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SIMPLIFIED CRUSHING ANALYSIS OF THIN-WALLED COLUMNS
AND BEAMS

W. ABRAMOWICZ (WARSZAWA)

An approximate method is developed for calculaling the strength and energy absorption of
thin-walled beams and columns witl, rectangular, square, closed-hat and “u” shape cross sections.
Three basic deformation mechanisms are distinguished and the mean cr ushmg foice and bending
resistance is determined. The present solution is compared with existing experimental data, iIn
all cases good agreement is obtained.

1. INTRODUCTION

The purpose of this paper is to develop approximate formulae for the crushing
strength and energy absorption of thin-walled columns and beams with various
shapes of the cross section. A direct motivation for undertaking the present research
was to gel more accurate prediction of the response of major components of motor
vehicles, buses, trains, aircrafts and ships during collisions.

When a thin-walled structure 'is subjectéd to compre'ssive loads, usually the
buckle globaiiy (Euler Instabthty) while in shorter columns or bedms local buckling
is observed. In this paper we shall be concerned only with local formq of plastic
instability. Plastic deformations are not spread uniformly over the buckling zones
but are confined to rather narrow strips, called hinge lines, where strains and strain

rates usually reach high magnitudes, Depending upon the degree of symmetry
~and loading conditions, a more or less regular pattern of wrinkles and folds is
formed. The overall behaviour of local plastic buckling can be conveniently de-
scribed through a kinematic approach, i.e. assuming a certain collapse mechanism,
The collapse mechanisin usually involves one or several free parameters which
are then determined from the postulate of minimum plastic work or minimum
external force, A rigid-perfectly plastic material idealization is introduced and the
Tresca yield condition is used.. .

There is extensive literature [I, 2, 3, 4, 12, 13, 14) concerning compression of
thin-walled columns with rectangular, square and hat cross-sections (Flg 1). Similar
experiments on bending of glosed-section beams were reported in Ref, [3, 6, 14, 15].
Corresponding tests on open section beams do not appear to have beepn published.
The present author performed a preliminary series of experiments [9] in which
- the u section beams (Fig. 2) were subjecied io bending in two directions, These
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Fig. 1. Types of test pieces.

Fia. 2. U-section beam, notation.

tests were aimed at determining the mechanism of local plastic collépse ; the moment-
_rotation characteristics at the generalized plastic hinge were not recorded. .

The observed crumpling mechanism is used in this paper to obtain a new appro-
ximate solution for the bending resistance of U/-section beams. Also, existing solut-
ions concerning bending and compresion of closed section members are revised '
and improved to get a unified treatment of the crumpling process of a whole class
of structural members used in engincering practice. '

2. LOCAL BUCKLING MODES IN THIN-WALLED CRUSHED MEMBERS.

2.1. General considerations

Consider first a box section member crushed between parallel plates. For a
sufficiently long member the deformation process proceeds’ progressively. Once
the first fold is formed cither,by a natural plastic buckling or pre-buckling process
(Fig. 3), then the member continues to collapse in the same manner and with the
same wave length (24) as the panel that first buckled (Fig. 4). This collapse mode
is a furiction of section configuration (see Fig. 5). In all experiments on box section
members performed by the present author [12], the wave length (2/) was found -
to be equal approximately to one quarter of the length of the shorter side h=b/4.

This observation agrees with the results reported in the _Iiteraturé_ L3




Fi1G. 3. Formation of the first fold in crushed Fra, 4. Partially cru_shed thin-walled metal
thin-walled metal column. ~ . ) column,

F1G. 5. Typical collapse modes of columns with various cross sections,

FIG-. 6. Bending process of beam clamped Fia. 7. Collapse, mechanism of the closed-section
at .one end, . rectangular column,
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Fic. 8. Final shapes of local buckling process of U-section beams ‘(“i;]ward bending™),

Fic, 9. Gencralizéd plastic hinges in “inward bending”.

Frg. 10. Final shapes of local buckling process in U-section beams (“outward bending™).




SIMPLIFIED CRUSHING ANALYSIS OF 'I‘HIN-WALLED COLUMNS AND BEAMS )

yv" Fro. 11, Generalized plastic hinges in “outward bending™.

