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BOST-YIELD DEFLECTIONS OF BLASTIC-PLASTIC BEAMS UNDER
' UNIFORMLY INCREASING LOADS

8. DOROGSZ A SAWCZUK {WARSZAWA) and A. BIEGUS, Z. KOWAL,
W. SEIDEL (WROCLAW)

Experiments oa single span and double span beams beyond the elastic range are reported on
s ithe case when the applied load increases in proportion. The test resulis are examined in accord-
amce with a deflection analysis based on different approaches. The comparison made allows to
state that the finite spread of plastic zenes should be accounted for when calculating deflections
insthe post-elastic range.

1. INTRODUCTION

Awailable methods of plastic analysis allow easily to estimate the load-carrying
capacity of an elastic-plastic beam {4, 11, 12, 19, 20 and 21 1. The rigid-plastic model
of reaterial response is found experimentally to yield safe values of the collapse for
stiff metal structures. The plastic methods are nowadays widely admitted by the.
codes of structural design {17, 18). - '

The collapse load analysis constitutes, however, only one part of the structurai”
design of elastic plastic structures, the other being the deflection evaluation. Wien.
a structuze enters the plastic range, then under continued loading the yielding zones:
spread ower the structure and its stiffness diminishes, The most widely used method!
of deflection evaluation assumes that the yielding zones are localized to plastic:
hinges whereas the stiffness remains unchanged elsewhere. Such an approach Ieads:
necessarily {6 underestimation of deflections except in the case of ideal I-section
beams and frames [4, 13, 1). Moreover, for structures designed according to the:
plastic methods an evaluation of deflections is required at service loads when the
structure is only partially plastic and does not transform yet info a mechanism.
Methods for compnting deflections in such situations have been proposed in [2, 3, 8].

Further questions in elastic-plastic design concern the overall post-yield be-
haviour when yielding zones develop in a structure, possibly yield bignes form and
particular plastic zones consequentively enter the hardening range. Moreover, the
behaviowr of actual structures at repeated loads constitute an important factor
in structuxgl design [6, 7, 14].

Application of plastic methods in design requires appropriate experimental
research to validate theoretical predictions furnished by various analytical methods
for evaluation of the deformability, Available experiments were not sufficient to
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va]uate the developed methods of displacement estimation and to conciusions
siritable for design practice.

A series of experiments has been undertaken to study the behaviour of contin-
nous beams beyond the elastic range. The limit analysis, shakedown and post-yield
belaviour of metal beams of a rectangular cross-section have been studied,

The present note relates to the first part of the experimental program intended
to furnish design data in view of the admission of the plastic design methods by
the Polish Building Code [17] and by the FEuropean Recommendations [18]. Ex-
periments on single span and double span beams are reported on in the case when
the applied loads increase in proportion. The program of experiments and chaz-
acteristics of the test beams are given in Sects. 2 and 3] respectively. Section 4
deals with the test stand and describes the measurements. Experimental data regard-
ing deflections of a single span, simply supported bearn are presented in Sect. 5
whereas the analogous results for a two-span beam under two types of loading
are given in the next section. Fhe obtained data are compared with analytical pre-
dictions in Sect. 6. The discussions and conclusions are givenr in the last section.

The note presents the obtained experimental material quite extensively in order
to furnish data not only for comparisons with existing theories regarding deforma-
bility of clastic-plastic beams but also to facilitate to some extent further ana-
fitical studies concerning the post yield behaviour, specifically the effect of material
hardening and large displacements on the load carrying capacity of metal struc-
tures. Experiments on shakedowa are discussed elsewhere [5, 9].

2. TEST PROGRAM

The test program concerns deformability and load carrying capacity of beams
under continuously increasing loading. The beams are subjected to concentrated
forces at the mid-span. The following types of simply supported structures are
considered: a) single span beams under single load, b) two-span beams loaded
at one span, ¢) two-span beams loaded at both spans..
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In each case five specimens are tested. The loading and testing arrangements
are shown in Fig. 1. The models have a rectangular cross-section, whereas the loads
are continuously increasing by small steps until the deflections under the loads are
of the order of the beam depth. The deflections are recorded at midspans and at
supports. This allows to trace the load-deflection curve fairly beyound the collapse
load in order to account for large deformations and displacements at hardening.

