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The study investigates various models of vehicle suspensions. A quarter-vehicle full active
suspension is chosen for further analysis. A mathematical model, governed by nonlinear differ-
ential equations, is proposed that takes into account dynamic properties of an electrohydraulic
actuator. The mathematical model being implemented, it was expressed in terms of the state
variables. In part two, the physical model was implemented and parametric identification pro-
cedure was applied. Phenomenological model simulation data are compared with results of
experimental testing of a full, active vehicle suspension. The final section is focused on static
and dynamic properties of an open-loop system (without a controller) determined on the basis
of obtained models.
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Notations

A state matrix,
B input matrix,

Bv input matrix corresponding to input v,
Bw input matrix corresponding to the excitation w,
C output matrix,
D feedforward matrix,
I identity matrix,
x state vector,

Aa effective piston area; Aa = 0.765786 10−3 m2,
b1 coefficient of viscous damping in the first DOF; b1 = 72 Ns/m,
b2 coefficient of viscous damping in the second DOF; b2 = 1161.2 Ns/m,
Cd flow discharge coefficient; Cd = 0.611 [–],

Ctm leakage coefficient; Ctm = 15 · 10−12 m5/Ns,
d spool valve diameter; d = 5 · 10−3 m,
e control error,

E fluid bulk modulus; E = 1.4 · 109 Pa,
f0i i−th natural frequency,
f0 natural frequency,
Fl leakage force,
Fp force associated with flow,
fs actuator force,
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Fsc fluid compressibility force,
h cylinder stroke; h = 0.06 m,

Im(λ) imaginary part of eigenvalue λ,
k1 stiffness coefficient in the first DOF; k1 = 37412 N/m

(predicted value k1 = 44800 N/m),
k2 stiffness coefficient in the second DOF; k2 = 8652 N/m

(predicted value k2 = 8000 N/m),
ksv voltage to position conversion factor; ksv = 0.025 · 10−3 m/V,
kz stiffness coefficient of the suspension,

l spool valve perimeter; l = 15, 708 · 10−3 m,
m1 unsprung mass; m1 = 11.5 kg,
m2 sprung mass; m2 = 86 kg,
Pd pressure in the lower chamber,
Pg pressure in the upper chamber,
Pr pressure difference,
Pz actuator supply pressure adjustable in the range 1–16 MPa;

during the tests Pz = 12 MPa,
Ql volumetric rate of leakage flow,
Qz instantaneous flow rate between the unit and actuator,
R1 flow cross-section; R1 = u1l,

Re(λ) real part of eigenvalue λ,
u1 spool displacement,

u1 max spool stroke; u1 max = 0.5 · 10−3 m,
v servovalve control voltage,

Vp volume of hydraulic hose; Vp = 80.0398 · 10−6 m3,
Vt total volume of actuator cylinder chambers; Vt = 45.9458 · 10−6 m3,
w applied disturbance (displacement of an arbitrary contact point between suspen-

sion and road surface),
y output expressed in the space of state,
z displacement of the suspension in the vertical,

z1 displacement of unsprung mass,
z2 displacement of sprung mass,
α hydraulic coefficient; α = 44.4495 N/m5,
βi angle between the i-th eigenvector and the real axis,
λi i-th eigenvalue of A,
ρ fluid density; ρ = 880 Ns2/m4,
τ spool valve time constant; τ = 2.32 · 10−3 s for Pz = 12 MPa,
ξi i-th damping ratio,
Φ nonlinear part of equation governing the actuator dynamics.

1. Introduction

Modelling of vehicle suspension is of key importance at the design stage.
When active control systems are to be applied, the mathematical description
allows the study of an open-loop system and helps in the synthesis of a con-
trol system. Accuracy of a mathematical model can be verified experimentally,
by comparing the simulation and laboratory data. For that purpose, however,
a physical model is required. This model is particularly useful whilst verifying
the control algorithm for an actuator. This study refers to the synthesis and
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verification of a mathematical model of an active suspension, with no control
systems. Hence we consider an open-loop model, with no feedback. The model
takes into account the properties of an electrohydraulic active actuator.