In the bending process of beams clamped at one end and subjected to the con-
centrated force at the other one (Fig. 6.), plastic deformations are confined to a
rather narrow portion of the beam where the so-calied generalized hinge is formed.
The collapse mechanism of closed-section rectangular columns suggested by expe-
riments is shown schematically in Fig. 7.

It should be noted that some authors proposed more complicated kinematics
of the local buckling process (see ref, [, 61); the resulting, analysis is, however,
much more complicated and does not introduce any noticeable improvement to
thc theory.

In the bending process of open section members one has to distinguish between
two directions of bending. By “inward bending” we understand bending of a U-
-section beams in which the web is subjected to tension.

In the “inward bending” of U-section beams a similar shape of local bucklmg
as in closed section-beams is observed, (Fig. 8). A more detailed picture of the
location of plastic hinges is shown in Fig. 9.

Bending in the opposite direction, called an “‘outward bending”, produces
a very simple collapse mechanism where the positions at plastic hlnges are shown
in Figs. 10 and 11. .-

2.2, Kinematics of the collapse process of columns and beams '

The crushing process of shell structures is in general quite complicated. As
shown in the preceding section comprsssed columns and bent beams exhibit focally
various forms of plastic buckling. One can distinguish several characteristic features
of the collapse process of thin shells, the most important ones are:

(i) Formation of localized zones of plastic flow along the so-called hinge lines.
- (i) Variable position of hinge lines. The hinge may travel leaving a complica-
ted pattern of folds with sharp changes of curvature or may stay in the same po-
sition during the whole process. ;
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(iii) Each separate fold line lies always in a certain plane and remains in it as
the. deformation process goes on.

(iv) The bending deformation is predominant with very little extension of the
shell middle surface. Thus the inextensibility of the deformation can be assumed,
which in terms of mathématics can be referred to as an isometric transformation
of 2 middle surface of the shell.

The foundations of the respective mathematical theory were laid by PoGorisrov
[10, 11]. The formalism developed by this author appears to be partlculary suited
for analysing the crumpling process of shell-structures. In the present paper a simple
class of isometric transformations of middle surface is introduced. This transfor-
mation eonsi‘sts of a system of s{ationary and moving straight hinge Iines and plane
trapezoidal, triangular and rectangular surface elements. Examples of isomettic
transformations and general geometrical relations of the already mentioned struc-
tures are shown in Figs. 7 and 12-16. Figure 12 presents an isometric model of the
progressive crushing of a column with a hat-cross section (there only a part of the
column with a length 24 1s presented)

The lines ab, be, @’ b', b’ ¢’, etc, are stationary hmge lines whlle lines 20", la
ete. are the moviag hmge lines,

Figure 13 presents three stages of the collapse of columns with square- and
rectangular cross sections, The only difference here is that pomt 3 moves in an
opposite direction than in hat sections.

Figure 14 shvws an intermediate stage of the crushing process of columns and
describes the notation used. The following relations- follow from the kinematic
considerations:

X)) " B Bi|=hsin@,

(2.2) : ' sin @=tg ¥,
(2.3) _ S=2k (1—cos 6) .

An idealization of the bending of a beam with closed cross sections is presented
in Fig. 7. Here the segments AC, A" C'’, CC", etc. represent stationary hinge
lines, while the segments AB, A'' B, BC, BC”, etc. are moving hinge lines.

The same mechanism, is activated in the “inward bending” of U-section beams
(see Figs. 9 and 15). The geometrical parameters are related by

2.4 cos @=1—-2Asin ¥,
(2.5) a=®—Y, whete A=ajb.

In the case of the “outward bending of a U-section beam on]y'stationary 'hinge_
lines are formed (Fig. 16). From the assumed mechanism of local buckling it is
easy to derive the relations between o, f§, ¢, and & .

1 go)
(26) COSﬁ—(m ig o'.)tg (0'. —‘—2— 3

—~

0 elthand
(2.7 sm?—ctgatioc 7|




Fig. 12. Isometric models of the progressive crushing of hat section column.
[111




F1a. 13, Isometric models of the progressive crushing of square section column.
' 12]
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side).

