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UNSTEADY FREE CONVECTION BOUNDARY LAYER FLOW
AT A THREE-DIMENSIONAL STAGNATION POINT

M. KUMARIAND G. NATH (BANGALORE)

The unsteady free convection flow at the stagnation point of a three-dimensional body under
boundary layer approximations has been studied when the wall temperature varies arbitrarily
with time. The semi-similar equations governing the flow have been solved numerically using an
implicit finite-difference scheme. The heat transfer is found to be strongly dependent on time
whereas the skin friction is weakly dependent on it. The increase in the Pranditl number results
in the increase in heat transfer but skin friction is reduced. The mass transfer affects both the heat
transfer and skin friction significantly, but for large times its effect on the heat transfer is very weak,

u, v, w
x’y’z

SR 2 R e

i
w
LY x 2

NOMENCLATURE

parameter characterizing the nature of the stagnation point flow,

.skin friction coefficients at the wall in the x and y directions, respectively,

dimensionless stream functions,

dimensionless mass transfer parameter,

dimensionless velocity components in the x and y directions, respectively,
acceleration due to gravity,

dimensionless temperature, -

heat transfer parameter at the wall,

characteristic length,

"Nusselt number,

Prandt! number,

dimensional and dimensionless times, respectively,
temperature, :

wall temperature at r=0 {or r+=0),

free stream temperature (constant),

velocity components in the x, » and z directions, respectively,
principal, transverse and normal directions, respectively,
bulk coefficient of thermal expansion,

constant,

dimensionless independent variable,

kinematic viscosity,

density,

function of 7=,

SUBSCRIPTS

denotes initial conditions
denotes conditions on the surface
denote derivatives with respect to , £*, x, y, z and #, respectively.
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1. INTRODUCTION

The phenomenon of free convection arises in a fluid when the temperature
changes cause density variations leading to buoyancy forces. This process of heat
transfer is encountered in the natural world such as in atmospheric and oceanic
circulations as well as in technology such as in power transformers, nuclear reac- .
tors etc. The heat transfer mechanism, involving flows in contact with the walls
which undergo a thermal transient change, is important for its applications in vari-
ous industries. There is, at present, a great deal of information about the steady,
laminar free convection boundary layer over bodies of varinos shapes. Extensive
studies of the pertinent literature are given in excellent review papers by Epg [1],
GEBHART [2] and MoRrGaN [3]. The various aspects of the steady laminar free con-
vection boundary layer on three-dimensional bodies have been studied by several
authors [4-9]. However, unsteady free convection over three-dimensional bodies
has attracted comparatively little attention in the literature,

The aim of the present anylysis is to study the unsteady free convection at the
stagnation point of a three-dimensional body under (laminar) boundary layer
approximations when the wall temperatﬁre varies arbitrarily with time. The semi-simi-
lar partial differential equations governing the flow have been solved numerically
using an implicit fnite-difference scheme [10). The results have been compared
with those already available [4, 7].

2. GOVERNING EQUATIONS

We consider the unsteady laminar free convection flow of an incompressible
fluid with mass transfer at the stagnation point of a three-dimensional body when
the wall temperature varies arbitrarily with time. It is assumed t_haf the free stream
temperature is constant and the viscous dissipation is negligible at the stagnation
point. All fluid properties are assumed to be constant except for the density changes
which give the buoyancy terms in the momentum equations. We choose a locally
orthogonal set of coordinates Oxyz at the body surface in such a way that the origin
coincides with the lowest stagnation point, x and y denote the (orthogonal) coordi-
nates in the wall surface and z denotes the coordinate which is perpendicular to the
wall. The appropriate boundary layer equations governing the foregoing flow can
be expressed as [4, 7]

Uy, +w,=0,

t,+uty o, wi, — gfix (T—T,,)[L=vu,,,

vtuv,tov,4-wo,— gfey (T—T,)[L=vv,,,
- Tt uTetoT,+wT,=Pr= 1 vT,,.

