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ON PLASTIC DESIGN OF ROTATING DISCS OF FINITE THICKNESS

W. ZOWCZAK (WARSZAWA)

A new method of plastic design of axially-symmetric rotating discs is proposed. The method
of characteristics, knnown from the mechanics of plastic flow, has been used to construct statically
admissible stress. ficlds and thus to find safe profiles of designed discs, The equations of character-
istics derived for the case under consideration differ only slightly from the ones for the standard
axially-symmetric case, The derived equations have been used to calculate examples of safe profiles
of rotating discs for different values of rotational speed.

1. INTRODUCTION

Problems of strength and design of axially-symmelric rotating elements have
been studied since the middle of the nineteenth century [17]. The distributions of
stresses in elastic cylinders and discs of constant and varying thickness were found
and the problem of design of the disc of uniform strength was solved (see for example
[11, 16]). In the latter case the assumptiois were made that the disc was thin and
that the variation of thickness along the radius was small. The formula describing
the varying thickness of the rotating disc without a hole was found to be
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where y, is the thickness of the disc in its centre, p — mass density of the material
of the disc, w — angular speed, r —radius, o — permissible stress.

Although elastic discs were discussed in the works quoted above, the formula (L.1)
resulted from purely static considerations (without use of any constitutive relations).

The plastic analysis of rotating elements was started by Napal and DonNeLL
[7, 8] in 1929, Since then a number of papers has been published concerning this
subject. Various effects have been taken into account, including nonhomogeneity [19]
and anisotropy [3,4]; moreover, the dynamical behaviour of rotating discs or
cylinders after reaching the critical angular speed has been analysed [12]. In general,
two kinds of rotating elements have been considered: thin discs (of uniform or
varying thickness) and long'cylinders'or. tubes, corresponding approximately to
the conditions of plane stress and plane strain respectively. '

Fewer papers have been devoted to the problem of uniform strength design
of rotating discs. Kaprowskr and Eukasiewicz have studied the influence of non-
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uniform temperature distribution on the shape of thin discs of uniform strength [6].
K APKOWSKI has solved the problem of uniform strength design for a thin rotating
disc with a hole, loaded additionally by torque applied by means of shear stresses
distributed on the inner and outer edge [5]. In both cases the elastic material is
assumed and both solutions reduce to the formula (1.1) while the additional factors
vanish. Plastic design of thin rotating discs has been disciissed by Drucker and
Smere [1]. Minimum weight designs have been found for discs with a hole, made
of a rigid-plastic material obeying the Tresca yield criterion.

Tnt the present paper a new method of plastic design of rotating discs is proposed.
The method of characteristics, well-known from the theory of plastic flow has
been used as a tool for construction of the statically admissible stress fields which,
according to the limit design theorems (see [1, 2, 141), give safe estimations of the
shapes of designed elements. Two-dimensional analysis taking into account varia-
tion of stresses across the thickness of the disc (instead of one-dimensional, as in
all papers quoted above) enables us to design discs without limitations on their
thickness (and on its gradient along the radius). Applications of the method of
characteristics presented below are analogous to those proposed in [18] and to
examples of design of slopes in the mechanics of granular materials {10, 15].

2, THE METOD OF CHARACTERISTICS IN THE PRESENCE OF CENTRIFUGAL BODY FORCES

The method of characteristics is used as the standard method of solving axially
symmetric problems in the theory of plastic flow 19, 13] and in the mechanics of
soils [15]. In the lafter case the own-weight of the medium must be taken inio ac-
count. In mechanical engineering the own-weight of the material can be usually
neglected. While designing moving elements, however, the inertia forces must in
some cases be taken into account. Thisis the case when dealing with rotating elements.

Consider the axi-symmetrical element rotating around its axis with angular
speed . The equations of equilibrium take the form
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where p denotes mass density and r the radius. The material is assumed to be rigid-
. -perfectly plastic and to obey the Tresca yield condition

(2.2) (0,— 0, -|-4v2 =4k,

where k is the maximum shearing stress. It is assumed also that the Haar-Karman
postulate holds, i.e. that the circumferential stress is equal to one of the other prin-
cipal stresses:

(2.3) Og=03=0,
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or’
(24) ' Gg:ffa=02.

The above equations enable us to find all components of the stress tensor without
considering strains and velocities. The method of solution is exactly the same as
in the standard case [9, 13}, Two new unknown functions y and ¢ are introduced,
the first one being proportional to the sum of principal stresses ¢, and &,

1
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while the other is the angle between the direction of the larger principal stress (¢, >0}
and the r — coordinafe axis.