Fia, 15, Collapse mechanism of “inward bending” of U-section beam.
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Fic. 16, Collapse mechanism of U-section beam (“outward bending™),

3. BASIC MECHANISMS OF ENERGY DISSIPATION IN THE LOCAL PLASTIC BUCKLING

In the collapse process of a shell structure described by isometric transformations
of the middle surface, it is possible to distinguish three basic mechanisms of plastic
deformations and write down expressions for the éorresponding rates of energy
dissipation: ' _

() Bending about stationary hinge lines. The corresponding rate of energy
dissipation is 4 '

(3.1) : 4 dE, =M, 481,
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where My=(o, t7)/4 is a fully plastic moment per unit lepgth,-&o is the yield stress
of the material and ¢ denotes the wall thickness; @ is the rotation angle and / denotes
the length of hinge (in general / may be a function of @ or other parameters).

(i) Bending about moving hinge lines is frequently called the roliing type of

deformations (Fig. 17). The corresponding rate of energy dissipation is

dsS

in which R is the rolling radius and S denotes the area of the roiling strip. Details
of calculations are given in Ref [8].

Fi. 17. Mechanism of the roHing deformation.

(iii} Reverse bending (corner deformation). It is seen from Fig. 18 that when

" the corner point is advanced through an infinitesimal distance dx, the side panels
are bent through an angle y=y,—y,=46 (Fig. 19). The corresponding rate of
energy dissipation is equal to 7 :

(3.3) dE =M, vdx .

!
This type of middle surface isometric deformation was first described by N. Ava
“et gl [2] in 1973, Tt is a first attempt to describe the comphcated mechanism of
corner deformation which actually is mot isometric.

The assumption aboui the constant rolling radius along 'thc moving hinge
lines is clearly not compatible with the assumed inextensible deformation of the
corner. The purely inextensible deformation mode nlewtably leads to the material
" discontinuity at the corner point. . :

Work is in progress to take into account the extenswn of the shell middle surface
during the advancement of two adjacent hinge lines, Cleaﬂy, the shell extensions
result in a dissipation of some additional energy Thus the present analysis which
completely ignores stretching deformatlons TSt underestimate the dlsmpated
plastic work. 5 R




Fic. 18, Mechanism of the corner deformation. , )
[15E
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Fig. 19, Bending of side panels during comer\clefﬁrmation. .

4, MEAN CRUSHING STRENGTH OF COLUMNS

The energy dissipated during the ci'umpling ot the colﬁmn (E,) is a sum of
energies due to bending, rolling and corner deformation. Since the formation of
local buckles is repeatable, it suffices to consider only one wave-length, thus:

L@4.1) S E.—= f' dE,+ f dE, + decb.
0 0~ O

Using Eqs. (3.1)-(3.3), it is easy to calculate E, in the particular~cases of various
cross sections of colummns (*). For columns with a hat-sections

2

4.2) E=M, [2n (a+b+-40) +—

+ Sﬂ'k],

for the columns with square and rectangular cross sections:

5

(4.3) E=M, [27: @8+ +\4ﬂh].

Assuming that the energy dissipated in the crushing process is equal to the potentlal
energy of external forces:

4.9 E=P,h

the expressions are deﬁved for the mean crushing force P, of the hat columns:

.s Py _2m(atbide) 4
(4.5) : M, i M RAE

dand of columns with square and rectangula'i' cross sections:

w P, 2z (a+b) i
( . ) | M, = P —R— .

— : —y

() More details of calculations are given in Ref. [B].
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Equations (4.5) and (4.6) can be minimized with respect to the parameter

d
h (_E (Pn (h)):O) which leads to the relation between geometrical parameters:
4.7 h* =—2—R(£I+b+4c),

(4.8) ‘ i =;—R_,(a+b)

for hat cross section columns and square and rectangular cross section columns, .
respectively, Substltumg the relatlons (4.7) and (4.8) back into Eqs (4.5) and (4.6),
to eliminate the parameter R one gets simple e‘ipressrons for"the mean crushing
force:

P,  An(a+b+dc)

“9) e 5w
for hat cross section and ’ ' ‘

Pm 4 (Cl‘l“b) ' -
(4.10) = +dn .

M
for square and rectangular cross section columns.