Vehicle suspension is a group of elements connecting the wheels with the rest
of the vehicle, and is most difficult to design. Forces generated on the wheel-
road surface interface are conveyed to the car body via the suspension. Its main
function is to ensure the adequate comfort of the ride, vehicle stability and
handling. The key elements include springs and dampers.

Springs enable the vertical movement of the suspension. The available spring
types are: rubber springs, coil springs, leaf springs, pneumatic springs, gas-oil
elastic elements, torsion bar. A vehicle equipped with springs only, is susceptible
to oscillations when encountering an obstacle. When damping elements are used,
the up and down movements of the vehicle are limited, depending on the oscilla-
tion velocity. Shock absorbers come in the form of oil-filled telescopic cylinders
that resist sudden movements.

Suspension systems can be broadly classified into three subgroups: depen-
dent, independent and semi-independent suspension systems. Passenger cars,
where the ride comfort is a priority, are provided with independent suspensions
only.

An interesting solution of an independent suspension in passenger cars is the
McPherson strut-type suspension with simplicity of design as the major benefit.
One sub-assembly operates during the ride, springing and damping of the road
wheel vibration. A coil spring concentric with the shock absorber acts as an
elastic element in this suspension.

There is a compact and separate unit for each wheel, hence an actuator can
be employed instead of a shock absorber.

1.1. Suspension model analysis

In terms of physical representation, there are the following vehicle models
with independent suspensions:

1) full 3D model,

2) half vehicle 2D model,

3) quarter vehicle 1D model.

In the full model the vehicle mass is represented by a lumped, sprung mass
and four unsprung masses, each representing a wheel. Elements of the suspen-
sion placed between unsprung masses and the sprung mass are represented by
springs and dampers, featuring reduced stiffness coefficient and viscous damp-
ing. Tires are modelled as springs with reduced stiffness ratio. Most tire models
take into account the damping, J.A. Levitt [9] analyses the influence of a small



250 J. KONIECZNY

but nonzero relative damping term in the tire model (ξ ≈ 0.02–0.05). Further
damping reduces the vibration acceleration in the vertical direction by nearly
30%. The considered structure has 7 DOFs and enables the modelling of suspen-
sion’s vertical displacement, pitch and roll of the vehicle body, and four vertical
displacements of each of the wheels. Actually the model describes the behaviour
of the system in all three planes. In active systems it is utilised to the synthesis
of a master controller driving the whole suspension.

A half-vehicle model with 4 DOFs is frequently employed, too. The model
takes into account longitudinal rolling, vertical displacements of the suspension
and displacements in the vertical direction of the front and rear wheels. This
model might also represent a half-suspension in the lateral direction, taking into
account pitching, vertical displacements of the suspension and displacements in
the vertical direction of the right and left wheel. No matter which plane, it will
always be a 2D model with 4 DOFs. In the case of active suspensions controlling
the vibrations of a vehicle represented by a quarter-car model, the synthesis of
the controller should take into account the swaying effect (pitching or rolling).

A quarter-vehicle model featuring 2 DOFs is shown in Fig. 1.

Fig. 1. Quarter-vehicle full active suspension.

Similarly to previous models, this model utilises the reduced stiffness coef-
ficient of the suspension k2 and the tire k1 and the reduced viscous damping:
of the suspension b2 and the tire b1. The mass m2 is a reduced mass applying
the load along one axis. It is a sprung mass and, as mentioned previously, the
main function of the suspension is to maximally reduce its vibrations. The mass
m1 is called unsprung, representing chiefly the mass of a wheel and elements of
the suspension. Variables z2, z1 and w stand for vertical displacements in the
neighbourhood of the equilibrium point of the sprung and unsprung mass, and
a given contact point between the tire and the road surface. This structure is
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widely used in testing the control algorithms and actuators for the purpose of
synthesis of active systems.

For clarity and comparability of research data, a quarter-vehicle model is
chosen for further analyses. Besides, this structure enables the data verification
in the existing laboratory setup. The model in Fig. 1 is provided with an actuator
generating an active force fs.

One can envisage several ways of placing an actuator in single-axis vibra-
tion isolation systems, yet the only structures to be employed in passenger cars
with independent suspensions are full and slow active structures. Their major
advantage is that they go on working (though in a limited degree) when an ac-
tive system should fail. The main difference lies in that actuators in full active
systems be designed such that their failure should not make them more rigid. In
the case of slow active systems, an actuator failure should make it more rigid.

