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A NOTE ON RECENT DEVELOPMENTS IN THE THEORY
OF ELASTIC PLATES WITH MODERATE THICKNESS

T LEWINSKI (WARSZAWA)

The paper refers to Reddy’s concept (Int, I. Solids Struct., 20, No 9/10, pp. 881-896, 1984)
of a construction of the energy consistent theory for plates with moderate thickness; this
theory is based on the kinematical hypothesis known from the monographs by Ambartsumian
and’ Kaczkowski. With the use of other independent physical quantities (we handle the
averaged Reissner’s rotations), the equations of motion and boundary conditions are derived.
By means of simplifications of functionals, the governing equations and boundary conditions
of the Reissner-type model (found by Kaczkowski and then discovered again by Levinson)
are arrived at. In the last section a proof is given that there is no simple generalization

of the kinematical hypothesis used in the paper which would lead to an energy-consistent
and physically correct theory of the Reissner class. '

1. INTRODUCTION

The classical theory of thin plates does not account for the influence
of transverse shear deformations on the resulting response of the plate.
The Kirchoff's consiraints being imposed on the plate behaviour result
in essential errors if the plate is rather thick than thin, if the load are
of a special type, or, if higher natural vibrations are examined. The short-
comings of the classical theory have inclined engineers to develop improved
plate models in which the effects of transverse shear deformations could
have been considered. After the original paper by Reissner [1] had been
published, a great number of other (but similar) concepts were proposed
by Hencky {2], MinpLin [3], KroMAN [4], PaNC [5], AMBARTSUMIAN [6],
VeEkua [7], see also [8], Kaczkowski [9] and JemieLita [10]. A compre-
hensive survey of this subject has been given in the monograph [11].

Since it is very difficult at the present time to propose a new rational
approach to this problem, not every paper devoted to thick plates can be
treated as the original one; for example, the respectable author of [12]
has unknowingly repeated the main ideas as well as the results given in
9, Sec. 3.5].

The present paper refers to the recent results by Reppy [13] who started
from the kinematical hypothesis previously used in {9, 12]. This hypothesis
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enables to satisfy homogeneous boundary conditions at the top and the
bottom faces of the plate. Thus an influence of 0,4 stresses on the state
of plate deformation is neglected.

In the commonly known models for moderately thick plates (see [113),
governing equations of motion are obtained from classical plate eguations
of motion (involving moments and transverse forces). These averaged eguations
are obtained by orthogonalization of the local equations of motion with
weighed functions 1 and z along the plate thickness. In contrast to this
method, the governing equations of Reddy’s theory have been directly obtained
from the Hamilton principle. These equations are energy-consistent but they
are of higher order than classical ones.

In this paper we follow Reddy’s approach: we start with the same
hypotheses and insert them into the Hamilton variational principle. However,
other physical quantities will be introduced. We show that it is convenient
and reasonable to handle the Reissnerian, averaged rotations ¢, of plate
cross-sections; hence we also define other stress resultants. The presented
derivation makes it possible to reveal analogies between Reddy’s equations
and Reissner-type equations found in [9, 12] using the energy inconsistent
method. It will be shown which components of the strain energy have been
tacitly neglected (in the mentioned papers) in order to arrive at the Reissner-
-type plate model. :

In a natural way the following question arises: is it poss1ble to propose
a new kinematical hypothesis which would lead, without any additional
simplifications of the strain energy, to the well-known Reissner-type equations.
We show that such a hypothesis does not exist. However, if one weakens
the correctness criteria, namely if the shear stiffness H of the plate is

treated as an arbitrary quantity (for isotropic plates it is usually required

that H m% pth, 1 — Lamé modulus |, then the energy-consistency criterion

- implies the well-known Hencky’s kinematicai hypothesis, [2], see also [11].