In terms of these functions, the nonvanishing components of the siress tensor
are expressed by the formulae

=2ky--kcos2p,
o,=2ky-kcos2gp,
T =Kk sin 2¢,
ae=k 2xF1}.
The plus sign in the last formula corresponds to the equality (2.3), while the minus
sign yields from the equality (2.4). The stresses expressed by the above formulae
identically satisfy the yield condition and the Haar-Karman postulate. Substituting
(2.5) into the equations (2.1), one obtains a set of two partial differential quasi-
Jinear equations in two unknown functions x and ¢:

(2.5)
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which differs from the standard case by the additional term representing the inertia
forces — paw? r/2k, in the first equation. This system of equations is of the hyperbolic
type, thus it has two families of real characteristics which can be found by a standard
procedure (see for example [13]).

The equations of characteristics of the first family (e-lines) take the form
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while the equations of the second family (f-lines) are
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The upper signs in the equations (2.6), and (2.7), correspond to the formuia (2.4),
while the lower ones yicld from the equality (2.3). The characteristics form the
angles of +x/4 with the principal directions, thus also in the present case they
coincide with the slip-lines.

The coefficient ¢ is expressed by the formula

2
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Seiting =0 (and thus £=0) in the above equations one obtains well-known stan-
dard formulae derived for the case of the absence of body forces.

Thus integration of the partial differential equations of equilibrivim has been
reduced to the integration of the ordinary differential equations of characteristics.
This is usually carried out by means of the finite difference method. Discretization
of the equations (2.6)-(2.7) and solving of the basic boundary value problems pro-
ceed identically as in the standard axi-symmetrical case and will not be described here.

3, NUMERICAL EXAMPLES
The equations written above have been used to construct statically admissible

stress fields and thus to obtain safe estimations of the profiles of the rotating discs.
It has been assumed that on the axis of symmetry 44" of the disc (Fig. 1a) the ma-
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terial is in the state of biaxial uniform tension o,=g,=2k, (5,=0), i.c. equal to the
yield stress (a similar assumption has been made in the classical solution of uniform
strength design of rotating discs {11, 16]). It has been assumed also that circum-
ferential stresses in the disc have maximum {positive} values, i.e. that the equality
(2.3) holds.

The construction of the stress ficld starts from the afis A4’ on which the bound-
ary conditions (y=0.5, p=0) are prescribed. In the region 44'B, stresses may be
found in an elementary way. It is easy to notice that for the reasons of symmetry
the principal directions in the whole region 44'B are constant (p=0). Thus the
characteristics form a rectilinear mesh. However, the value of y is not constant
thronghout this region but, due to the presence of body forces, dependé on the
distance from the axis

1{%@.2
x_‘_ 2 .

Having found the characteristic AB (which belongs to the f family) one can
solve the inverse boundary value Cauchy problem in the region 4BC. This problem
consists in determining the state of stress in the whole region together with the
shape of the free boundary AC on the basis of given values of y and ¢ along the
characteristic AB. Here the mesh of characteristics has been found numerically.
The shape of the boundary AC has been determined from the condition:

dz
==t
d" g9,

and that at every point of it we have y=1/2.

The position of the segment 44" has been chosen to be symmetrical in relation
to the r-axis, so the r-axis determines the plane of symmetry of the disc. At every
point of this plane we have p=0. Thus the stress field may be constructed for one
(say upper) half of the disc only.

Having solved the inverse boundary value Cauchy problem in ABC we obtain
the characteristic BC {which belongs to the o family). On the basis of the known
value p=0 along BD and calculated values of y and ¢ along BC, the mixed boundary
value problem can be solved in the whole region BDC and the characteristic CD
determined.

Then the above sequence of boundary value problems is to be repeated as many
times as required in order to obtain the safe profile of the disc up to its prescribed
outer radius. The stresses ¢ on the external boundary MM’ (Fig. 1a) result from
the constructed statically admissible stress field. Their integration along MM’
gives us a resultant force F acting on the unit length of the circumference
of the disc. '

Assume that the conditions on the boundary MM’ are of the kinematic type,
e.g. in the form of the velocities in the direction 7, uniformly distributed along MM'.
(This can be realized by means of a sct of rigid plates attached on the external con-
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tour as il has been shown in Fig. 1b). According to the limit design theorems the
disc of the shape so obtained will not collapse under inertia forces caused by its
rotation and under the external loading on its outer boundary MM’, provided this
loading does not exceed the caleulated value F.

1. 3.

