
trix form:

(3.1) (BKL + EKNL) Autd) = tHAtR _ tHAtpG-1)
where
Au(i) — t+Atu(i) — t+Atu(i-1) ,
t+AE,(0) ta, “'AJF(“) - EF-

Superscripts in brackets denote the number of iteration.

iK, = f iBI oD {By %V,
oy
(Ko = [5BRpbS 5B 00V,
oy
P = fgnggsﬂdv.
oy

t+A'R — externally applied nodal forces vector at time ¢ + At,

Strain-displacement transformation matrix §Bz is a sum of two matri-
ces: §Bro — with elements being only functions of elements interpolation
functions, {Br; — with elements being functions of displacements *u. The
latter matrix may be expressed in a convenient form:

(3.2) 6Br1 = 6Aq HBNL ,

where By, again consists of the same elements as matrix {Bro. Matrix
LAgq is constructed from elements of the vector

(3.3) {Q =iByy tu.
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Furthermore: oD — material property matrix, §S, §S - 2nd Piola- Kirchhoff
stresses matrix and vector, respectively.

It should be noted that all derivatives that enter }Bj and {Byy are
referred to the initial configuration of a body. Matrices §Bro and By,
remain constant during incremental/iterative process of solving nonlinear
equilibrium equations.

Since linear elastic material was assumed, the matrix ID is comstant in
the constitutive relation
(3.4) S=DIE.

Green - Lagrange strains vector is a nonlinear function of the nodal displace-
ments
(3.5) E,E = ({Bro+ 0.5 f]B_Ll)_ ia,

whereas linear part of its increment ge is a linear function of the nodal
displacements increment Au:

(3.6) ot = (E)BLO + EBLl)A“ .

4. CORD-RUBBER MATERIAL ELASTICITY MATRIX

Cord-rubber plies are the basic structural components of the pneumatic
tire. The aim of the following considerations is to determine the elasticity
matrix for rubber layer reinforced with cords. The matrix should be ex-
pressed in the coordinate system (z,y, ¢) in which computations are to be
carried out. We have chosen the y-axis to be the symmetry axis of the tire.
Effective elastic constants for a ply (Fig.2) are evaluated on the basis of
Halpin - Tsai equations [7]:

Ey, = Euv.+ Er(l - ”c) ’
Ey, = E(1+20)/(1-7),

(4.1) Gz = G,-(l + E)/(l - K) s
M2 = Vet Vr(l - 'Uc) 3
vy = veEy/E,,

where

k= 'Uc(Gc - Gr)/(Gc + G‘r) b
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FiG. 2. Principal axes (1,2,3) for cord-rubber layer.

E., E; — Young’s moduli of cord/rubber, G, G, - shear moduli of cord/rub-
ber, v., v, — Poisson’s ratios of cord/rubber, v, — volume fraction of the cord
in a ply.

These relations allow to assess the following parameters for the one-
ply cord-rubber system: longitudinal Young’s modulus FE;, the transverse
Young’s modulus E;, the in-plane shear modulus G4, the major Poisson’s
ratio 142, and the secondary Poisson’s ratio vg;. Superscripts 1 and 2 indi-
cate the axes parallel and perpendicular to the cord direction, respectively.
The major Poisson’s ratio vy is associated with a contraction in the 2 di-
rection caused by a uniaxial tensile stress in the direction 1. Due to the
reciprocity relation (4.1); there are only four independent elastic constants
for an orthotropic ply. These so-called average or smeared constants char-
acterize the macroscopic property of a cord-rubber composite. They were
derived on the basis of micromechanics approach to a material model, use
being made of the properties of cord and rubber and their concentration.
In addition, the assumptions were made: cord cross-section was nominally
circular and E; was much greater than E,. '

Assuming that the material is transversely isotropic in the 2-3 plane, we.
have

(4.2) Es=FE,, ns =z, Gi13z = G1a.

Following CEMBROLA and DuDEK [9] we have taken Gz = 2G13. Thus
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matrix §D? in the constitutive equation

(4.3) is! = iD1 LE!

was determined. The stresses and strains are arranged in vectors

T
tgl _ tgl tgol tgl tgl tgl 1¢l
0S - [0511-: 0322’ 05125 3533’ 0513’ 0523] ]

(4.4)
tyol
o

T
tml tpl otpl tpl otpl ot i
[oEn, o0F22, 2013, 0Fa3, 2013, 20E23] -

The supéerscript on the right-hand side of a symbol indicates the first axis
of right-handed coordinate system in which the symbol is defined.

