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OPTIMAL DESIGN OF ELASTIC ARCHES WITH 1 CROSS-SECTION

G SZEFER and L. MIKULSKI (KRAKOM

This paper concerns strength optimiza‘tion of elastic arches with I cross-section. Arches
are subjected to a dead weight and useful external ioad. The volume of the element or the
deflection at the chosen point are the optimality criteria. Side conditions comcern strength
constraints (bending and shearing stress) and geometry is imposed on the dimensions of the
cross-section. The effective Pontryagin method is used for solving the formulated tasks of
optimization. The computer program has been designed and particular solutions for various
forms of the arch centre line and for various kinds of support have been obtained.

Notation
M . . .
m = ————  dimensjonless bending moment,
oad W, -
N . . s
n= dimensionless Iongitudinal force,
Gag F w
t= ¢ dimensionless shearing force,
Oag T .
M bending moment,
N longitudinal force,
O shearing force,
S (£) horizontal component of load,
P(£) vertical component of load,
S . . : .
8§ T % dimensionless horizontal component,
'fad Fw
FP.3, -dimensionless vertical component,
" Gad- F_,ﬁ tangent and normal displacements,

dimensionless tangent and normal displacements,
angle of rotation, . =
radins of curvature,
comparative radius of curvature,
width of cross-section,
comparative width,
height of cross-section, ] -
comparative height, ’
! span of the arch,
E Young’s modulus,
F, cross-section area,
K, oa¢ admissible stress,
W,, modulus of section,
gy s thickness of flanges and web.
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1. INTRODUCTION

The paper concerns a strength optimization of elastic arches with I
cross-section are subjected to a dead weight and useful load. The dead
weight of deflection of the chosen point of an arch is established as the
optlmallty criterion; moreover, the added constraints concern strength (ben-
ding, shearing, combmed stresses) and overall dimensions. We restrict ourselves
to an elastic range neglecting conditions connected_with possible loss of
stability. The width of the arch flange was taken as the control variable.
We want - to find such a width of the arch flange satisfying. the arch
equations and given constraint relations, that the criterion functlonal {cost
fiinction) obtains the minimal (as possible) value.

So far, as it is known from the literature of the. subject (see for
example [4]), the optnmzatlon problems of arches (especially in terms of
stress restrictions) constitute a field relatively little explored, where the set
of results is considerably more modest than the knowledge in optimization
of other elements (beams for example). ' '

The problem formulated in this paper is not trivial and not soved up
to this time. By using the very effective Pontryagin’s method of optimization,
a general algorithm has been designed. The many solutions obtained are of
theoretical and partly applicable value.

2. FORMULATION OF THE PROBLEM-

A physical content of the tasks formulated in the introduction leads to
the following optimization formalism. This is:

i) Equation of a physical systems ie. the state equation describing statics
and kinematics of an clastic arch (Fig. 1)

yi

=7

Fig. 1.
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dN - dQ do  _ dM -
o d—§ = Q d&;’ b( &), iE N &2 5@, | df =0,
sowd—fﬁ"—g, s .df ’ a=é(ﬁ dw), '
dé ¢ dé 0 ¢}~
= %EJ N = EFE.O

where N —longltudmal force Q — shearing force, M — bending moment,
g independent variable measured along the arch center line, (&) — normal
component of the load, b (£) — tangent component of the load, i, w — tangent
and normal displacements, « — angle of rotation, g — radius of curvature.

Taking into account the method of solution, the set (2.1} will be disen-
tangled with respect to the “derivatives and. written in dimensionless form
due to the references of the geometrical quantities to the comparative radius
g, and after introducing the auxiliary parameters.