2. BASIC ASSUMPTIONS. NOTATIONS

Consider a plate which occupies a domain £ = @ x where I

h h
stands for the plate thickness and o is a mid-surface,being parametrized
by the orthogonal, Cartesian coordinate system x,, & = 1, 2.; the axis z = x;
is perpendicular to w. A contour of & is denoted by y. The vectors n = (n,)
and t1=(1,), a= 1,2, stand for the unit vectors outwardly normal and
tangent to 7y, respectively. The top and bottom faces of the plate (the
bounding surfaces) are denoted by I'y = w x {+h/2}; a lateral surface of the
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plate Iy =y X (- 1/2, hj2). The surfaces I'y are subjccteci to normal loads p3.
For simplicity'™ we omit tangent loads. The lateral surface Iy is loaded
by tractions T;, i=1,2; 3 Thus we have _—

_633 (xaa ih/.?.) = pzT: T3 (\:09 +h/2) on Fi *

2.1) :
G (s, 2y, = T (s, 2}, 1—1 2,3, w;o=1p2  on T

As the antiplane state of stress is constdered, _t_he_boundary condition. (2.1),
can be substituted by ' '

(2.2) 033 (X, £A2) = tps/2 whete  py=pi +p3.

Moreover, the body forces are omitted. Throughout the work the following
convention is unsed: Greek indices take the values 1, 2; Latin indices have
the range 1.2, 3.
3. A NEW FORMULATION OF REDDY'S MODEL
As it has been mentioned in the Introduction, we start' with reexamina-
tion of Reppys approach [13] The aim is to derive governing equaficns
and natural boundary conditions in terms of Re:snersan quantities.

The following constrainis are imposed:
(1) kinematical assumptions {for the fixed moment of time)

G1) ua(x;1=~zw(x;)ia+z(1 5 ,,Z)O(x) = wi),

(ii) stress hypothesis: stress-strain relations in the plate obey the plane-
-stress assumption, hence the physical equations read

Oup = Aapys-Vya @)+ 643 =2C0,3 Vs (), 033 =0,

S Aupys = Capo— qps_a-C_g_g,.g_'(Csaaal ,
where L |
(3 3 Pij (W) = u).

Elastic moduli of the plate material has been denoted by Ciy,.

It is worth mentioning here that the hypothesis (i) was an inspiration
for- JEmieLrta [10] who found its generalization which enables to get rld
of the statlcal hypothems 3. 2)

_ '0.For the problem of how to generalize the kinematical hypothesis (3.1} to the case
of non zero tangent loads p,, see [9, 0]
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The strains associated with the displacement field u; given by Eq. (3.1) are

Tap (W) = 2%z (W)+2 (1 —3 (;—) ) Yap (8),

1 2 '
Va3 (“) = (1 —4 (; ) ) 91‘, Y33 (ll) =0

where %,, (W)= —w ;. The components of stress read

(3.4)

4 72 .
Gup = 2 Amﬂ&,u . xa-'u.(W)'I"z - (1 _? F) Au,ﬂ'ap: Veu (9)’

3.5) ] |
. ; e Lz . .
Op3 = Cu3?-3'(1;"'4 -E'z-) ABT’.' T3z 20. o

It is easy to note the boundary conditions 0,3 (1 h/2) = were satisfied
exactly. However, the boundary conditions o3 (+h/2) are, in fact,
violated.

Let us define the averaged rotatlons of the cross—secnons of the plate
by means of Reissner’s formula [11} ;

. Ty
(36) C Py (xa) = 7]“3- 2 Uy \Xg 5 Z) dz. R
‘_hlz " .. ‘_: g

By performing z-mtegratlon, we arrive at the relatlons

(3.7 ' Py = —W, +: 0,,
well- known from [9, 10].

The quantities (¢,, w) are basic' unknowns in owr project. Reddy used
the quantities (§,—w,, w). The angles 0,—w, stand for rotations of the
cross-sections measured at the mid-surface of the plate, while the quantities
¢, describe the averaged rotations, see¢ [11] and [10, p. 492].