To express Eq. (4.3) in the {£5¢) coordinate system, the transformations
are necessary:

(4.5) i8Sl = Tyisé, LE'=T,LEf,
where
" 2 g2 2sc 1
82 ¢ ~2sc
—s¢ se 2 - 32
Tﬂ - 1 k)
c 8
| | -s e

c=cosf, s =sind, and Ty is obtained from Ty by multiplying its 3rd column
by 0.5. Substitution of Eq. {4.5) into Eq. (4.3) leads to

(4.6) 85¢ = (T;1 §D'T,) {ES = {D¢ (B .

One more transformation is required as the normal to a ply changes its
direction along the ply in the (=, y, @) system (Fig.3). Appropriate column
and row arrangement of the JD¢ matrix makes the transformation matrix
T, identical with the Ty matrix, but with ¢ = cosa and s = sin . Finally
we obtain:

(4.7) ID? = T;'iD¢ Ty -

When axisymmetrical problem is considered {E¢, = hE¢¢ = 0, and element
strain and stress vector are four-element vectors. Then the corresponding
elastic matrices are 4 by 4 matrices.



110 J. PELC

FIG. 3. Finite element location within tire profile defined by local coordinate system

¢ m <)

5. NUMERICAL EXAMPLES

To test the procedures described in previous paragraphs, two numerical
examples were made by means of the finite element method program in
which the procedures had been implemented.

The first task is the well-known problem of thin isotropic shallow spheri-
cal cap under apex load. Numerical data have been taken from paper [10]
by BATHE, RAMM and WiLsoN. The structure is highly nonlinear as the
snap-through phenomenon occurs when the load is increasing. Ten 8-node
elements were used to the analysis. The load-deflection curve obtained for
the shell was found to be identical with that presented in [10].

The second test pertains to the radial 11.00R20 truck tire inflation analy-
sis (internal pressure loading only). A simplified tire model composed of a
body ply (6 = 90°) and two belt plies (¢ = 20°, § = —20°) was considered
(Fig. 4). Only one half of cross-section of the tire was modeled due to
symmetry. X-axis was assumed to be the axis of symmetry. Initial profile
of a tire was determined using the netting analysis [11]. Thickness of each ply
was taken to be equal to 2.8 mm. Two belt plies were grouped into a band.
Finite element discretization of body ply and the band was such that each
finite element represented one ply or one band thickness. For the material
of the band, terms of the elasticity matrix associated with {5¢ coordinate
system were computed as weighted average values of the corresponding terms
entered §D¢ matrices formulated for each belt ply separately. Finite element
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Ay=-035mm

initial configuration
——— FEM prediction at 800kPa

FiG. 4. Simplified radial truck tire model.

discretization was: six 8-node elements within the belt plies domain; thirty
two 8-node elements and a 6-node element within the body ply. A total of 39
elements (186 nodes, 365 degrees of freedom) were used in the finite element
simplified tire model. Under Crisfield’s control procedure, only seven load
steps have been used up to a full inflation pressure of 800 kPa. All load
steps were iterated to reach a converged solution. Small displacements were
obtained in the finite element analysis as the initial configuration really was
the equilibrium configuration of the tire. The mid-surface point at the crown
moved outside by Az = 0.43 mm and the point at the sidewall moved inside
the tire by 0.35 mm.

More rigorous test takes place when one is inflating the tire after having
rejected the belt plies. Then the initial configuration of the structure is far
from the equilibrium configuration and the structure possesses practically
no stiffness. 33 elements (166 nodes, 327 degrees of freedom) were used in
this case. Iterative process convergence rate was extremely slow and up to
the 106 load steps (with the same iteration process parameters as in the
previous task) were necessary to reach about 100 kPa internal pressure.
Body ply profile at about 100 kPa is shown in Fig.5. The magnitude of
the internal pressure indicates the moment at which the structure begins
to stiffen. Further pressure growth would lead to cord’s length increase.
The growth in the radius of the body ply is 23.4 mm and the decrease of
the half cross-section width is 10.6 mm. Differences between the net model
prediction and the present analysis results have appeared to be small: iz
= 0.15 mm at the crown and 0.43 mm at the maximum width point. Thus
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F1G. 5. Equilibrium configuration of unbelted tire,

the results are in good agreement with that known from the netting analysis
which assumes the cord to be inextensible.

6. FINAL REMARKS

Pneumatic tire structural analysis requires large displacements to be
taken into account as they may occur when the initial configuration of a
designed tire is far from the equilibrium configuration or under service load-
ing of a tire. Finite element method seems to be the unique analytical tool
for the tire analysis. It makes it possible to investigate many important
effects. For instance: interply shear strains, bending effects in truck tires
and so on. These effects are neglected in the netting analysis — the most
frequently method used in the tire design process.

On the basis of the numerical tests we can regard the program to run
correctly and accurately. We hope it to be useful in scheming a new tire
constructions and in improving the present ones. The program is being
developed to include such effects as nonlinear material characteristics, non-
conservative loading etc.
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