(2.1)
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The appropriate initial and boundary conditions are
u(x 9,2 0=u(x, 5,2, v{xypz0=0/(y12),
wx, 2 0=w(x,52), Iy z0=T(y2,
2.2) u(x,0,0)=v (%, 0,)=0, w(xy0 )=w),,
T (57,0, =Tt (Too=T.) 9 (1%, T(x, 3,0, )=t.,,
u{x, y, w0, t)=v (x, ¥, 0, 1)=0.

The set of partial differential equations (2.1) containing four independent vari-
ables x, y, z, # can be reduced to semi-similar equations involving two independent
variables #, £* by using the following transformations:

=G L1z, Gr=pg (T T,) L3,
t*=pL=2 Gr'? t,  u=vL "2 xGrl2 F(y, 1¥),
v=vcL "2y Gr'’2 §(y, t*), w=—»L"1 Gr/*(fcs),
(T=T )T —T)=G (1, 1*),  (TW—To)=9¢ (t*} (Two—T,).

Consequently, Bq. (2.1), is identically satisfied and Egs. (2.1), to (2.1), can be
expressed as

2.3)

FyH(f+es) Fy— F*— F -G=0,
24 Synt-(f+es) S,—eS*— S+ G=0,
Pr=t G+ (f+cs) G,— Gx=0.

The relevant boundary conditions are

F=8=0, G=p@*) for »=0,

(2.5)

F=8=0G=0 as pg-oo, for *=0,
where

f=| Fdy+f,, s=]| Sdy, 5,=0,
2 / [t

fw= _(w)w L/('p G,I.I,M-) .

if the normal velocity at the wall (w),, is a constant, then f,, will be a constant. The
parameter f,,20, according to whether there is suction or injection, Here o (1%)
is an arbitrary function of #* indicating the unsteadiness in the wall temperature.
It has been assumed here that the flow is initially steady and changes to unsteady
for #*>0. Hence the initial conditions for F, §'and G at #*=0 are-given by the steady
flow equations obtained by putting

. (27) ﬂl?(f*):l, Fe=Sx=Gx=0

in Eq. (2.4). These steady state equations are essentially the same as those of Poors [4],
except for some minor differences due to slightly different transformations. How-
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ever, they are identical for ¢=0 (tWO—dimensioﬁaI case) and ¢=1 (axi-symmetric
case). Also, they are identical with those of Banks [7] if we replace cs by §.
The skin friction and heat transfer coefficients can be expressed in the form

Cy= 11 Qufaz) {7 5|L71=Gr*'* (Fy)
(2.8) T Cr=p @vj02)]Ipv? YILPI=Gr e (S,
Nu=L (@T32),/(Tyo—To)=Gr'’* (G

It may be remarked that even though the stagnation point boundary layer sol-
utions are valid in a small region in the meighbourhood of the stagnation point
of a three-dimensional body, they represent several physical flows of engineering
significance. The stagnation point solutions serve as a starting solution for the
solution over the entire body. The governing equations for the staghation point
flow can be reduced to a set of partial differential equations involving two inde-
pendent variables #, £*. On the other hand, the solution over the entire three-dimen-
sional body would involve four independent: variables, thus rendering the problem
more complex.

3. RESULTS AND DISCUSSION

The set of partial differential equations (2.4) under the initial conditions obtained
by using the relations (2.7) in Egs. (2.4) and the boundary conditions (2.5) has
been solved numerically using an implicit finite difference scheme. Here the method
is not presented as it is described in great detail in {10]. The step size 4y and A¢*
and the edge of the boundary layer represented by 7., have been optimized and the
results presented here are independent of the step size and the edge of the boundary
fayer up to at least third decimal place. Here the computations have been carried
out with Ap=0.01, Ar*=0.05 and 4<7,,<8. Since most bodies of practical interest
lie between the cylinder (¢=0) and the sphere (c=1), the computation has been
carried out for 0<e<<1. Also, the variation of wall temperature with time has been
taken to be of the form @ (t*)=1—et*.

It may be noted that the present method is capable of handling the parabolic
type of partial differential equations involving any number of independent variables
which govern forced, free and mixed convection flows over any arbitrary body,

In order to test the accuracy of the present method, we compared our skin fric-
tion and heat transfer results for the steady-state case (#*=0) with those of Poots [4]
and Banks [7] and found them to be in excellent agreement (see Fig. 1).