Full active suspensions, referred to as broadband or parallel structures, re-
quire an actuator operating in a wide frequency range (from 0 to 10–15 Hz).
Broadband mode of the operation of the active system leads to major energy
consumption. Its main advantage, on the other hand, is that no extensions of
the suspension strut are required.

Slow active suspensions, known as narrow-band or limited-band, enables the
actuator operation in the range of the first natural frequency of the suspension
(from 0 to 3–4 Hz). It appears that this should reduce the external power de-
mand in relation to parallel systems. The main drawback of suspension systems
complete with an actuator mounted serially behind the spring is that the height
of the suspension column has to be doubled. In order to retain the same stroke
of the slow and full active suspensions, the stroke of the spring and actuator
must be equal to the designed stroke of the suspension. Another disadvantage
is that such suspensions are most sensitive to variations of the sprung mass,
which might lead to unstable operation of the system when a spring is applied
with a small stiffness coefficient. On account of low-frequency range of actuator
operation, this structure is widely used to eliminate vibrations due to pitching
(during braking or accelerating) and rolling (for example whilst cornering) [16].

That is why most active systems in vehicle suspensions have a parallel struc-
ture and this structure is analysed in this study. Physical implementation of such
suspension consists in replacing a shock absorber by an actuator.

1.2. Actuators in vehicle suspensions

Electro-fluid actuators are widely employed as active force generators in con-
cept of the active vehicle suspensions. In widespread use are hydraulic cylinders
controlled by servovalves and electro-pneumatic elements utilising the compress-
ibility of gas, which adds an extra elastic element to the system. Pneumatic
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elements act as actuators in systems with ON/OFF controllers (rigid suspension
– separated pneumatic chamber, soft suspension – added pneumatic chamber).
Of particular interest are systems with linear electromagnetic motor. However,
such actuators utilise permanent magnets and as it is necessary to generate suf-
ficient force to lift the vehicle, their mass has to be very large. Another factor
that precludes their widespread use is high cost associated with small-scale pro-
duction of such elements.

This study explores electro-hydraulic actuators as they are most popular, at
the same time satisfying the specified requirements in terms of force and stroke.
Another reason why this particular actuator was selected is easy availability of
the working medium in mechanical vehicles. The complete actuating system has
a number of interacting hydraulic, electro-hydraulic and electronic assemblies.
The main components include: a hydraulic feeder, a filtering unit, accumulator,
servovalve, protecting and correcting elements, a hydraulic cylinder and control
unit.

Fig. 2. Hydraulic cylinder with a control servovalve considered in the present study.
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A servovalve is an electrohydraulic proportional divider controlling the hy-
draulic cylinder, it interacts with the control unit and, apart from the cylinder
itself, becomes the key element that determines the dynamics of the whole elec-
trohydraulic actuator assembly. A hydraulic cylinder with the servovalve consid-
ered in this study are shown in Fig. 2.

The measurement and control circuit comprising a number of transducers,
a digital data processing unit, A/D and D/A modules and signal conditioning
modules ought to ensure the adequate rate of signal processing and acquisition,
if necessary.

The magnitude of force and displacements to be generated depends chiefly on
geometric parameters of the hydraulic cylinder. The main function of the cylinder
is to transmit mechanical energy to the suspension system in accordance with
the selected control algorithm.

Protecting and correcting elements are of major importance too, as they
prevent rapid pressure surges and associated hazards, which might lead to the
system failure.

Dynamic properties of an active vibration reduction system depend not only
on the actuators; the control system is another component that regulates the
system dynamics (and hence the vibration isolation performance) and ensures
a correct operation of the actuator.

2. Synthesis of a mathematical model

2.1. Mathematical model of an actuator

A hydraulic cylinder controlled by an electro-hydraulic servovalve is placed in
parallel to the springs and a viscous damper, between the unsprung and sprung
masses. It generates an active force fs, whose main function is to minimise the
displacement of the sprung mass m2 with respect to an external reference sys-
tem. The applied double-action cylinder with a two-sided rod is a special de-
sign. To minimise the resistance due to friction between its mobile elements,
specially chosen sealing systems are applied in the rod and pilot sleeves. It is
controlled by a double-stage four-way flow-control servovalve, 4WS2EM-type
(601X/20 Rexroth). The servovalve is made in the standard version with me-
chanical feedback and zero overlap. Equations of actuator dynamics are derived
on the basis of a diagram shown in Fig. 3.

