ROZPRAWY INZYNIERSKIE. ENGINEERING TRANSACTIONS. 3L, L, 27.-33, 1983
Polska Akademia Nauk. Instytst Podstawowych Probleméw Techniki

UNSTEADY TRANSONIC CASCADE WITH A SUBSONIC
LEADING-EDGE LOCUS

BK. SHIVAMOGGI (AHMEDABAD)

This paper devises an inviscid, linearised analysis of an unsteady tiransonic cascade
with a subsonic leading-edge locus. First, the flow in the pre-interference zone (the one
upstream of the cascade) is determined. This is then used as an initial value to determine
the flow in the region between the blades downstream of the pre-interference zone.
In deriving the solution for the pre-interference zone, the problem is first cast as an
initial-value problem. The periodicity requirement due to the cascade arrangement enables
ope to eliminate the unknown initial conditions and thus lead to the integral equations
for the velocity potentials. The infegral equations are solved® by successive approximations.

{. INTRODUCTION

The oscillatory supersonic flow past a two-dimensional cascade having
a nonzero, stagger and arbitrary interblade phase-lag angle and a supersonic
leading-edge locus was considered by Lane [1]. The approximation of
planc flow was made, ie. the blade row appears as an infinite lattice
of two-dimensional airfoils. This, of course, implies that the actual air
passage is annular and that the radius ratio of the blades is not large.

However, the iransonic-flow regime is of relevance in the design of
gas turbines since the compressor stages often operate in this speed range
and the flow in them is basically unsteady. Further, the transonic flow is
usually found to be the one most susceptible to flutter and other dynamic
instability phenomena. Motivated by the problem of unstable oscillations
of cascaded airfoils in transonic flows, the purpose of this paper is o devise
an inviscid, linearised analysis for an unsteady transonic cascade with
a subsenic leading-edge locus.

With reference t_o‘ Fig. 1, first, the flow in the pre-interference @
or the one upstream of the cascade is determined. This is then used
as an initial value to determine the flow in the region downstream of the
pre-interference zone. In deriving the solution for the pre-interference zone,

_ the problem is first cast as initial-value problem. The periodicity requirement
due to the cascade arrangement enables one to eliminate the unknown
initial conditions and thus lead to the integral equations for the velocity
potentials. The integral equations are solved by successive approximations.
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2. LINEARISED THEORY FOR AN UNSTEADY TRANSONIC CASCADE

Consider an oscillating transonic cascade with a subsonic leading edge’
‘locus. Assume an inviscid, two-dimensional flow over thin and slightly-
-cambered airfoils. Far upstrcam, the flow is stéady and parallel to the -
airfoil chord. The blades execute smali-amplitude oscillations which are harmoni¢
in time and such that the mode and phase lag between any two adjacent
_ airfoils are equal. The assumption of identical blade modes and amplitudes
but motion with equal phase lag between adjacent blades is adequate for
‘the flutter problem since one quantity of interest in the blade-row crmcal
flutter condition is the interblade phase-lag angle

One has for low-frequency transonic flows past a thin blade,

@.1). G By B =Byt 20, =0,
"o gy
: 2 =0 @,=| | Fix, 1),
@2 2= ‘(ax.Jr an) (. 1),
'_ where @ denotes the velocity potential, y the ratio of specific heats of .
the fluid, z = F (x, ) describes the blade surface, and all quantities have

‘been - nondimensionalised using the free-stream velocrty V and the blade
chord C. / :
' Let

2.3) Flo,0)=GE)+H e, kel .
so that one ‘may seck a solution of the form- o

:kI

24 - ®(x,z, 1) =D (x, z)+qo(x z)e
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‘Upon neglecting the higher harmonics, one then obtaing

.23 Pr— G+ 1) 0 9y = 05
28 =00 ¢, =G ()
and . ‘
@7 Poz— 20k, = (y+ 1) (@ @)
2.8) z=0: ¢,=H,=—-V{(x).
As shown by Shivamoggi [2], Eq. (27) can be well approximated by
2.9) Qo —(K+2ik) @, =0,
where