The expressions (4.5)-(4.10) are obtained on the assumption that the shortening
of the column &'is equal to A (wall thickness ¢ equal to zero). In the real process

the column shortening J is smaller and equals
4.11) ' d=h~2t

{see Figs. 12 and 13).-
Substituting this explessmn back into Egs. (4.5) (4 10), one gets the following
expression: ’
h P’“
(4.12) . P, =%
1 -——;;—
for all types of cross sections. <
In view of the experimentally observed relation h=5/4 (see Ref. |1, 2, 3]), the

following relations are obtamed

@ ¢ 2l
(4.13) pr=_tn =167r~—€jj_b——£M
) S 2t t e
for the hat cross section and "
a 20
(4.14) [ S S LI
"o 2t t T
5 -8

Rozprawy Iniyniers’kie — 2 X R
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for the square and rectangular cross section; similar formulae can be derived for
stresses: ) ‘

@19 _ Z‘f( r’-)(a b c)’
* 1-8—){—+—+2—
bl ¢ t

for the hat cross section and

) (a 20)
ot i 16

)

for the square and rectangular cross section, where g, denotes stresses resulting
from the external force P, :.

P’!
. m for the hat cross section,
@ o= |
CYP (a-rb) y for the square rectangular cross section.

- Tt is interesting to compare the relative contribution of bending, rolling and corner
type of deformation to the mean crushing force. In the case of the square cross '
section the contribution is respectively 44%;, 445, and 129,

5. BENDING OF CLOSED SECTION BEAMS

 The process of local buckling in thin-walled beams subjected to bending in-
volves, as in the case of columns, the same three basic deformation mechanisms.
The total increment of energy 4E, is thus equal to the sum of increments of energies
due to bending, rolling and corner deformation

(5.1) 7 AdE,=dEy+dE,+dE,, .
"The energy E, is computed by integrating Eq. (5. I) over the interval [0, ¥%.]

(5.2) E= deHf dE,,+f dE-i-depb,

where ¥, is the final rotatlon angle in a generahzed plastic hinge. In the particular
case of beams with a square cross section (?) the dFE, can be computed with the -
help of Egs. (3.4) and (3.5), and Fig. 7.

2

- _—— |-
(2A—sin «) Yi2—Asin«

+2d5+ 2a )] (2+25inm)+2}d?
7 TR )

(%) Details of calculations are given in Ref. [9].

(33) 4dE, (2?)$M0 a {(A ~1) [6+cos o (




SIMPLIFIED CRUSHING ANALYSIS OF THIN-WALLED COLUMNS AND BEAMS 19

where

i _ Acos V.
' VasinP—-22sin> ¥
@ =arccos (1—24sin ¥),

1= a
b 3
a=@—¥; a4, b, ¥ are defined in Fig. 15.
Integrating Eq. (5.3) with respect to the angle ¥,, one gets

. g -2
(5.4) E. 2V )=M, {4a (2P —-T)+2b8+2b D (b) + R sin m} ,
where |
. ¥ N ¥, :
D(b)-_-f @D 05 & oy d‘P+f sin o ® y d'P,
1] (4]
& o, «,yp denote derivatives with respect to the parameter V.

The maximum angle through which the beam can be rotated forming a simple
buckling wave is deroted by 2¥,. It is related to the geometrical parameters defined

earlier by
v, b 1
3 R P T
- see Ref. [9].

Defining the current and average bending moments respectively from the equality
of internal and external increment of energies

dE,=Md (2¥)},
E =M, 2Y¥,,

(56)

the following formulae are obtained:

(5.7 ﬂ;o )—~(A 1)[6+cosm(

.
—}
(2A—sin o) V22— sin «

+2¢+ 2a.)] ( +23inm)+
7 RN

M, . ol
v 4a (20~ ¥)+2bf+2b D (b) +——sinaf.