3. SPECIMENS

The tested beams of a cross-section 10-20 mm were cut from a metal bar in
the direction of rolling to yield 5 elements of a length 230 mm and 10 eclements
of length 430 mm. The surfaces were polished and the cross-sections deviated
at most +0.05 mm from the required dimensions.

The mild steel St-35 was used as this type of material is W1de1y employed when
constructing steel structures. The material composition contained C-1.70%, Mn—
0.67%, Si-0.26%; P-0.025% and S-0.0219%.

Material testing with regard to its mechanical properties was made on bars
10-20 mm of 200 mm reference length as required by the respective Polish Stan-
dards for evaluating such properties under static loading conditions. All beams
and material specimens were annealed during one hour at a temperature 650°C
and then cooled to the ambient temperature for about 30 hours. A typical stress-
-strain curve is shown in Fig. 2. From five specimens the average values of the
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Fic. 2, Siress-strain diagram of the material employed.

mechanical properties involved in further analysis were: the Young modulus E=
=210680 MPa, the yield point 6,==315.29 MPa, the elastic deformation at the
yield point £;=1498 - 10~6, the plastic platform £,==2.92¢, and the tensile strength
R,=446.65 MPa. In Fig. 2 the average yield stress is indicated as well as the ten-
© sile strength. Standard deviations of the observed quantities with respect to the
mean values were: 1.8 77 for the yield strength, 4% for the elastic strain and 6.3 %,
for the plastic strain at the beginning of hardening.
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The full plastic moment of the beam is Mo=:15764 Nem whereas the bending
moment associated with the true stress strain diagram when the outer fibres enter
into the hardening range is My=15421 Nem which is equal M, =0.978 Mo. The
moment corresponding to the maximum strength obtained in the most strained
fibre is Mp=16696 Nem which is equal M =1.06 Mo.

4, TEST STAND

The test stand and the arrangements for loading as well as for displacement
evaluation are shown in Fig. 3. Careful arrangements were made in order: a) to
assure simple supports of beams allowing for frec horizontal movements, b) to
get a fairly pointwise and not eccentric transmission of loadmg, c) io allow for a slow
loading and unloading, d) to assure appropriate measuring of displacements at
the selected points.
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Fig. 3. Test stand.

The test stand shown in Fig. 3 consists of a stiff supporting frame I and two
hinges 2 and 3 allowing the tested beams to rotate and to support horizontal dis-
placements. Moreover, these supports provide for the possibility of vertical adjust-
ment, There is an immovable support 4 and a loading device consisting of two
levers 3, a tendon 6 and two loading containers 7. Details are given in [5].

The loading increases when tokens are put in the container. The load increase
was variable but at maximum 117 N, what constitutes about 0.037 of the computed
collapse load. In all the cases tested vertical displacements are measured by dial
gauges 11 and 12 at the same instant when displacements of the supports are re-
corded by the gauges 8, 9 and 10. Readmg of the dial gauges allowing for the ac-
curacy. of 0.01 mm are made 10 minutes after the loading is increased. The dlsplace-
ments of supports are taken into account when computing actual displacement
of the beam. : '
- The test stand and a beam under loading are shown in Fig: 4.
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F1G. 4. Teste arrangement.

5. SINGLE SPAN BEAMS
Five single span beams have been tested according to the loading scheme shown.
in Fig. la. The main purpose of such a test was twofold. In the first place, it was
intended to obtain experimental data for the case when elastic-plastic solutions
regarding displacements are known [12, 15]. The second purpose was to check

the stand and the measuring procedure in view of further tests congerning two

span beams under increasing load as well as under repeated loading under shake-
down conditions and beyond.

The test results are given in Table 1, Purposely, the loading was continued up
“to advanced displacements in order to get data for large deflections and therefore
concerning the behaviour beyond the static collapse load. The experimental scatter
- of data is larger advanced loading varying from 4% to 249 of the average deflection

In Fig. 5 the average values are compared as regards the load-displacement

sandwich cross-section gare
‘given. The collapse load is in this case Pr=4 Mo/L=3149 N.