= ('Y+ 1) (pxxix=x*s

2.10
(2.10) x=x% @,=0

Consider the pre-interference zone @, and let
x=0 @=f(2).
Using Eq. {2.11), and Laplacc trnsforming equation (2. 9) one obtains
(2.12) : Pra— 0 § = —h(z),

where

o2 = (K +2ik) (s+ K+2'k),'
(2‘13)
h(z) = (K+2ik) f (2):
) Usmg Eq. (2.8), Eq. (2.12) can be solved to give

21 o= —1— V(s e_”—l——l—U e h i d O+
o 20

Zz

+ j =9 | (1) dt+J e () d (r)]._

0 0.
. Upon inverting, one obtains
_ - - _K+2r’k[( -—EH(“;—Z—’:
: e
215 o@= J Vg di+
- ‘ S (KA 2ik) J(x—&)
(K+21k)
,/(K+21 )J N S f %
_K+2!R) (t-}-z}2 ﬁ(K-l-lch) (Li).i

4 X +e-—?4 x.]dt.

x[e
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Now, invoking the periodicity requirement due to the cascade arrange-
ment, one has

- (2.16) o J (x—usz—n)':e_mafpl (x1+nq,zl+nd)
so that )
2.17) fe)=e"¢(g,z,+d).
Using Eq. (2.17), Eq. (2.15) gives an integral equation for ¢,
Xy {K+2'k)|:{x — &)+
e + L (, £
218) @ (xy,2)=| d¢ V(&) +
G5 eknn N rONCE
i (K+2|k)
5 ( K+21k)f —— e '“qo(q,t+d)><
7(K+2|k)(£+z,}’ (K2R =2
x[e * ™ +e ° 5] dt.
By successive approximations, this gives '
1 _(K+2ik)[(x o4 2 ]
e ¢ U7 -
219) @xi,z)= V(g ds+

O' VT (K+2ik) f(x,—&)

(K +4-2ik)

Xy

+1 e j e
2 l—e—i" ,v‘ﬂ;xi
0

(K+20R) {t+2,) (K +2ik) (£ —z.)
B 4 xp - 4 X
x{e +e ]
(K+2m {+d
K (a=0+ (g— ﬁ)]
X V(&) dE.
mlg—

Here, the series
e"ia+e—2ia+m_
has been made convergent by assigning a negative imaginary part to .,

and letting Im (¢}= 0, after the summation has been carried out.
For future use, let

(2.20). _ q(z1) = @ (g, 24).
Consider now domain ) downstream of the pre-interference zone. Upon
putting

221) Xp=x1—q, ¢ {x)=8 )
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and Laplace transforfning, Eqgs. (2.9) and (2.8) give

(2.22) Pores~F = —h(z),
(2.23) 2=0: &, = -V,
(2.24) . z1=d: Py, = —e “V{),
where '

& = (K+2il) | 5+
hizy) = (K+2ik} g (z,).
Using Eqs. (2.23) and (2.24), and solving Eq. (2.22), one obtains

K+ 2ik ) :
(2.25) '

% __ V(® e “coshdizy~coshd(z—d) |
(226) &= & sinh &d '

d

+~17[f e M () dt
. 28

z31
Z1 d

+[ eRgas [ emnoas

.0 4]

d
[ {4 DL e @ M () dt
0

— e cosh &zl].
Upon inverting, this gives
- ' : ¥ o (R 26)
e e s
(227) P (Xy,24)= —f V(é)[é e X
: (K +2ik) ;

{ Lo, 2
d J(K+2ik)  d . J(K+2ik)
7;1"1{’ -8

i ey nnz
» Z (_ 1),, e &K +2ik) cos Riiee N U
a=1 ’ d .