In order to derive equations of motion, let us start from Hamilton’s
principle :

(3.8) j(aw OB—0L)d =0, 1>,

where d (-) means variation w1th respect to (qoa, w) bemg treated as mdepen—-
dent functions. Tt is imposed that d¢, (x,,t,) = éw(x,, ,) = 0; .moreover,
dp, and dw are assumed to satisly the same boundary conditions as ¢,
and w. '

The strain energy, the kinetic energy and the potential. of external loads
are denoted by W, E, and L. Simple calculation gives
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ty ty .
§ 8E dt={ §[(—TW+I, VoI, div i) ow
128

it o

(=T ot 1, W) 0] dx, dxy dt +

5
+f f(—T2 ¥+ 1, $,) 6w ds dt,

oy

where w,=w, 1, 0,= @, (7)=3(: y/0t2 and

Les B2
. . Y5 2N,
I= o{z)dz, I,= e(z)z” 332 dz,

—hi2 —h2
’s b2 2
I .4z
13_—6 ] o(z)z( —{F) dz,
-2
.'5 o |
) i 3=z 4 z
= — Z 22 R e Ll
R (4_ 3.h2)(‘ w)‘”
~hiz S _

The variation of the strain encrgy can be wrltten in the form

(SW j ]:(Maﬂ— cﬂ) xaﬂ ((sW)'l'%aﬁ yaﬂ (6([})"' W (6“’ +5(Pm)] de dx:,

where
w2 - 7 b2 4 2
My (%)= | Guplxe,2)zdz, My Gx)=7 | z{1- ?u’r) g
e _ —h2
{3.9) | * Gdﬂ (x,, Z) dza
SR :
s [ (.7
W, (x ) T 1-4 p‘ __‘7&3 ('x_;a' . Z) d-z.'f N
—hf2

The virtual work- of external loads py reads .

0Ly = | pay owdx, dx;.

The virtual work of the tracti(')'ns"ﬂ subjeétéd to Ty is '

W2
5L2— [ j{T 5u +7r3 6w)dvdz

co—hZ oy
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and can be reduced to the boundary integral _
oL, = I [( +ﬁi,.) dw, +((M — M)+ 0) ow+, b, +
+9M, S¢,] ds+ 3 [, — M ], ow (s;),

where s; are points in ﬁhich m{s) = (M, — M) (sj can have jumps
[mT; = m (s;+0)—m (5;—0).
Moreover,
M, =M, M= M1, W,=%,n, W=D,

where

hi2 .kZ 5 hiZ
. 5 4
M, = J‘ T, zdz, ?ﬁlﬂ,:z— J( z(l_ 3 hz)sz Q= J( Ts dz.

—hf2 —hi2 — k2
Take notice that if T, = zT,%; T,° = const, then Eﬁl — K T°/12 = M,. Thus
the differences between R, and M, are esscntla} if only T, are nonhnearly
distributed along the plate thickness.
The virtual work of external loads equals dL= 5L,+5L2 ~ After using
Hamilton’s principle (3.8), onc arrives at:
~ equations of motion

‘1111 +W = —] (P +I qu
(3.10) o p T T e o
(_Maﬂ_pmaﬂ),aﬁ_ e = P3—IW+1, VI —1, div §,

and bouhdary conditions ‘
V,=V or  w=0,

MM, =M -M, or .w,=0,
- m, =9, or @,=0,"
M, = M, or g@;=0,

[~ MJ, = [W—M]; or wi(s)=0

where
| V, = (M, - mt,) (Mg~ M) p Bot Wit Iy W — I4 Byt
Vo= O+ (M-,
M,=M,gn,n,, M, = Maﬂn rﬁ,_ W, = Wana.,
W, = Wy 1, 1p. M= Mg my 15

KQJ

H

For comp]eteness one should add approprlate initial conditions. Inserting
Eqs. (3.5) into Egs. (3.9), the constitutive equations. are found:
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hs
Maﬁ = E Aaﬂau ’Vtm ((P),
h3
) (311) E'Jta.ﬂ =Ky Maﬂ_ﬁ Kz Amﬂa’,u Hop (W)ﬁ