It can be noticed that tor loads below the limit load experimental data follow
fairly close the theoretical values. At the limit load P, for all the beams a marked
nerease in deflections was observed under loading tending to the vield point

alue, whereas beyond the coilapse load the influence of hardening can be
distinguished. ‘
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Fig. 5. Load deflection relations.

6. DOUBLE SPAN BEAMS

Continuous beams were tested at monotonous leading on models of 200 mm
spans for two cases of loading conditions shown in Fig. 1b, c. In each case five
specimens wete tested at the same loading pace. _

For the case of two span beams loaded at the center of one span the test re-
stlts are given in Table 2. The loading was continued far beyond the limit load of
a perfectly plastic structure. In Fig. 6 the results are plotted and the mean value
deflections traced. For the sake of comparison and a discussion later, the theo-
retical values of the elastic limit load Py, the load associated with the first plastic
hinge formation P, and the yield point load Py are indicated:

128 Mo 64 Mo

= 2 = L =3875 Mo 48N
Py g —— = 2580N, Pty = 385N, Pi=—p o 7
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Table 1. Experimental data for single supported beams

Load ‘ Displacemens [mm] Mean Standard
N 1 2 3 4 5 value deviation
1 2 3 4 5 6 7 0 8

1791 0.87 0.91 0.83 0.81 0.85 ° 0.85 0.034

1911 0.92 0.9 0.89 0.86 Q.90 0.91 0.037

2030 - 097 1.01 0.95 0.91 0.96 . 0.96 0,036

2149 1.04 1.07 1.01 (.96 1.0 1.02 0,041

2268 1,10 115 - 1.07 1.02 1.0% LOB 0.043

2387 116 1.21 1.12 1.10 1.14 1.15 0.042

2507 1.22 1.26 1.19 1.14 1.20 1.20 0.044

2626 1.27 1.33 1.23 1.21 1.25 1.26 0.046

2746 1.36 1.41 1.3¢ 1.26 1.30 1.33 0.059

2854 1.52 1.55 1.38 1.35 1.37 1.43 0.093

2984 1.77 1.84 1.57 1.44 i.44 1.61 0.185

3104 3.86 395 212 1.62 1.60 2.59 1.129

3123 4,22 3.90 2.20 1.73 1.65 2.74 1.228
3162 4.35 4,25 2.72 1.83 1.69 2.97 1.279

3193 4.62 4,45 4,02 1.99 1.74 3.36 1.38%

3222 4.89 4,75 4,12, 276 1.82 3.67 1.333

3253 5.07 518 <) 449 3.06 191 3.94 1.415

3282 533 525 4.62 3.31 - 201 4,10 1.423

3512° 547 555 4.87 3.66 217 4,34 1.431

3342 5.59 5.94 4,95 3902 317 4.7 1.556

3372 5.86 6.11 5.20 4.12 3.57 497 1.099

3402 6.16 6,44 523 4.40 3,93 523 1.085

3431 6.37 6.84 6.15 - 445 4.07 5.58 1.234

3461 6.88 7.13 6.21 4.61 4.35 5.84 = 1.286

3491 7.30 7.31 6.32 T 4.96 4,65 6.11 1.260

3528 7.47 7.54 6.73 5.06 4.82 6.32 1.305

3551 815 7.73 . 6.87 5.31 5.01 6.61 1.409

3580 8.52 8.08 7.25 571 5,25 6.96 1.437

3610 8.79 8.43 7.55 591 552 7.24 1.470

3639 8.90 9.32 8.15 6.37 575 7.70 1.568

3669 92,67 2,62 8.35 6.51 6.00 8.03 1.714

3699 10,22, 106,02 8.95 6.86 6,26 8.46 1.815
3728 10.73 11.32 9.20 7.26 647 9.00 2.112

The second case of loading of continuous beams concerned the equal loads in
both spans. The recorded results for the same loading steps as in the preceding
case are given in Table 3. The average values are used in Fig. 7 to trace the exper-
imental load-displacement curve. For information, the elastic limit P, the loads
associated with the first plastic hinge formation P, and the collapse load P, are
marked in the figure as well as the scatter of the data indicated.