Spool position control u1 allows the liquid stream to be supplied from the
source to one of the chambers in the cylinder and removed from the other cham-
ber to the oil reservoir. The pressure difference Pr in chambers causes the working
fluid to flow. Multiplying this pressure difference by the effective piston area Aa

yields the actuator force fs.
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In order that the model should be expressed in the simplest terms at the
same time retaining the vital properties of a real object, certain assumptions
have to be made:

• the investigated system has lumped parameters,

• due to the presence of a large reservoir of the working fluid and the applied
methodology, the effects of temperature on dynamic properties of an active
system are neglected,

• temperature of the medium supplied to the system equals that of the
medium inside the system,

• on account of the applied sealing strategy, the resistance force in a cylinder,
associated with dry friction, is neglected,

• the flow in the system is turbulent, and continuity of the stream of working
medium is maintained,

• conduits connecting the elements of the system are stiff and short and
pressure loss of the flowing medium is negligible.

Fig. 3. Schematic diagram of active hydraulic element.

The dynamics of the system is written as an equation of force equilibrium

(2.1) fs = Fp − Fsc − Fl,

where: Fp – force associated with flow, Fsc – force of fluid compressibility, Fl –
leakage force.
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To derive the equation of state of a full active quarter-vehicle model complete
with an actuator, the Eq. (2.1) is differentiated in the time domain yielding the
derivatives of force components

(2.2) ḟs = Ḟp − Ḟsc − Ḟl .

Force of compressibility is obtained directly from the following equation [11]:

(2.3)
Fsc

z2 − z1
=

4EA2
a

Vt + Vp

where: z2−z1 – piston displacement relative to the cylinder, E – fluid bulk mod-
ulus, Vt – total volume of actuator cylinder chambers, Vp – volume of hydraulic
hose.

A coefficient α =
4E

Vt + Vp
is used to describe hydraulic parameters. Accord-

ingly, we get

(2.4)
Fsc

z2 − z1
= αA2

a .

Differentiating Eq. (2.4) with respect to time yields a formula expressing the
derivative of the fluid compressibility force

(2.5) Ḟsc = αA2
a (ż2 − ż1) .

The equation of flow is written as

(2.6) Aa (ż2 − ż1) = Ql ,

where Ql – volumetric flow, governed by the formula

(2.7) Ql = CtmPr ,

where Ctm – leakage coefficient.
Directly from Eq. (2.6) and using Eq. (2.5) and (2.7), we get

(2.8) Ḟl = αAaCtmPr .

The equation of flow between a symmetrical cylinder and a four-way servo-
valve is given by formula (2.9) [15]

(2.9) Aa (ż2 − ż1) = R1Cd

√

Pz − sign (u1)Pr

ρ
,

where: u1 – spool displacement, R1 – flow cross-section, R1 = u1l (l – spool
circumference equal πd, d – spool valve diameter), Cd – flow discharge coefficient,
for turbulent flow Cd = π/π+ 2 = 0.611, Pz – supply pressure, ρ – fluid density.
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Multiplying both sides of Eq. (2.9) by the derivative of force Fp and making
use of Eq. (2.5), we get

(2.10) Ḟp = u1lαAaCd

√

Pz − sign (u1)Pr

ρ
.

Substituting Eqs. (2.5), (2.8), (2.10) into Eq. (2.2) expressing the derivative
of the control force, yields

(2.11) ḟs = u1lαAaCd

√

Pz − sign (u1)Pr

ρ
− αA2

a (ż2 − ż1) − αAaCtmPr .

Quantities u1, Pr, ż2 ż1 are time-dependent, other coefficients have constant
values given in the Nomenclature section.

A relationship is also provided between the control force and the pressure
difference, expressed by the formula

(2.12) fs = PrAa .