: and

(3.8) M, Q2¥ )=

Equation (5.8) can be optimized with respect fo the parameter b leading to the
relation between the geometrical parameters

a n+fsin ¥ —(f 4 sin ¥ ,Bcos‘ff)!l’

R 2 [2 (sin ¥ cos? W ~sin® ¥) ¥—sin® P cos ¥]°

(ng)
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Substituting this relation back into Eq. (5.7) to climinate parameter R and setting
the experimentally observed value A=1 (see also Ref. [5]), one gets the following
expression:

M (2¥)

. , 2
(5.10) ——-ﬁ?—“*—(A 1)[6+cosoc((2_sin Ry Ty +2@+26.2)}+

+2A4 (1 +sin o) 42,

<

Where according to Eq. (5.3), all parameters are expressed in terms of the
angle Y. ,

Equation (5.10) provides a relatlvely simple closed form solution for the bending
resistance of box section beams. A typical plot of the function M (2¥) is shown
in Fig. 24, It should be mentioned that a similar solution was obtained by TIDBURY
and KecMax [5, 15] on the basis of a different collapse mechanism which does
not involve the corner deformation. However, in the present paper the rolling
radius has been eliminated by means of the minimization procedure. The formulae
described in Refs. [5] and [15] involved the rolling radius whose value hiad to be
taken from experimental observations.

6. BENDING OF THE U-SECTION BEAMS

Similar considerations, as those presented in Sects. 4 and 5, lead to the formulae
describing the bending resistance in the case of “ouiward” and “inward” bending
of U-section beams. Thus we obtain (%)

- MQ2¥) cosangpu ( b ) (2,u sin o
6. = d — LA
6D — 4 +2d +ou | tdptd)-dp-1,
_a P
ﬂ—‘(;7 __5"9

. (see Fig. 15) for “‘outward bending” and

M(p)  4n

Myec cosa

: Bot2ud ,+1,
(6.2)
a
HT
(see Fig. 16) for “inward bendmg” The extremum cond1t10n yields the following
relation for the “outward bending”:

o

_ 1
(6.3) = (1 + 7{) 339,

+ (*) More details are given in Ref. [91.
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in which the approximate relation A=1 was used. In the case of the “inward ben-
ding” optimization of Eq. (6.2) with respect to the parameter o yields

(6.4 cos® o—a sin a+cos a=0,

whose solution is «x57°,

Here the collapse mechanism is determined to within a single parameter o
which is uniquely found from Eq. (6.4) Substituting the relations (6.3) and a=57°,
respectively to the formulae (6.1) and (6.2) one gets the final relations for the strength
of the {-section beams in bending:

M2¥) = ().94 [13;6( + I)'I' ]+
(6.5) W"‘ SDapcos o [13.6 |1 7 2¢

+ P (1.87psin a+4p+4)—4p—2
for “outward bending” and

Mg) 2.380
(6.6) 0 _ a —
Mgc 2 o (p ¢
oSt ST o [-0.4201g? (57— —
2
| ' : 1.300
o + +1

]/1»—0.106tg2 (57° - -f:—)

for “inward bending” of the U-section. beams,

. 7. COMPARISON WITH EXPERIMENTAL DATA
7.1. Crushing of columns

In order to validate the present theory, results of experiments reported in Befs,
{1, 2, 3,12, 13] will be used. In particular, comparison will be made with the
experimental data obtained by Onoxuso et al. {17 and Ava et dl. [2]. Ohokubo
has performed a series of tests on mild steel columns (0o=0.25 GPa) with hat
cross sections and gauge thickness ranging from 1.2 to 2.0 mm (Fig. 20). Mild
steel hat columns with equal lengths of both sides {a=>5) and variable thickness
1-3.5 mm were tesied by Aya et al. (Fig. 21). The measured yield stress was g, =
=022 GPa. The present theoretical solutions (formulae (4.13)) ‘are shown .in
Figs. 20 and 2! in solid lines.

Using the dimensi.on]ess variables defined by Eq. (4.17), it is possible to compare
the results of ail the above mentioned experimental data with the prediction of
the formulae (4.15) and (4.16) (Fig. 22). It is seen that the difference between
experiments ‘and theory never exceeds 20%. The obtained agreement should be
regarded as good considering the fact that scatter of experimental data is of the -
order 107, and the yield stress of the material is determined t6 within 10-15 %.‘
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There are other methods of evaluating experimentally the mean crushing strength
and energy absorption of thin-walled columns and a critical review of these methods
was recenily presented by Thornton [13].