128 Mo 64 Mo -6
PE=WT=2802N, PIEMH:4198N, P =

o
=4728 N.




VIVO 30 H3LLIVIS H

INIVA NVIW

[THITH

40 [.e
-
@

q
P o

x o

P L)
. N

\
=
*«\\\“ =

FOVHIA

§

Hv3d
qum
Wy3ag
WY38

fdmm

:
|

-
g

0
-t

[lanar]

[286]



POST-YIELD DEFLECTIONS OF ELASTIC-PLASTIC BEAMS 287

Table 2. Experimental data for double span beams with single load

Load - Displacements [mm]x10-2 Mean Stand. !
N 1 2 3 4 5 value dev.
i 2 3 4 5 6 7 8

2070 63 70 79 68 69 70.4 5.2

2364 T7 81 90 81 78 81.4 5.1

2482 81 83 93 45 82 84.8 4.8

2600 85 87 97 89 87 89.0 4.7

2717 89 92 101 23 91 93.2 4.6

2835 93 97 106 97 97 98.0 4.8

2953 98 00 110 102 101 102.2 4.6

3071 102 106 113 107 107 107.0 3.9

3188 106 110 118 110 109 110.6 4.5

" 3306 111 114 123 116 113 113.4 4.6

3424 115 119 130 122 117 120.6 59

3541 120 129 140 136 124 129.8 8.3

3659 126 136 153 146 130 138.2 11.2

3777 138 142 169 163 140 1504 14.5

3895 147 154 199 193 152 - 169.0° 249

4012 165 170 235 230 171 1942 - 351

4130 190 200 256 257 202 221.0 32,7

4248 216 236 27 279 233 247.2 271

4365 245 260 291 301 258 271.0 238

4483 263 283 311 325 282 292.8 24.8

4601 283 303 336 355 392 319.2 323

4719 302 322 357 399 | 322 340.4 38.3

4836 331 349 380 418 346 376.8 59.3

4934 355 371 410 577 381 418.8 907

5072 395 396 476 647 438 4684 | 1061

5190 494 423 539 725 480 532.2 115.5

5307 578 465 616 814 609 616.4 126.0

5425 678 568 678 894 678 699.2 118.9

5543 778 657 757 963 748 780.6 112.0

5660 878 767 832 1032 | 17 865.2 101.3

The results are compared to the relationship following from the theory of de-
flection evaluated assuming ideal plastic hinges.

It is worthwhile to point out that two loading schemes give the same collapse
load but have distinct elastic limit loads. Comparison of these two sets of exper-
_iments allows to estimate the spread of plastic zones influence on the magnitude
of deflections.
In Fig. 8 the tested beams are shown after unloading. The mechanisms of plastic
collapse are clearly visible. The single span beams were loaded up to P=1.18 P,
whereas the continuous ones to P=1.20 Pr.
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Fis. 8. Beams after testing,

7. COMPARISONS

&

Evaluation of deflections of beams at elastic-plastic deformations is fairly com-
plicated and, although straightforward, does not possess the simplicity of the col-
lapse load calculations amploying the static or the kinematic theorem of the limit
analysis, Various approximate methods exist and they mostly differ by the manner
they account for the spread and extent of plastic zones when the load increases
beyond the elastic limit. Before we pass to some comparisons, let us first consider
the influence of plastic zones on the stiffaess of a structure, thus on its deflections.

In Fig. 9 the deflections at the loading points are referred to the elastic deflec-
tions and traced versus the dimensionless load p=PF/P;. Each of the loading cases
is associated with a diffsrent stiffness variation, hence the load-deflection curves
are different. These experimental values allow to draw some conclusions regarding
the magnitude of deflections beyond the yield point load for work-hardening struc-
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tures. At the same collapse load in the cases b) and c) the deflections are markedy
different.

Let us now compsare the results of experiments with the deflections given by
the methed of ideal plastic hinges for the two-span beam studied. The results are
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given in Fig. 10. It is seen that the classical method of the defiections evaluation
underestimates the actual deformability of a structure. Tt is thus necessary to ac-
count for a finite spread of plastic zones when calculating the deflections under
loading crossing the elastic limit load.