The effects of time #*, the Prandtl number and Prandtl mass transfer £, on the skin
friction and heat transfer parameters (Fply, (S, — (Gyly for @ (t¥)=1+-et* (>0)
are shown in Figs. 2-4 and Table 1. The skin friction parameters (&), (S, de-
crease as time #* increases becanse wall temperature decreases with r*. Consequently,
the fiuid energy decreases with ¢* (boundary layer thickness grows with 7*) and
this causes reduction in the skin friction (Figs. 2-3). However, the heat transfer
parameter —(G,), significantly increases with time because the difference between
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16, 3. Bffect of the Prandtl number and mass transfer on the skin friction parameter in the
y-direction.

the wall temperature and the free stream temperature increases with time, which
causes more transfer of heat (Fig. 4).

Figures 2-4 also show the effect of the Prandtl number Pr on the skin friction
and heat transfer parameters (F,),, and (S,)y, —(G,), The skin friction parameiers
(Fpw and (S,),, decrease as Pr increases, but the heat transfer parameter —(G,),,
increases. The reason for this behaviour is thal the velosity boundary layer thickness
increases with Pr (higher Pr implies more viscous fluid); this causes deceleration
in the fluid and thereby (#,),, and (S,),, are reduced. On the other hand, the thermal
boundary layer thickness decreases as Pr increases. Consequently, heat transfer .
~(G,),, increases with Pr. Also, we find that the heat transfer parameter —(G,),20
as t*$¢7 (for example, 1} ~:1.3 for Pr==10); this implies that there is a heat transfer
from the wall to the fluid when #*<¢] and from the fluid to the wall when r*>¢]
and there is no heat transfer when #*=f; (Fig. 4). This behaviour is due to the
reduction of wall temperature with time, the wall temperature at £*¥==0 being main-
tained at a higher temperature than the free stream temperature (i.e. T,yo > T,,). When
the wall temperature is taken as increasing with time ¢ (#*)=14-et* (¢>0) with
initial wall temperature higher than the free stream temperature (i.e. Tyo>T.,),
there is a transfer of heat from the wall to the fluid for all #* (not shown in the
figure). Also, both skin friction parameters increase with time because fluid energy
increases with time and this makes the boundary layer thickness decrease.
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FiG, 4. Effect of the Prandtl number on the heat transfer,

Figure 2-4 and Table I also display the effect of mass transfer (f,,) on the skin
friction and heat transfer parameters (F,)y, (S)y. —(G,). As expected, the suction
(fw>0) increases both the skin friction and heat transfer and the effect of injection
(f»<0) is just the reverse. This is due to the fact that suction reduces both velocity
and thermal boundary layer thicknesses which enhance both the velocity and tem-
perature gradients. We also find that the heat transfer is weakly dependent on mass
transfer for large #* (Table I).

Table I. Effect of mass trapsfer paramefer f7 on heat transfer parameter —(G)p for c¢=0.5,
Pr=0.72 and ¢ (#¥)=1—er* (=0.05). -

Swlt® 0 1 2 3 4
—0.25 - 0.3440 —3.4503 —7.2207 —10.,9882 —14.7543

0 0.4323 —3.3642 —7.1369 —10.9067 —14.6749

0.5 0.6426 —3.1591 —6.9370 —10.7118 --14,4852

The effect of ¢, the parameter characterizing the nature of the stagnation point,
on the skin friction and heat transfer is presented in Fig. 5 and Table 2. It is observed
that in contrast to the forced flow [11], both the skin friction and heat transfer
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Fic. 5. Bffect of the parameter ¢ on the skin friction parameters.
parameters decrease for #*20 as ¢ increases from 0 to 1, except the heat transfer
parameter —(G,),, for t*=0 (steady casc) which increasss with ¢. A similar effect

has been observed by Poots [4] and Banks [7] for the steady state case.