Spool position u1 is controlled by the current level in coils of the servovalve
motor. Hence, the spool dynamics can be approximated by a differential equation
of the first order

(2.13) τ u̇1 + u1 = ksvv ,

where: τ – time constant of the servovalve, ksv – voltage-to-position conversion
factor, v – servovalve control voltage.

This approximation appears to be sufficiently accurate for frequencies up to
50 Hz [3, 7, 14].

Equations (2.11)–(2.13) underlie the mathematical model of a vehicle sus-
pension, complete with a electro-hydraulic actuator shown in the space of
state.

2.2. Quarter-car model

Figure 1 shows a parallel quarter-car model of a vehicle, with lumped para-
meters. This is a 2 DOF model. The first DOF associated with mass m1 applies
to the part representing the wheel and tire. The mass of the wheel is unsprung.
The second DOF – associated with the mass m2 – applies to the car body mass
with passengers. This mass is referred to as sprung. The main function of the
analysed system is to minimise the vibrations of the mass m2, is spite of distur-
bances caused by road roughness.
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The model uses the following designations:
v – input – servovalve control voltage, which directly controls force fs,
w – input – can be treated as disturbance due to road irregularities,
z2 – displacement of the sprung mass.
Equations of motion of the unsprung mass m1 and sprung mass m2 in the

neighbourhood of a equilibrium point are written as Eqs. (2.14) and (2.15):

(2.14) m1z̈1 + b2 (ż1 − ż2) + b1 (ż1 − ẇ) + k2 (z1 − z2) + k1 (z1 − w) = −fs

(2.15) m2z̈2 + b2 (ż2 − ż1) + k2 (z2 − z1) = fs .

On account of the available capacity of the laboratory facilities, the maximal
mass to be mounted is taken to be m2 = 86 kg. The unsprung mass is taken as
small as possible: m1 = 11.5 kg, comprising a light aluminium platform (for the
purpose of assembly), guiding and fixing elements.

The ratio of unsprung to the sprung mass is roughly 0.13. Parameters of
passive elements were chosen such that natural frequencies of damped vibra-
tions should coincide with those of a real system – around 1.5 Hz and 11 Hz
[2, 5, 8, 13, 17].

2.3. Phenomenological model of a open-loop system

Underlying the synthesis of a phenomenological model are the physical laws
governing the kinematics of a suspension, and the equation of force and flow
equilibrium in a hydraulic actuator.

The model of a full active suspension is expressed in the form of state and
output equations. To derive the equation of state, recall Eqs. (2.11), (2.13)–
(2.15).

State variables are expressed in the form of Eq. (2.16):

(2.16)
x1 = z2, x2 = ż2, x3 = z2 − z1, x5 = Pr =

fs

Aa
, x6 = u1 ,

x4 =

∫ [

−
(

k2

m2
+
k2

m1

)

·(z2−z1)+
k1

m1
·(z1−w)+

(

Aa

m2
+
Aa

m1

)

· fs

Aa

]

dt .

The first three variables of state are the displacement and velocity of the
sprung mass and displacement of the sprung mass in relation to the unsprung
mass. These parameters are measurable and adequately describe the system
dynamics, hence they can be well used as feedback signals. State variable x4 is
derived after transformations of Eqs. (2.14), (2.15). This part is not utilised to
derive other state variables. Variables x5, x6 describe the actuator dynamics,
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representing the pressure difference in the chambers and spool displacement
obtained from Eq. (2.13).

A nonlinear part Φ (Eq. (2.18)) is isolated from Eq. (2.11) such that matrices
A and B in the state equations should contain linear terms only.

For thus defined variables, the state equations are written as:

(2.17)

















ẋ1

ẋ2

ẋ3

ẋ4

ẋ5

ẋ6

















= A ·

















x1

x2

x3

x4

x5

x6

















+ B ·
[

v
w

]

+ AΦ · Φ, y = C ·

















x1

x2

x3

x4

x5

x6

















where:

A =













































0 1 0 0 0 0

− b1 · b2
m1 ·m2

0
b2
m2

·
(

b1
m1

+
b2
m1

+
b2
m2

)

− k2

m2
− b2
m2

Aa

m2
0

b1
m1

0 −
(

b1
m1

+
b2
m1

+
b2
m2

)