5
W, = e hC,a,3 (W, +@,),
where K, = 85/84, K, = —1+K, = 1/84. The point of introducing these coef- -
ficients will be made clear further. In the isotropic case the relations (3.11)
simplify as follows:

Maﬁ =D [(I _“V} Vap (q,)+v.))co' ((P) 5:1[3]5

My = Ky Mg Ky D [(1—9) g W)+ ity ) 3,51

. s
W,=Hwe+o), H=Zuh D=

ph®
6(1—v)"
The shearing stiffness of the isotropic plate and its bending stiffness has

been denoted by H and D. In the isotropic case the equations of-‘ motion
(3.10) expressed in terms of ¢,, w are ' '

1 . ' '
T Ky D {(1-‘-\?) dl\’ q’,u+(1_v) Vz(pa]_KZ sz w,a+H(w,a+(Pa) =
| = —I3 G+ W,

(3.12) :
Ky D [V2div @ +V4¢w]—H (V2w +dive) = py—IW+1, V2 -1, div§.

On performing simple rearrangements the following (partly decoupling) system
can be found:

DV = —pyd I —(I,+ 1) V2 + I+ 1) ¥,
10 2 1, '
2., ______S_ﬁw..
Vaa-<w =X, Di-»n*

(3.13)
D(—k;, PVS+VY w= (1= PV pa+ [T+ U+ 1+, P DV +

— P (y 1o +%, 1) V4] W[ — U+ L)+ Py I+, 1) VAT,
where I = D/H, and ' : ' '
Y = div (|3, X =8 Pup= P12 P21,
Let us assume ¢ (x,, z) = g (x,), then '

19 1 i
I:Qh, 12 = _ﬂ Kq Qha-, (13,14)=Egh3{|(1‘—*](2), _
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and Fq. (3.13), takes the form

somewhat different from the analogous equation following from the Reissner
model, see [9]: instead of the coefficient 168/17 we then have 10. This
fact suggests that by assuming k; = I (K, = 0) the equations found in this
section ought to constitute a Reissner-type model.

4. AVENUE FROM REDDY TO REISSNER-TYPE MODEL

The hypotheses (i, ii) do not account for effects due to o5 stresses and
therefore the formulae obtained in the preceding section: cannot imply the
equations found by Remssner [1], see also [11]. However, it is possible to
arrive at Kaczeowskrs model [9], (see also {12]} in which the &3y effect
has been neglected. The slight differences between Reissner’s and Kaczkowski’s
equations occur in the nght-hand sides concerning external loads, hence the
model proposed in [9, 12] can be treated . as the Retssner~type theory

‘Consider the case g (x,, z) = ¢ {x,). Assume the foilowmg 31mp11ﬁcat10ns

4.1) K; =1, K;=0, M =
Then the set of eqhtioos (3.-1:0)'redoces o tf:le'fo:;m
_ | — Mg+ W = ——I—Qha By
(42) - .7W;,u:= ps—ghw,

whereas Eqgs. (3.12) can be rewntten as foliows:

1
——D((I+v) div ¢¢+(1—v) Vzrp,.)+H(w +0u) = — 5 0h* B,

43
#3) ——H (Viw+dive) = ps—ghﬁr.

Moreover Eas. (3 13) simplify to the form

i
DV2:[; = «-p3+ghw+12 gh3|]/
10

44) V2 =4y
( THAT b

6 ¢ 0 1 ? w
2......__. 2 7 3
(V "5 EF)(DV zo" &= )""*_”Q"‘ P
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_(1 ¥ Vi oh* &
B G =) 10,u 3z ) Ps
well known from the cited above works by Kaczkowski and Levinson.