Among the existing methods concerning the defection estimation, we consider
two accounting for the finite spread of plastic zones. The first one developed in [1]
consists in replacing the beam stiffness reduction due to yielding by an appropri-
ately determined step-wise rigidity change and to compute displacement of the ob-
tained structure employing the usual procedure regarding elastic beams. The method
is approximate and gives only deflections at the collapse load since the stiffness
variation is not here continuously increasing with the load increase.
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The second approach as developed in {3] and [8] accounts for the finite spread
of the plastic zones introducing an additional term in the ideal hinge method. The
additional term is appropriately related to the shape of the plastic zone which in
turn depends on the loading applied to a beam.

In Fig. 11 experimental results are compared to the deflection estimation methods
referred to. It is seen from Fig, 10 that for the loads below the yield point load the
experimental results and the theoretical predictions according to approximate
methods are fairly close, The discussed methods are in better agreement with the
experimental results than the idealized hinge method assuming localized stiffness
changes as given by the broken lines in Fig. 11. '

8. CoNCLUSIONS

The reported experiments and the comparison made allow to state that the
finite spread of plastic zones should be accounted for when ca]culatmg deflections
in the post-elastic range at uniformly increasing loads.

Deflections in the post elastic range are influenced by work-hardening. At de-
flections of the order of the beam depth a marked increase of the load carrying
capacity is observed even for beams with supports allowing for horizontal displace-
ments. In Fig. 12 the respective curves are traced which account both for hard-
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ening and the post-yield action. It can be noted that the influence is more pro-
nounced for the double span beam loaded in one span. Large rotations in the plastic
hinge located at the support is felt mostly responsible for strain-hardening of the
structure. This can also be concluded from Fig. 12 where the lines regarding single
and double span beams approach each other. Neglecting hardening both, in yield
point evaluation and in deflection estimation leads to safer structures.

- The presented resuits of systematic tests allow to get some insight into the be-

haviour of clastic plastic structures beyond the yield point load. The test stand
and the loading techniques permit tests on the behaviour of beams under repeated
loading.

10.
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STRESZCZENIE

POZASPREZYSTE UGIECIA ‘BELEEK PRZY PROPORCIONALNIE NARASTAJACYCH
OBCIAZENIACH

I’rzedstamono wyniki badan dosmadczalnych belek jednoprzestowych i dwuprzestowych
w obszarach odksztalcen pozasprezystych przy proporcjonalnie narastajgcych obcigzeniach, Po-
rownano wyniki badani dodwiadezalnych z wynikami teoretycznymi otrzymanymi rtozoymi me-
todami oceny ugieé. Mozna, z poréwnania wynikow wiioskowaé, ze wplyw skoficzonego zasiggu
stref plastycznych powinien by¢ uwzglgdmony w anahz:c pozasprezystych ugigé belek,

PesmowMe

TIO3AYIIPYTUE MMPOTIMELl BAJIOK TIPH HPOIIOPHI/IOHAJILHO
HAPACTAIOIWAX HATPVIKAX

TIpencTabieHsl Pe3YILTATHI IKCIIEPAMEHTAILERIX HCCIENOBARME OZHODPONETALIX ¥ JIBYX-
nponeTHHX Ganok B 06JACTAX MOZAYNPYTEX pethopMargil TPA NPONOPIHEOHANEHC HAPACIAFONIEX
Harpyskax. PenylnsTaTil 9KCHEPHMEHTANBHHK HCCHSHOSAHME CPABHCHL! ¢ TEOPETAICCKAME pe-
SYMLTATAME, HONYICHHEIME PAsHBIME METOHAMY OTCHKH nporufor. V3 cpasuenus pesyaETATOS
MONCHO CIGHATh BBIBOJ, 9TO BIHARKC KOHEYHOTC pajuyca OCHCTRHA ILNACTHUECKHX 30H NOJLKHO
BLIT: FUTEHO B aHANH3E MO3AYIPYIHX NporaGon Barnok.
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