Finally it takes the form

dn ' 1
—Ez— (U—i— )cos @-+{g—s) sin ¢ cos ¢,
dt n 1
- UV gi PRI S 2
it al( +a9._)81n(p g sin“ @ -5 cos” @,
- odm ot '
de 7
(2.2)
dv ndly
dé - Ua4+a5 (4] ’
dw =2 a, ot
dé Q 2 Wy
doe.  mag
dé¢  a,+Uag’
where
_ '}’b() E’p Bmax. _ ép Fw Fé ép Faa
1= = 2 az— s a3=k:
Fwaad Ww EWW
\ ‘ 3 h,+g,)?
Gy = 2911 Bmax? as = hs ds» g 2[_%&4'%—(1“&] Bmaxn
gshg - 29' Bmax B
Oy = 12 dy = 0p &40p W, ag:#, U= B
8 s max

(for other quantities see the notations).
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For concise notation of the state equations (2.2) we introduce the vector
Y, t,m, v,w,a) and for the right-hand sides of this system a vector

t 1 .
P = [E—+a1 (U—:—T) cos ¢ +(g—s) sin ¢ cos ¢;
9

1 . .
_1_((]4.#) a, sin p—s cos’ p—q sin® @; a, t;
Y a '

9

_ az oa; —————|.
Uas+as ¢ ¢ a;+Uag

Thus the system (2.2) can be written short in thé form.

dy

3

ii) Constraints defining a set of admissible controls

23 = (¥, U $)-

For the control variable we introduce geometrical and strength constraints:
| U U< U,,
IN] | IM]
TF Ty S0
£ S Kh

o2 +3t* < 03,

(2.4)

¢ —normal stresses, T — shearing stresses.

Expressing the constraints (2.3) by the dlmensxonless variables, we define
“the set of the admissible controls as follows:

Ul sUs Uz»
In a0 Im|aqy
U dg U“+‘1 g U+a-, =
ad —
t [Uau"i‘ﬂis]
a4+ Uagg, | O‘ad ’
' m a15 3t2a%6 UZ :
2 -+ 7 = 1':
(ar;+Uagy  (Uaggs+ay,)

where
F, h 1 _
g = A . ayy = Ww (g,,—l-?), .012_-‘-‘_79;; (hs+gs) Bma.x Fws
_ g.WF, g2 2 R
i3 =

o0
)
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N
]
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hyt-g, |
——B_..
2 max

djg = F, wip
Existance of the constraints (2.4) secures the solutions sought-for in the
. suitable physical meaning,

, iii} Cost functions deﬁned. by the functionals
(2.5) - I@w=w, displacement of a chosen point K,
Py | | '
26) I@Ww= J |:U (é)—I—Z—s:I d¢. volume of an clement (arch).
4

. c - . . - - . - - ‘r .
‘We want to determine such U (£) which renders the minimum of the
functional (2.5) (problem 1) or {2.6) (preblem 2), satisfying the state equations

{2.2) with proper boundary conditions and the constraints (2.4).

3. (GENERAL SOLUTION OF THE PROBLEM |

In order to solve the formulated pfob]ems, we use the Pontryagin
maximum principle. Therefore for the problem 1 we introduce the Hamil-
tonian ‘

2
cos @+

_ = t
(3.1) Hy, A, N=4-06=4 [——-I—al (U+
e _ Aya

. ' 1
+{g—s) sin ¢ cos qo:|+/12 l:—%mal (U+—a—) sin ¢ —
9

2 2 nd; w
—gsin“ ¢ —s cos Azgt+ Ay ——— 4
K ¢ (P]_._ 2T 4|: Uastas Q}

v Mdg:
+is|\——az 0 )+dg ————.
S(Q : ) ° a;+Uas

According to the Pontryagin maximum princi_ple [5} for the optimal
control U*({), there is H (y*, 1*, U*) = max H (y, 4, U) and hence invoking
the condition dH/0U =0 we have the equation
(32)  U*[af a5 ay (A; cos @~ A, sin )]+ U* [242 ag a,+

+2a4 as ag a; (Ay cos — Ay sin )]+ U?[(a2 a3 +4a, a5 ag a, +
+a5 ag) (A ay €08 9 — 1 a; $in @ — 1, nay a, a2 — e mag ag ai)]+
U [(2a, a5 a3+2a% ag a) (A, ay cos ¢ — A, ay sin @)+

+{—2ag a, Ay na; a,— Ag mag ag 2a4 asy]+

+at a2 (A, a, cos @ — Ay ay sin @)~ Ay nay a, af—As mag agai =0

from which we shall obtain the optimal control U (£).
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In the formulated optimization problems the constraints (2.4) depend on
the state of the system, then not the whole space is an admissible region.
We shall utilize the modified version of the maxunum prmmple concermng
the case of constraints of phase variables [5].

