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.Some spectral characteristics of the kinetic energy spectrum E (x) corresponding to the
case when interaction begween the vorticities of the main and turbulent motions is weak
and b= (du/dz)’—mﬁ (dT/dz) can be treated as a small nonzero parameter, are examined with
the help of a perfurbation method as an alternative approach.

1. INTRODUCTION. FORMULATION OF THE PROBLEM

In the analysis of turbulent flow, the main source of turbulent energy is
assumed to be the energy of the basic motion. The intensity of turbulence and
turbulent transfer of momentum or the transfer of any conservative additive in

turbulent flow depend on the velocity gradients (vorticity) of the main .

motion and also on the nature of interaction of the vorticity of the basuc

stream with the vorticity of the turbulent motion. According to Tchen
(cf. Hinze, {1]), we may have to do with two cases. In the first case,
the vorticity of the main motion is small compared with the vorticity of the
shear flow turbulence. In the second case the vortlcﬁy of the main notion
is comparable with the vorticity of the turbulent’ motion. The interaction
between the two vorticity fields in the first case can only be very weak and,
accordingly, there is no resonance. In the second case, however, where the
vorticitics of the two motions are comparable, there may be a strong
interaction between them causing violent resonance. Such interaction (weak
or strong) as occurring in the atmosphere is determined by the vcrtlcal
gradients of the mean wind wvelocity and that of the air -{emperature.

In the present paper - our: aim is to study spectral characteristics of
atmospheric turbulence ‘in. the case when interaction between the vorticities
~of the main and: ‘turbulent: motion is weak with the help of a perturbation
technique described in ‘the next section. For this purpose we shall concentrate
our attentlon on the spectral equation obtamed from the equations of motion
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and continuity by averaging and expanding in Fourier integrals (cf. Gismva
[2]: Vmnicuenko et al, [3]). For the equalibrium region (x> Ly 1) of. the
specttum, under the assumption of local unformity of turbulence, this
equation is read as

1) e=2 fx E (5") doe? ——Jr(x‘)dx +F x)+ﬁjH(x1)dx

where E (x) is turbulence energy spectrum, » wave number, Iy a length
comparable with the scale of flow as a whole, ¢ total energy dissipation,
F (%) represents the transfer of energy through the hierarchy of eddies,
H (x) spectrum of vertical heat flux, v kinematic viscosity, (= g/T) buoyancy
parameter and 1 (x) spectrum of turbulent friction stress.

The region concerned is chosen as such that the turbulence is not
too remote from isotropy and HEISENBERG'S [4] assumpt1on may be applied
for the transfer apectrum F (x)

Thus
(12) Ry =K ()2 { (1) B (o) ot
where 0
(13) K G0 = a [ TR G 62 d,

a being a numerical coefficient.
Also for the case of weak interaction between the basic and turbulent
motion in the wave number region x» > L', we may take

[rel

a4 f‘c(xl) dxt = ~K (x) f;;
and
(1.5) . j H () dot = —aK () %1,

.4

where « is the ratio of the coefficient of turbulent: mixing for heat and
momentum. By virtue of the relations (1.2)-(1.5), Eq..(1.1) is transformed-into

(L.6) sw—;va(xl)zE(xl) dx1+2aTfE(%l)jlfz(xl)“3f%dx1 f(x‘)zE(xl)dM%—
o : % SR ) . -

+ab [ [E G 62 an!,
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where

dii \? dT
(1.7) ) bm("'&';) — o E.

In the next section we obtain solutions of Eq. (1.6) with the help of
a perturbation method in which b is treated as a nonzero and small para-
meter. The perturbation method used is similar to that of Peskin and Baw
[5] as applied to the problem of turbulent flows contalmng suspended solid
particles.

2. SOLUTION OF THE SPECTRAL EQUATION USING THE PERTURBATION METHOD
To solve Eq. (1.6} we define

ey 00 = | G 1 )

Using 6 (x) instead of E (x) as dependent variable and differentiating Eq. (1.6)
with respect to x, we obtain

g db 1 di  ab 1 db
@D S \/ﬁﬁf—z‘a P
Lab a0 [ [T a4,
207 dn ) N Y dt

Squaring and rearranging, Eq. (2.2) is transformed into

. & £ de  bv*e* b2
@3 ‘,Ts=("§z) E{“TWWU\/ ]
_1)93_1;29\/1 0 w\/ i
S5 1 (x1)5 d%

X

T a0 [
_bo?
\/% de e

X

Let us expand & (x) and &, respectively, as
24 8 () Go () + b0y (19)+b% 0, (%)+
and

2.5)  e=gothe +br e,
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where b is considered to be a nonzero small parameter.
Then

.
dx

Substituting Eqgs. (2.4)(2.6) in Eq (2.3) and then arrangmg the terms on
both sides in ascending power of b, we obtain

2.6) — ' = 9(1,+b6§+b2 0%+....