The simplification (4.1}, decreases the order of the system of equations
of motion (3.10) and reduces the number of boundary conditions. Once
we have M,; = M,,, the boundary conditions read as follows:

W,= 0 or w=0,
M=M, or ¢,=0,
E"thg‘f or (P-;"':O-

5. NONEXISTENCE OF THE ENERGY-CONSISTENT REISSNER-TYPE MODELS

The set of equations (4.2) and the relevant boundary conditions (4.5)
can be arrived at by itwo manners: a) starting from the hypotheses (i, i)
making use of Hamilton’s principle and performing appropriate simplifica-
‘tions (4.1} of functionals. b} by substituting the following constitutive
equations:

hiz h3 .
M= Oug 2 dz = i Azgay Vou (@),
— K2
hi2
5 .
Q‘z = § G4z dz = F hCaEhﬁ (w.'l'+(p'l’)"g !
w2 =

mio classical equations of the plate mofion

I
Maﬂsﬂ-'_Qa:EQha .(p.u.: .
K’”Qa,axpa‘"Q_kW,

following from the orthogonalization of the local equations of motion along
the thickness of the plate with weighed functions 1.and z. Thus a vital
question now arises: can one peneralize the hypothesis (3.1) so that the
equalities M,z = M, yield its simple consequence? Moreover, it is worth
considering whether the correct definition of the shearing stiffnesses H,; =
= 5/6 C,343 h could then be held. In fact, it is not our aim to /introduce

correction Jactors to the definition of the H tensor {as it is necessary m Co

the MinpuIN [31 and Hencky [2] approach).
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Let us substitute the hypothesis (i) b
(5 1) u, (%)) = — 2w (xp) o +k(z)9 (xg),
‘ U, (xl) = w (xp),

where k(-) is. an unknown function.. Let: us introduce a new- quannty
$=0/a, acR, is arbitrary (in the Reissner- model a_n5/4) The . stresses
associated with the field (5.1) are. : W

Gup = ZAaL[Jn,u Hop (W}-l'-(lk (Z} Aaﬁdy Yo (ﬁ)a

043 = aCaSyB K (Z) ﬁ}-v T3z = 0
The variation of the strain energy equals .-

SW = [ [Meg ap W)+ My 75 (OB) + W, 88,1 dxy dxs,

where N
hi2
ha
M, = 20, dz = ) Ao %ou W) +bA g0, 7oy (B
—hj2 S e
SR et e s e Geiliaii
. m{a:ﬁ = a""—‘ﬁgz k (Z) Cup dz= bAaﬂap Hap (W)-+(?Augau Yau (B)s : B
h2
W 5 K (Z) O3 dz - dc«SaS ﬁa’
»n/z : _
nz ' o w2 Wz _
b=a | k@ zdz, c=a* | (k@Vdz, d=d [ (K@) dz.
—hi2 —-hi2 - - —hi2
Let ¢, = B,—w,. The expression 5W'assumes the?form i

5W j [(Maﬂ mlmﬂ) xaﬁ (6W)+9Raﬂ }’aﬂ (5(1’)‘!‘ W (6W +5(Pu)] d)‘l dxz

‘ ‘ _5 : .
It is required that: M,; = ‘.Wa,; and W = hC,,3,,q ﬁ,, hence the fo]lowmg
equations should be satisﬁed B o

(5.2) b=1N2; c=Hh/12," d=5hf6.

Let us write: ak (z} =z+f (z); where ft)isan unknown fanction: It is easy
to ascertain that the condltlons (5. 2)1 2 1mply 2 -

n,'z h

Y (z))zdz =

‘hence f (z) =0 for every ze(—h/Z,_h/Z)', SO a_k (z)__; z. Thus we 'haw_{'_e__ R :
d=h+ 5/6h.
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Ww see that regardiess of the choice of the parameter a the conditions (5.2)
cannot be simultaneously fulfilied. If the first two conditions (5.2); , are
satisfied, then the hypothesis (5.1) will assume the form of Henckys [2]
assumption:

U, = Z(Pm: u’_x, = W.
This is the only hypothesis which ensures M = 9.