The constraints are imposed in the form

(33) S B={paF,U0=0 i=123,
where, from Eq. (24),

g1 = Imlay; | |nlase .__
"7 agU+a;, Ug+l 7
gy = ltl (Uayz+ais) K
dia+ Uaﬁ bs Oad ’
mrats  3%ale UP
g3 =

+ P
(ar+ Uae)z (Uag b+ a14)

. 'We are especially interested in these parts of the optimal solution which
belong to the boundary 4B The set ¢B-is surface determmed by the
equations

(34) Q;(y, U)'_ i='1, 29 3.
The optunal control at the entering point into the boundary of the admissible

region JB is obtained from- the relations (3.4). At the entering point the
variable & = £* satisfies, moreover, the equations -

- A (6% —0)— A (E*+0) =
a5 (€5 ~0)— 4 €*+0)

(H)prpo—(H)ee—0 = 0.
Hence the optimal solution for the I-section has the final form
(3.6) CUt={U;vU,vU;v U, vUsv U}
where U is root of Eq. (3.2) and- '
—{as as +as+In| (—as0 d6—811 ag)} .

' 2a9 ag '

U3=

- \/{09 ar+ag+n[(—aa6—ay1 a9)} —4ay ag (a-, |n] ayo a7 — |m1 aiy
2(19 dg

>
K.a;,—t|ay3 6ua
lt] @15 00a— K, a6 by’

Usis the root of Eq. (3.7
which follows from Egs. {3.3), (3.3), and (3.3);

BN U=
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B.7) U*@r*aisal—a} bf)+ U362 ag aq alg— 2a} a, b,z-— 2a} a4 b)+
+U?*(m? af a4 bs_z_;‘i_‘g’tz a3 a%ﬁi'_a% a’z.'_ bs_zf“aé a7 ay4 by—ai, F‘é)‘i‘
B +U (2m2 a4 dg :_a%5<bsf2a6 a% a14 bs--2a6 dq 0%4)4‘ :

i +m2af5 ats—a3 al, = 0.

_ Though the optimal solution (3.6) is exact still it has a purely formai
--.character because we know néither the functions' (v, ) nor -the ranges in
which the individual relations {3.6) hold. TR
To decide which formula for U () holds, we test the constraints (2.4);,3.4.
H these inequalities are strong, we chose amongst the relations (3.6)y,2,6 as
~ the optimal control this function which results from’ the supremiim of the
 Hamiltonian (3.1). When the constraints (2.4), 5 4 become equalities, the
optimal design is determined by Egs.(3.6)3,4,5. o
To find the optimal control effectively, we construct a ‘system of the
adjoint equations having the form [5] =~ SR e

dl_ _on
dé - dy
it is
d}ll . /12 1_4 as
dé o Ua4+a5
dA, _ Ay
& “‘( ¢ "7‘3“2)’
. dll:; 3.5 dg
: dé - a;+Ua
(3.8) 7 6
o diy s
5 d& . Q H
d/ls _ 114
& g >
dlg
déﬁ - 15 qZ

We show an analysis of the bour'ida'ry' conditions for the case of a clamped
arch. : (RIS R T T
Then

(39) for §=0 . Cforg=g, |

L O =0wO=0a0)=0, vE)=0;c)=0ia)=0.
The vector: 1'{4,} is normal to the manifold 6, and ‘0, defined by’ the
relations . _ o : L
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. . 0)= no n(é)=n,
B E r(O) g%:o
D P "_ m@)= m’ D=my
BI10) =T )= () =0
SR i W (0) w (éL) = Wi.
ot(O) a(fy) =

The values no, to, m0 and Ay mL WL are unknown The vector 7 is nornial
“to the 1n1t1al manifold 6, : : ' ’

IyO—O

what leads to the followmg boundary values
3.11) A 0)=0; A ©y= A3 (0) =

The cost function in the form (2. 5) causes that the terrmnal transversahty
condition undergoes the modification [5]. It has the form

(3_,_12)_ aya'éﬂu,(m:o, s=1,3,5 =w

o o
S TR ik R v

we obtain

G1)  4E)=0, AE)=0, AsE)=-1.