In order to compare energy absorption capability of various structures, Magee
and Thornton ([16]) introduced two new functions: the structural effectiveness #
and relative density (solidity ratio) @. The structural effectiveness is defined by

(.9) N

[

where ES=F,[Vp is the specific energy, i.e. energy divided by the weight of the
structure, o3=ao/p is the specific tensile strength, ¥ denotes the volume of the
structure and p is the mass densily of the material. The relative density @ is a ratio
of the cross section area of the tube to the cross section area of the solid of the
‘same outer dimensions,

Magee and Thornton in a series of recent papers [17, 16, 18] found empirical
relations between 7 and @ for a variety of tube cross sections by fitting a large
pumber of experimental points.

It appears that the formula (4.9) for the mean crushing strength of columns
with hat cross sections can be related to # and @ if some approximations are intro-
duced. Ope can show that a lower bound for # obtained from Eq. (4.9) is

: n |
1.2 ==

c ’
2(1+—)
S a

which, depending on the magnitude of the ratio ¢/, underestimates the exact
solution by some 109%;.

In the case of columns with a square cross section g=b, the formula (4. 3) can
be expressed in terms of # and @ without any simplifying assumptions:

The above expression is also a valid approximation for rectangular columns with
the ratio a/b=1=2. A solid linc in Fig. 23 corresponds to the theoretical solutions
(7.2) and (7.3). The experimental points have been collected in Ref. [13]. As before,
the correlation between theory and experiments should be considered as good.

7.2. Bending of beams

The experimental results with which the present theoretical solution is compar-
ed are due to Kecman [15] and Titbury and Kecman [5]. The dimensions of the
“tested mild steel beams were ax bx=100100x0.914 mm and the yield stress
was equal to 0,=0.22 GPa. The angle 2% ranged from 0° to 10°. Figure 24 shows
a comparison of the measured bending moment-angle rotation relationship with
the prediction of the present soluiion [formula (5.10)]. The agreement is generally
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good except for very small angles. The present simplified analysis which disregards
the bending moments-membrane forces interactions gives an infinite value of the
bending moment with 2¥ approaching zero. Therefore the A (2'¥) diagram has
been truncated by the horizontal line representing the so-called fully plastic bending
moment of the cross section. .

Tt can be concluded that the presented theoretical method leads to results which
are simple and sufficiently accurate for practical applications.
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STRESZCZENIE

KINEMATYCZNA ANALIZA ZGNIATANIA CIENKOSCIENNYCH KOLUMN
METALOWYCH

‘Podano przyblizong analize wyznaczania energochfonnoici cienkosciennych belek i leolumn
metalowych o preekrojach kwadratowym, prostokatnym, kapeluszowym i ceowym poddanych
quasi-statycznemu zgniataniu i zginaniu. Opisano trzy podstawowe mechanizmy deformacii i obli-
czono odpowiadajgce im prayrosty rozpraszanej energif i wyznaczono Srednia sile Scinajaca dia
wszystkich typow konstrukcji. Ofrzymano dobra zgodnodé wynikéw doswiadczalnych i oblicze-
niowych. .

PeswmMe

KEUHEMATHUECKHAM AHAJIN3 CIABIMIBAHMA TOHKOCTEHHEIX
' METAJITHUECKHX KOJIOHH

Hpepeger EpROIKCHHLIM ABANM3 OUDSHSNEHHA DHEPTOEMKOCTH TOHKOCTEHHBK Ganox o
METAIIIAYCCKEX KOJOHH, ¢ KBaIpPaTHEM, UPAMOYTONBHEHIM, NETANO0OPaZHEM ¥ INBEICPHBIM
CCUCHHAMN, MONBEPTAYYLIX KBA3UCTATAYCCKOMY CAABIHBAHMIO B HArEOY, QUHCAHHL TPE OCHABHBIX
MexanuzMa pediopMAI@E B BLIUMCICAB OTBEYAIOIHE WM DPHPOCTH paccewmaceMoil SHepram,
a TAKEe ONpENCICHA CPEHHAN CHila CHBHra i BCeX THNOB kouCTpYxOmi. TlomyveHO Xopolmee
COBUAMERNE SKCTIEPUMEHTANLHAK i PACYeTHHK DPC3YABTATOE.
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