6. CONCLUDING REMARKS

The hypothesis (3.1) can be found in the monographs by AMBARTSUMIAN
[6] and Kaczkowsxi [9]. As to the present author’s knowledge of ‘the
literature in this subject, two attempts for improving the Reissner-type’
model [9] implied by this hypothesis have been undertaken. The first one
was due to JemieLita [10] who put forward its generalization which enables
to formulate a new model devoid of the fundamental contradiction: between
the stress assumption about the plane stress state and the apparent presence
of vertical loads p;. Another generalization has been proposed by Reppy [13],
who has found equations being energy consistent with the field (3.1). One
can find it queer only twenty years after the publication of the books [6, 9]
that a self-evident substitution of the hypothesis (3.1) into a variational
principle of virtual work was made. Perhaps the reason was that the writers
did not want to increase the order of governing plate equations. In the
present computer age a finite element analysis of Reddy’s model does not
seem to be more complex than similar analysis of the Kirchhoff theory.
Both models demand the same C'-continuity class of approximation.
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STRESZCZENIE

NOTA O NOWYCH OSIAGNIECIACH W TEORII PLYT SPREZYSTYCH
SREDNIEJ GRUBOSCI

. -Praca nawiazuje do pomyslu :Reddy'ego (Int. Solids Struct, 20, No. 9/10, 1984,
str. 881-896) konstrukcji cnergetycznic konsckwentnej teorii plyt dredniej gruboéci opartej
na hipotezie kinematycznej znangj z monografii Ambarcumjana i Kaczkowskiego. Przy uzyciu
innych wielkogci niezaleznych (operujemy usrcdmonym: katami obrotu Reissnera) formulujerny
réwnania ruchu i warunki brzegowe. Droga uprosiczen funkcjonatéw znajdujemy réwnania
i warnoki brzegowe modelu typu -Reissnera znaleziotie” przez - Kaczkowskiego a nastgpnie
odkryte na nowo przez Levinsona. W ostainim punkcie pracy dowodzimy, e nie istnigje
proste uogdlnienie stosowangj w iej pracy hipotezy kinematycznej prowadzace do. spdjnej
energetycznie 1 fizycznie popraWnej teorii plyt typu Reissnera.

PE3OME:

3AMETKA O HOBLIX ,HOCTI/I}KEHI/LSIX B TEOPPII/I VIIPYI‘ I/IX HJIHT
CPEHHEH TOH[HHHLI

Pa60Ta HaBgabiBaeT K unen Pepawm (Int. J. Solids Siruct. 20, MNe 9,:'10 1984, crp. 881-896)
TOCTPOEHNS! IHCPIETHHUESCKH TOCTIE/\0BATENLHOM TEOPHH AT CPEaEeH TOMNYARL, OMHUPAIOIIEHCs
HA KHHEMATHIECKYW THEIOTE3Y, HIBECTHYIO M3 moHorpadmii AmGapuymsma u Koxukoscroro.
llpn wmcmonb30opasumM JAPYrHX HE3ABHCHMEBIX BEJHYHH (OIEPHPYEM YCPEJHCHHEIME YIIZMH
BpamieHusi Peiicciepa) dopsmynupyeM . ypuBHEHUS ABHKCHWA M Ipasuuubie yenosms. Ilyrem
yIIpoLIennii PYRKREOHATOB HAXOJUM YpaBHeHWs H TPaHuusbie yeropun Moemi Tina PeliccHepa,
HaiigeHntle KKORYKOBCKHMM, a 3aTeM BHOBbL OTKpHITHE JeBwucomom. B mocrnemsem TYHRTE
paGoTH OKa3biBAEM, YTO HE CYILECTBYET NPOCTOE otﬁoﬁmelme, npuMennemod 8 1ol pabote
KUHCMATHYECKOH rUIoTe3EH, NPUBOAAIING K CBAZHOH JHEPICTHYECKN W (JH3HYECKM TP2BUNLHOM
Teopuu WHT THna Peifccuepa.
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