Finally the relations (3.11) ancl (3.13) dcternljne the.boundary values for
the vector 1 in the case of the bilaterally clamped arch.
To find effectively the optimal control U*(£), it is necessary to solve the

‘system of the state equations (2.2) and the adjoint equations (3.8} with the

conditions (3.9), (3.11) and (3.13), taking into account the solution (3.6). The
system (2.2} and (3.8) consists of twelve nonlinear ordinary differential
equations of the first order. The solution of this system is possible only
in a numerical way.

The algorithm of the numerical squ‘uon of the problem will be as
follows: - SOy
1. We start by acceptlng a constant value of the con’trol Uo

Uy sUys Uy

2. Using the standard procedure of numerical 1ntegrat1on (the Runge-'r
Kuita method) we' solve the system (22) and (3.8) with the boundary
conditions. are. of such a type:that. the.two-point. boundary value problem .

. ‘considered here is of the type «6+6», ie only 6 initial and 6 terminal
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conditions are known. The two-point boundary value problem of the type
«6+6» is solved using the method of the adjoint equation [2],

3. As the results of integration of the system we obtain the vectors
Fo» Ao corresponding to the value of the control chosen at the point 1.

4. The optimal control is determined from the relation (3.6). We decide,
moreover, which formula for U (£} holds and what range of validity it is.
Therefore at each step of integration we test the consfraints, so: '

i) if | |
In| @10 Imla;,
a, U+l  agU+a,
el [Uay;+a,;5] K,
_ aya4+Uag g, Gad

m?* a%s 3t a2, U?
(a,4+Uag)* -~ (Uag go+ay,)*

<1,

<1,

A

then this formula of the relations (3.6), , and (3.2) is valid, which gives the
supremum of the Hamiltonian.

if) when

|nla lml @11
dg U+I dag U‘}‘aq
|| [Ua,,+ay,] - K,
a4+ Uag g, Gad
m?ais 3t°als U*

(@;+Uag)®  (Uas g,+a,4)

then U (&) is obtained from the relation (3.6)s.

=1,

2

<1,

iit) in the case
nl ai¢ Imf a4
ag U+1  agU-a,

<1,

1l [Uais+ai] _ K,
@14+ Uag g, Taq
m? als 32 ais U?
@+ Ua) " (Uagg,+ay 1
U (&) is obtained from Eq. (3.7) -

5. Thus we determine the first approximation for U (&).
6. This algorithm is repeated many tims until

2
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- U@l <
for each i, where i is the number of the range in the Runge-Kutta
discretization. - '
4 PI:{OBI;'E;MZZID'ESIGN- FOR MINIMIZATION OF VOLUME
~ The Hamiltoni_én constructed for this case

- . | o | ‘
41) H=) do,=1k (U+&)+J{1 [~—"+a1 (U+—) cos @+
) =0 9y ¢ g _

+{g—s) sin ¢ cos «;0]+22 [—%—az (U-i——) sin @ —g sin® o+

dg
S ; : . nHa w '
e e
o fv Lo omag
tAs|——a +hg
5-(9 ? oc) ? a,+Uag
leads to the equations which determine the optimal control
4.2) U)={U, v U, v from(3.6); .5 v from (4.3)},
where Eq. (4.3) follows from the condition 6H/6U== 0 and has the form
@3) U*[a2 a2 (ho+A; a3 €OS @— A, a; sin @)] + U [(2a3 ag aq +2a, das-

-ag) (Ag+ A4 ay cos (p—lz'ql'sin @)1+ U?[(ag a5 +4a, as as a; +
+a§ aé) (]\.0'{‘/11 dy COS q)—ké-al S]Il (P)"““/'{4 n':a3'a4 aé_llﬁ meg dg aﬁ]+
+ U [(2“4 a_s a%‘f‘za% ag .a';r) (/10+l11 ql COs gﬂ—lz ay sin qD)-"”

—20g a7 Ay Nay ay— Ae Mag g 20, as}+ai a3 (ho+ Ay ag cos p—

gy Ay SIN @) — Ay ROy a4 a5 —Ag Mmag ag as = 0.