(K +2ik)

B 1 R { 1
V(K +2ik) ) d /(K +2ik) "

e (%)
_l)n e dH K+ 2ik) %

2 o0
i d /(K +2ik) ngl(

X 008 im(z;——d)}:, dé -+
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i e—(Kzzjk) [(’“ e, —e)]
\/n (K+2ik) /(%)

K z:k)

+—~/(K+21 )j \/_ q(t)x

K2R () (A2 2
x[e R qe W Jdtm

V&) di+

(K+21k}

m_\/m[ j { I
(K +2ik)
o nuié
+ "2 Z _1ye K+ 20k oS HTTZy } x
d (K+2lk) n=1 d

. . (K +2ik) (t—d
XJ'-B {K+2 )(- {){ (K-|-21 )(t—d) ﬁ""m-:(.i,)_(;) )+

J 2 \/ T (% —&)°
K +2ik) (t+ 4, = :(Zk) (g ’ (t) dt d¢&
+ 2 \/TE (x1 6)3 ! |

l_"he pressure jump across blade 1 is then given by
(228) p(x,07,0—p(x,0%,0)=
= M [T p ey, d7)—p (61,011 =
— 2,}) (x )e:kt

where
B 1 6 . ’ —iF P (xl’dﬁ) —
(229)  yixy)= ""{(axl ' )[e {ﬁﬁ (xlsd_)}

B (p{x1!9+) . <
#0000 T>T

Note that for the case ¢=0, one obtains the results corresponding
to the sonic leading-edge locus. This is to be expected because of the
lack of any pre-mterference in the sonic leading-edge limit.
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STRESZCZENIE

NIEUSTALONA PALISADA OKOLODZWIEKOWA Z PODDZWIEKOWA
KRAWEDZIA NATARCIA

W pracy przedstawiono sposob zZlinearyzowanej analizy nicustalone] palisady okolodzwie-
kowej z poddiwickowy krawedzig natarciz. Okresla si¢ najpierw obszar przedinterferencyjny
(w gorg palisady), ktéry sluzy nastepnie do ustalenia warunkéw poczatkowych dla prze-
plywu w obszarze migdzy lopatkami w dé] palisady. Przy okreslaniu rozwigzania dla obszary
przedinterferencyjnego zagadnienie stawia si¢ wstgpnie jako problem poczatkowo-brzegowy.
Warunek periodycznoéci umozliwia wyeliminowanie nieznanych warunkow poczatkowych
i prowadzi do réwnan calkowych dla potencjalu  predkosdci.

Réwnania te rozwigzuje sig
metodg kolejnych przyblizen.

Pr3tomMmE

HEYCTAHOBUBIUASICS OKONO3BYKOBASA {IAMHCAJA C JIO3BYKOBOH
I'PAHEH ATAKHU

B paboTe npeacTapnen cmocol TMHECAPHIOBAHHOTO aHATH3A He
KOBOH TANHACAsI ¢ LO3BYKOROH rpaneil aTaxu. CuaTama
ofracte (sBepx mamcansr),

YCTRHOBHBINSHCS OKOJI03BY-
ONPEACTEETCS PENHATePhCHUNOHHAT
KOTOPAA GAYKHT 3aTeM And YCTAHOBIEHHS HAYAJIBHMX YCIOBHH
AR TCUCHHS MEKIlY JIONACTAMH BHHU3 Tamacagwl, Ipn ompeneienmn PEIICHAA [N TIPeAUHTED-
epenmmonroll obnacTH 3amava cTapuTes NPEABAPUTEILHG EAK HAYaIRHO
YeoaoBEe NEPHOAHIAOCTH JIZET BO3MOXKAOCTh MCKTIOUSHHS HCU3BECTHBIX HE
4 IPMBOAUT K HHTErPASLHEIM YPABHEHHAM TIid NOTEHIMAIA CKOPOCTH, DTH
METOROM MOGHSAOBATENLHEIX OpHGIITKCHAI.

-KpaeBas 3anava.
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