1 0 0

k1

m1
0 −

(

k1

m1
+
k2

m1
+
k2

m2

)

0
Aa

m1
+
Aa

m2
0

−Aaα
b1
m1

0 Aaα

(

b2
m2

+
b2
m1

+
b1
m1

)

−Aaα −Ctmα 0

0 0 0 0 0 −1

τ













































,

B =











































0 0

0
b1 · b2
m1 ·m2

0 − b1
m1

0 − k1

m1

0 Aaα
b1
m1

ksv

τ
0











































, C =
[

1 0 0 0 0 0
]

, AΦ =
[

0 0 0 0 1 0
]T
,

(2.18) Φ = αlCdx6

√

Pz − sign (x6)x5

ρ
.
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Both v and w are inputs, yet the displacement w is treated as disturbance
while v is the control voltage. Accordingly, the matrix B can be transformed:

(2.19) Bv = B ·
[

1
0

]

, Bw = B ·
[

0
1

]

.

The equations of state will be rewritten as:

(2.20)
ẋ = Ax + Bvv + Bww + AΦΦ,

y = Cx,

where v and w are scalar quantities.

2.4. Linearising of the phenomenological model

The nonlinear model is approximated with the linear one in the neighbour-
hood of its working point. The method was applied whereby the nonlinear part
of the equation of state 2.20 was expanded in the Taylor series. The working
point is taken as the spool mid-position and the pressure difference (x60 , x50)
equal to zero, as in the static state the spool mid-position is associated with
pressure equilibrium in the cylinder chambers. Thus the assumed working point
does not cause the state variables to be shifted, since the value of the function
at the working point is zero.

In the low frequency range of operation of the vibration control system (up
to 20 Hz) and hence of the servovalve, an assumption is made that the negative
value of the spool position x6 corresponds to a negative pressure difference in the
chambers, the positive value of the spool position is associated with the positive
pressure difference. Assuming that the sign function is given as

sign x =







−1 for x < 0
0 for x = 0
1 for x > 0

Equation (2.18) can be rewritten as

(2.21) Φ = αlCdx6

√

Pz − |x5|
ρ

.

It is readily apparent that the function Φ is continuous at the specified work-
ing point and can be thus linearised. Accordingly, Eq. (2.21) can be expressed as

(2.22) ∆Φ =

[

∂Φ (x5, x6)

∂x5

]

x50

·∆x5 +

[

∂Φ (x5, x6)

∂x6

]

x60

·∆x6 .
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The calculations were performed:

[

∂Φ (x5, x6)

∂x5

]

x50

=









−1

2
αlCdx6

1
√

Pz − |x5|
ρ

· sign (x5)

ρ









x50

= 0,

[

∂Φ (x5, x6)

∂x6

]

x60

=

[

αlCd

√

Pz − |x5|
ρ

]

x60

= αlCd

√

Pz

ρ
.

The continuity condition of the partial derivative of the function Φ at the
working point was checked. Hence, substituting into Eq. (2.22) yields a linearised
form of Eq. (2.18)

(2.23) Φ = αlCd

√

Pz/ρ (x6 − x60) = αlCd

√

Pz/ρ x6 .

Alternatively, a numerical procedure can be applied to linearise Eq. (2.18).
Knowing the applicable range of the function of state variables x5, x6, one can
generate input data vectors x5, x6 and an output vector Φ, basing on a nonlinear
equation. The numerical data are then written as an equation of linear regression
of two input variables, which allows the nonlinear function Φ to be approximated
with a linear equation in the predetermined range of state variables. This problem
was solved using the Matlab package. Regression coefficients were found, hence
Eq. (2.18) can be replaced by function (2.24) that captures state variables in the
interval x5 = ±7 MPa and x6 = ±0.25 mm:

(2.24) Φ = −341.2 · x5 + 4.666 · 1013 · x6 .

Fig. 4. Comparison of plots Φ(x5) and Φ(x6) obtained basing on nonlinear equation and
equations linearised by the two methods.
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Figure 4 shows representation of a nonlinear Eq. (2.18) by linearised
Eqs. (2.23), (2.24). In order to establish how linearisation should affect the dy-
namic properties of the object’s model, amplitude-frequency characteristics were
obtained: 20log10(z2/v) and 20log10(z2/w) (Fig. 5).