The constraints appearing in both problems are identical; therefore the
complete analysis of the problem 2 requires to solve the system (2.2) and
(3.8) with the direction (4.2) for the optimal design.

5. NUMERICAL EXAMPLES

The numerical solution of the formulated problems requires universal
testing of the designed computer program  because a  general  proof of
convergence, uniquencss and stability is wusvally mmpossible. :

The examples concern arches having the following static schemes (Fig. 2}):
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The arch line can be an arbitrary curve. Computations were carried

out for the circular. (Variant 1)

line.

Calculations were made for the following data:

¥ = 78000 N/m?,

L=959m,

g = 20000 N/m,

B,.,=10m.

, elliptic (Variant 2) and parabolic (Variant 3)

On the basis of a main flowchart the program written in FORTRAN
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EXTENDED and accomodated on the computer CYBER 72 was designed.
This program was used in a series of computations (ca 80 examples) Some
results of these calculatlons are presented below (Figs. 3-6).
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STRESZCZENIE

OPTYMALNE PROJEKTOWANIE LUKOW SPREZYSTYCH O PRZEKROJU
DWUTEOWYM

Praca dotyczy optymalizacii wytrzymaloiciowej lukow sprezystych o przekroju dwuteo-
wym poddanych obciazeniom wilasnym i uytkowym. Jako kryteria optymalizacji przyjeto
obigtosé elementu lub jego ugiecie w danym punkcie. Warunki poboczne dotycza ograniczed

" wytrzymatoéciowych (naprezenia styczne Iub pochodzace od zginania) oraz geometrycznych
(wymiary przekroju poprzecznego} Do rozwigzania postawionego rzagadnienia optamalizacji
zastosowano efektywna metode Pontriagina. Opracowano program komputerowy i przed-
stawiono rozwiazania przypadkéw szczegdlnych dla réznych ksztaltéw linii srodkowei luku
i rdgnych warunkéw podparcia.

PrrwoMmE

OIITUMAJIEHOE IIPOEKTHUPOBAHHUE VIIPYIHX APOK C j:[BYTABPOBBIM
CEYEHHEM

Pabora kacaercs NPOYHOCTHOH ONTAMH3ALMH YIDYTHX C JIByTaBpOBhIM CeueHMEM, MO~
BEPLHYTHX COOCTBCHABM H JKCTLIY2TAUMONHBIM HATPY3KaM. B kavecTde KpuTepHs ONTHMH3AUME
npEEST 00LEM OoNeMeNTa HAR ero Tporud- B JawHol Touke. JIOMONHHTENBHBIE YCIOBUSH
KACAIOTCA OrPANHYCHHE NPOYHOCTH (CTATHYCCKOE HANPSXEHHE HIH OT A3THOa), a Takke




480 G. SZEFER AND L. MIKULSKI

FEOMETPHUCCKHX (PA3MEPH  MONEPEIHOTO _ceuenms). JinA  PelICHHS NOCTABNCHHOH 3a1a4M
on'mmmam 6Lm UpUMEREH 3(1)(1)BKTHBHBIK MeTo,lI [Tonrpsruna. Brita paspafoTasa nporpaMmva
ns KoMObioTepa M’ npenc*rasneﬂo pemem{c ooon(x cnyqae}a IS PasHOTO BHR ocenoil
MAHAA APRH H pasibix- yCHoBUH ONODEL

TECHNICAL UNlVERSlTY OF KRAKOW
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