Table 2. Effect of ¢ on the heat-transfer parameter —(G,)y for Pr=0.72, fF=05 and ¢ ()=

=1—e¢f* (¢=0.05).
cft* 0 1 2 3 4
1.0 0.6754 —3.1294 —6.9088 —10.6840 --14.4523
0.5 0.6426 —3.1591 —6,9370 —10.7118 —14.4852
0 0.6002 —3.2012. 69779 —10,7514 —14.5234

The velocity profiles in the x-direction (F) and the temperature profiles (G)
have been shown in Fig. 6. Since the velocity profiles in the y-direction (S) is similar
to those of F profiles, they are not presented here. The maximum value of F (or S)
decreases as Pr or 7* increases because it (Pr or ¢¥) increases the boundary layer
thickness. This results in deceleration of the fluid and the velocity gradients are
reduced. On the other hand, the temperature profiles (G) become steeper as Pr
or t* increases because of the reduction in the thermal boundary layer which in
turn increases the temperature gradient. Since in the figure we have presenied re-
sults only for the case when the wall temperature decreases with time #*, the effect
‘produced by it on the temperature profiles (G) is similar to that of Pr,
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Fig. 6, Velocity and temperature profiles.

4. CONCLUSIONS

The heat transfer is found o be strongly dependent on time whereas the skin
friction is weakly dependent on it. The heat transfer is enhanced by the increase
in the Prandtl number, but the skin friction is reduced. The mass transfer affects
both the heat tramsfer and skin friction, but its effect on the heat transfer is very
wezk for large times,
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STRESZCZENIE

NIEUSTALONY SWOBODNY PRZEPLYW KONWEKCYINY WARSTWY PRZYSCIENNEJ
W PUNKCIE STAGNACJIH TROTWYMIAROWEGO CIALA.

Przeanalizowano nieustalony swobodny przeplyw konwekcyjny w punkcie stagnacji trojwy-
miarowego ciata w pobliZu warstwy przyiciennej przy zaloieniu dowolnej zmiennosci tempera-
tury $cianki w czasie. Semi-podobne réwnania rzadzace przeplywem rozwiazano numerycznie za
pemoca uwiklanego schematu rdznic skonficzonych. Stwierdzono, ze przeplyw ciepla zaleZy silnie
od crzasu w przeciwlefistwie do tarcia powierzchniowego. Wzrost liczby Prandtla prowadzi do
zwickszenia przeplywu cicpla lecz zmniejsza tarcie powierzchniowe, Przeptyw masy wplywa istotnie
zar6éwno na przewodnictwo jak i farcie, choé dla duzych czaséw wplyw ten na przewodnictwo
ciepla jest nieznaczny.

Peszome

HEYVCTAHOBHMBINEECA CBOBOAHOE KOHBEKIIHOHHOE TEYEHWE
IOrPAHIYHOIO CJIOS B TPEXMEPHOW KPUTHMUECKOI TOYKE

IIpoasa/M3APOBARO HEYCTAHOBHBHICECS CBOGONHOS KOHBEKNHOHFOE TEUCHHC B KPHTMYCCKOH
TOUKS TPEXMEPHOLO TEIa, B IPHOIIMKCHHMY NOTPAHHYHOrO CIEOA, IPH HPSIIOI0KEHA HPOA3BONE-
HOH NEPEMEHHOCTH TEMIICPATYPEL CTCHXHW BO BpeMerH. IlomyMONENBHEIC YPABHSHHAS, YIIPABIIL-
1OII¥E TeYCHHEM, PEHICHE] YHCACHHO IIpE IIOMOINH HOSBHON CXGMEI KORewHHIX pasmocrelf. Kom-
CTATAPOBRAHO, UTO UEPSHOC TEMIE CHNLHO 3ABACHT OT BPEMEHH, B OPOTHBOBEC K MOBEPXHOCTHOMY
Tpenmo. Pocr wmena TEpaRgTis HPEBOINAT K YBGIHUCHHMIO IEPEMOCa TENNa, HO YMEHBIUACT 1O-
BEPXHOCTHOS TpeHEe.-[Teperoc MACCEL BIEMCT CYIIECTBEHHO Tak Ha HPOBOIHOCTH, KAK ¥ HA TPSHHE,
XOTH 1715 DOMBIMAX BPEMEH YTO BIHARNE HA TEIUIONPOROAHOCTE HEIHAYHTENEHO.
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