Fig. 5. Comparison of amplitude-frequency characteristics of sprung mass displacement
relative to inputs to the nonlinear model and linearised model.

These confirm that representation of a nonlinear model by a linear one is
correct throughout the whole investigated frequency range.

Underlying the mathematical model are relationships defining the properties
of open-loop models, so the model can be expressed in a linear form. Synthesis
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of this model allows for finding physical relationships describing the model of
a structure. State variables were selected that well portray the dynamic proper-
ties of the investigated structure. Comparison of response times of the phenom-
enological model and that obtained in the procedure of identification against
response times of a laboratory, the physical model enables us to verify the ade-
quacy of identification procedure.

3. Identification of the parametric model

The identification method consists in finding the coefficients in the first-order
differential equations governing the system dynamics. The multi-dimensional
linear regression method is applied. During the laboratory tests the physical
model of a parallel structure was subjected to random excitations, fed to both
inputs. The registered parameters include: preset kinematic excitation w, preset
control voltage to the servovalve v, outputs: displacement of the sprung mass z2,
displacement of the unsprung mass z1, pressures in the cylinder chambers Pd, Pg,
actuator supply pressure Pz, instantaneous flow rates Qz between the supplying
unit and actuator. The acquired registered signals were pre-processed, which
involved re-scaling, trend removal and elimination of high-frequency components.
Derivatives of the acquired signals were obtained, too.

Basing on the created phenomenological model and other models available
in the literature on the subject [5–7, 17–20], the following physical variables are
selected as state vectors that describe the investigated object: x1 = z2, x2 = ż2,
x3 = z1, x4 = ż1, x5 = Pr = Pd−Pg. The sixth variable of state is the derivative
of work performed by the unit supplying the actuator x6 = PzQz. Hence, x6

becomes the measure of power absorbed from the unit. Thus the defined variables
form a matrix X, containing measured time series of state variables and time
series of control variables v, w. The vector of parameters is estimated using the
least square method, given by Eq. (3.1)

(3.1) β̂ =
(

X
T
X

)−1
X

T ẋn ,

where n = 1, 2, ..., 6.
The procedure of identification of the parameters vector utilises a dedicated

computer program developed in Matlab. The parametric model of a quarter-
vehicle suspension obtained from identification is governed by the equations:

(3.2)
ẋ = Ax+ B

[

v
w

]

,

y = Cx,
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where

A =

















0 1 0 0 0 0
−231 −46 23 40 2504 −401800

0 0 0 1 0 0
305 50 −1248 −77 −3493 596600
2 −1 −6 1 −53 10220
0 0 0 0 0 −1

















, B =

















0 0
4442 212

0 0
−6879 949

47 4
0 0

















,

C =
[

1 0 0 0 0 0
]

.

3.1. Model verification in the laboratory setup

The mathematical model was verified in the laboratory setup. The duly im-
plemented of the suspension was subjected to kinematic excitations of square
wave-form. Sine signal of frequency linearly increasing in time from 0.063 to
40 Hz was fed to the other input (voltage driving the actuator servovalve). The
transition from the initial to the final frequency lasted 40 s. Input signals of dif-
ferent amplitudes were applied in the experiments, both input and output signals
(displacement of sprung mass) were acquired. Figure 6 shows the time histories
collected for the amplitude of excitations ±10 mm, control voltage amplitude
±3 V and response times of the phenomenological model and that estimated for
the predetermined displacement w and voltage v.

Fig. 6. Comparison of time responses of the: laboratory, phenomenological and estimated
model for the set value of the displacement w and voltage v.

Both the phenomenological and estimated models well emulate the shape of
the output signal from the object. The phenomenological model performance in
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the high frequency range seems to be inferior. This model could be optimised
through the tuning of parameters such as servovalve amplification gain, leakage
between the chambers and geometric parameters of the spool. Since the model
was used only to verify the estimated model and to find the process variables
that control the object’s dynamics, the test results are taken as satisfactory.
The estimated model agrees better with the laboratory model and it takes into
account the power consumed by the actuator. On account of above advantage,
this model was selected for the synthesis of the control system.

Similar correspondence is obtained when simultaneous random excitations
are applied on the inputs w, v. Utmost care must be taken to ensure that these
signals should be non-correlated.