The example presented in Fig. la has been calculated for a particular value
of the characteristic parameter ¢, namely ¢=0.025. This roughly corresponds to
the disc of the thickness in the center (for r=0) 0.2 m, made of the steel whose
yield stress is 2k=310 MPa rotating with rotational speed. of 3000 revolutions per
minute (w=100x s~1). The obtained solution differs only slightly from the classical
solution (1.1). '
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In the next figures analogous examples are presented. The values of the charac-
teristic parameter have been chosen to be £=0.1 (Fig. 2) and £=0.4 (Fig. 3), which
correspond to rotational speeds of 6000 and 12000 rpm respectively (thickness
in the center of the discs and the material of which they are made being the same).
Tor these relatively larger rotational speeds the differences hetween the classical
solutions for the thin discs (shown by the dashed line) and the present sokutions
are clearly visible, Particularly in the last example, where thickness of the disc
changes rapidly in the radial direction, the use of the solution (1.1) neglecting stresses
in the z-direction can give only rough approximation of the required shape.

4. FIvAL REMARKS

The presented examples should be treated as illustrations rather of the new
approach to the design of rotating discs, than the solutions recommended for prac-
tical use. The boundary condition in the form of biaxial tension (;r==0.5) uniformly
distributed afong A4’ (Figs. 1-3), has been assumed in order to make the present
problem compatible with the classical problem of uniform strength design of a ro-
tating disc. It should be noted, however, that this assumption is somewhat artificial
and causes that, for greater value of £, the curve determining the profile of the
disc is not monotonic but shows a tendecy to oscillate. It seems that the slight
decreasing of y along AC would be advantageous, but the choice of a particular
distribution of y for an assumed value of the parameter ¢ remaing an open
question.

There is also the possibility of solving an analogous problem, the boundary
conditions being prescribed on the outer boundary of the disc. In this case the
~ construction of the statically admissible stress field proceeds in the opposite direction,
towards the centre. However, the difficulties arise while computing the stresses in
the vicinity of the axis. The special stress field should be constructed in this region
because for the arbitrarily assumed conditions on the outer boundary the material
in the centre will not be generally in the plastic state. Thus the method of charac-
teristics cannot be used there.

The method presented above may also be applied to the plastic design of other
axially-symmetric rotating machine parts (tubes and shafts of varying diameter etc.).
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STRESZCZENIE

O PLASTYCZNYM PROJEKTOWANIU WIRUJACYCH TARCZ SKONCZONET
GRUBOSCI

Zaproponowano nowa metodg plastycznege projektowania osiowosymetryczaych tarcz wiru-
jacych, Do budowy statycznie dopuszezalnych pol napreZen wyznaczajacych bezpieczny profil
tarczy, zastosowano znana z mechaniki p'Iastycznego plyniecia metode charakterystyk. Wypro-
wadzone rownania charakterystyk dla przypadku wystgpowania odirodkowych sit bezwlasnodei
r6inia sig nieznacznie od rownan dla przypadku piewystepowania sit masowych, Poslugujac sig
wyprowadzonymi réwnaniami wyznaczono przyklady bezpiecznych profili tarcz wirnjacych dla
roznych predkodei obrotowych.
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PesomMe

O TIHACTAYECKOM TTPOBKTHPOBAHIY BPAIIAICIIUXCH NUCKOB
KOHEUYHOH TONMAHE

TTpemyiaraeres HOBEHE METON IUIACTHYECKOTO HPOSKTHPOBAHEA OCCCHMMETDHUHBIX Bpama-
TOMMKCA MHACKOB. TIpH KOHCTPYHDOBAHHM CTATHISCKH [OMYCKASMEIX TIOTEH HAUPMECHHM ACIONb-
30BAT, HIDECTHBIL B TCODKH IUIACTHUCCKOTO TCUEHUS, METOH XApaKTepHCTHK. BLBOACHHBE Ypas-
HEHES XAPAKTSPHCEAK, B CYyYae BHICTYIUICHASA TEHTPOOSIKAETX CRUL MBEPIHE, He3HATHTENbHO 01N~
YaIoTCA OT YPABHEHHH B CIy9de HEBHICTYINGHAA MACCOBRIX CIL HICHOMbSYA BHIBCISHHBIC ypaBRe-

1, BRMHCISHS! MPAMEpH Oe30NACHEX Tpodmnell BPATNATOINEXCA JACKOR ANA PAa3HLIX cropocTel
PpalBeHEs,

INS’I‘I’.EJI}TE OF BUILDING MECHANIZATION !

Received March 9, 1984.