0F 463 91 , 403 92+692 63) _
%

—+b
1 L, dey [ L, a8, a6,
=22 97, +b[4a2 aoﬁ+23081 T

L N a0, o, do,
A Ve g 2% g, 200 -
IR el R e R R v R e

92 1 db, / dBO 2 303 9, B
N 4 dx

b Lsdgon(l dﬁodl 9091”’j( L doydet

2 w0 du 1S dae? (2172 1312 (dBo/ds") 2
1 o360t Jin 1 d8, -
((28 }1,,.2 +290 91 90 ) [—1)5 d% ,. i

Equating the coefficients of b° and b' from both sides fo Eq. 2.7 we !
obtain, respectively,

0 1, db,

0. Yo _ Yo
(28) b ) %5 402 &0 dx ’ .
b]‘: 48(3] 91 _ 1 8(2) d@l + Ep €1 dBO B_g;
% da* " dx = 24% dx %>

. 2 L deo JJ
29) R \/ > o (4 1)9
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When x — oo, Eq. (6) gives

(2.10) £0+b81 +b2 £2+... = &= 2v9 (CO) =
' — 29 [y (00)+b; (00)+b? 85 (c0)+ ... T.

From Eq. (2.8) the basic solution for 0, is obtained as

1

4

Since f, = go/2v when x -» 0o, the constant in the solution of 8, must
equal to (2v/ee). If, further, we introduce 3, = (go/v*)'* = 1/n, where # is
the Kolmogoroff length scale, then,

. 03 = .
- — 1} ® “+4const
Lo

2.12 = . :
212) 07 34243 8 ( x )4:-'
. 14— —
From Egq. (2.8) we get
0

: —420 9 2 61—4——
2.13) 6 a0t X

2a 1 db, F 1 diy
_( 29 ) % \/ w0 du J. \/ (') dt e =0.
The solution of Eq. (2.13) is given by

e, (22Nt 6% 1 (268 [ 2 .

&g

Since 0, = ¢;/2v when x — oo, the integration constant c is given by

N CURATEAY
T\ Ta )\ )
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Putting the value of ¢ in Eq. (2.13), we obtain

215) 0, () = (-%Jri) (3"_)4 08 425 (ﬁ)g O 1

4 &p Eg &g 4%4 4

2a\* 6% f 02 . [ 2a\? i 05 1
‘(?;) a | o P\ %) 0 ) T

x

In order to find the expression for E (x), we use the relations (2.1) and
(2.4) and obtain '
1 46 1 4é, 1 46,
216) @ E()=——= 9 1 p. .
@16) . E(9 ¥ odw
For simplicity we will retain terms up to the order of b during the
calculation of E (x) and discuss their behaviour in the wave number ranges,
eg %<, and % > ;. '
Case I. When x/x, < 1.

+BZ do,

dx +o % dx dx toe

In this case, utilizing the relations (2.12) and (2.15), we obtain after some
simple but lengthy calculations '

1 do, 1 df,
Q1) EG)=—7 Todb.

8 \*? 5\1j4 2b & x \7° x n
(o) w105 2 () e ()"
Case II. When g > 1. , .

In this case, as in case I, we utilize Bgs. (2.12) and (2.15) and obtain
after some calculation

e so[(8] ool () el
+o(-i)_n, |
#a

when % — o0,

3. DISCUSSIONS

In the case when the interaction between the vorticities of the main and .
turbulent motion is weak (ie. the vorticity of the main motion is compa-
ratively smaller than the vorticity of the ‘turbulence) and b as defined
by Eq. (L7) can be treated as a small nonzero parameter, the energy
spectrum E (x) is found approximately to decay as (x/x,) ¥ and (s/n,)7
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‘FIG. 1. Nondimensional energy spectra (bey/eg =0, beyfeg = 0.08).

respectively, in the ‘ranges » <, and » » #,. It is noticeable from the
relations (2.17) and (2.18) that in both cases the multiplying factors
(of (xfng) > and (3¢/x,)”7) are modified in contrast to those in ordinary
homogeneous and isotropic turbulence as they involve the effect of nonuni-
formities of the fields of mean temperature and mean velocity. Scaling the
wave number x and E (%) as % = x%/x, and E = E (x)/(g, v°)'/* respectively, we
plot-Log E against Log % from Eq. (2.17) for two values of the nondimensional
parameter bey/eq, Viz. beyfeq = 0 and be, /s, = 0.08 (Fig. 1). The straight lines
([6], Fig. 1} with the slope —5/3 indicate that the interaction between the
vorticity of the basic motion and that of turbulent motion is slight for
a small parametric value of bei/e,. For F(x) we have used Heisenberg’s
expression which is believed to be more applicable to the case of energy
transfer between widely differing wave numbers than to the case of energy
transfer between wave numbers of the same order of magnitude. It is therefore
desirable to use a more physically plausible assumption and perform the
calculation of energy spectrum for the present case which is planned to be
incorporated in future work.
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