4. Dynamic properties of the open loop model

Dynamic properties of the open loop model of a full active structure can be
determined on the basis of the model obtained from identification. Similarly to
the synthesis of a phenomenological model, the control matrix B in the identified
model has two components: Bv, Bw, corresponding to two inputs to the system:
control input v and excitation w. Equation (3.2) can be rewritten as:

(4.1)
ẋ = Ax + Bvv + Bww,

y = Cx.

Figure 7 shows a block diagram of quarter-vehicle suspension model associ-
ated with Eq. (4.1).

Fig. 7. Block diagram of the vehicle suspension model.

Characteristic equation for the matrix A is derived from the formula

(4.2)
|sI − A| = 0 ,

s6+177s5+15713s4+300095s3+6612388s2+14887015s+8559185=0 .
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Solving Eq. (4.2) yields the eigenvalues of the matrix A:

λ1 = −1, λ2 = −1.439,

λ3 = −7.495 + j20.570, λ4 = −7.495 − j20.570,

λ5 = −79.786 + j77.775, λ6 = −79.786 − j77.775.

Eigenvalues placement on the complex plane is shown in Fig. 8.

Fig. 8. Eigenvalues placement on the complex plane.

For each eigenvalue the natural frequency f0 and the damping ratios coeffi-
cient ξ are derived from Eqs. (4.3) and (4.4):

f0i =
|λi|
2π

=

√

Re2 (λi) + Im2 (λi)

2π
,(4.3)

ξi = cos (βi) ,(4.4)

where βi denotes the angle between the eigenvector and the real axis in the co-

ordinate system. It is obtained from the formula βi = arctg

(

Im (λi)

Re (λi)

)

. Natural

frequencies and damping ratios coefficients computed for the eigenvalues of the
matrix A are:

f01 = 0.15915 Hz, ξ1 = 1,

f02 = 0.22894 Hz, ξ2 = 1,

f03 = f04 = 3.4843 Hz, ξ3 = ξ4 = 0.34234,

f05 = f06 = 17.733 Hz, ξ5 = ξ6 = 0.71607.
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Fig. 9. Suspension step response (0.1 m) without controller.

Figure 9 shows the response of an open-loop system to a step of 0.1 m, Fig. 10
shows the amplitude-frequency characteristics in relation to the excitation w.
This is an equivalent of the transfer function defined as the ratio of vibration
amplitudes at the output y = z2 to that at the input w, expressed in dB, for the
frequency range 0.1–100 Hz.

Fig. 10. Vibration displacement transmissibility in the function of frequency.

Characteristics (Figs. 9, 10) are based on the simulations of the identified
model under the actuator control voltage equal to zero (v = 0). The designed
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controller should reduce the vibration amplification in the neighbourhood of res-
onance frequency f0 = 3.4843 Hz and reduce their displacement transmissibility
in the whole frequency range.

From the standpoint of vibration control performance, the transmissibility
characteristics is the key measure of quality of the vibration control system.
The amplitude-frequency characteristic of the output z2 in relation to the input
v (servovalve control) agrees well with that obtained for the phenomenological
model shown in Fig. 5.

5. Conclusions

Properties of actuators generating active force in vibration reduction sys-
tems in vehicles are neglected in most models used for the synthesis of control
systems. These properties are often assumed to be those of a proportional el-
ement. However, taking them into account in a suspension model allows us to
evaluate nonlinear features introduced by this very element. In the case of an
electrohydraulic actuator, linearisation of the suspension model (in the effective
range of state vector variations) does not bring about any major changes that
would preclude its use. Both the phenomenological model and that obtained
from identification correctly portray the static and dynamic properties of the in-
vestigated object. The estimated model agrees better with the laboratory model,
furthermore it enables us to evaluate the power consumption by the actuator.
The component of the state vector in this model is defined as the power absorbed
by an actuator from the supply source. In this approach, power consumption by
an actuator and vibration isolation performance can be determined already at
the stage of design of the control system. It is a well-established fact that high
energy consumption in active vibration control system is the key reason why
these systems are rarely employed, so the model proposed by the author might
be used in synthesis of a system with lower demands for external power.
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