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NUMERICAL CALCULATION OF PRESSURE LOSS AND FORCED
CONVECTIVE HEAT TRANSFER IN ROTATING CHANNELS OF
ARBITRARY RECTANGULAR CROSS SECTION

R.SCHILLING (KARLSRUHE)

The steady fully-developed laminar flow field and temperature field in rotating straight rectan-
gular channels is investigated by a finite difference method. The solution of the Navier-Stokes
equations and the energy equation yields the pressure loss, heat transfer and the efficiency factor
as a function of the Reynolds number, Rotation number and aspect ratio. The numerical results
agree well with available experimental data,

NOMENCLATURE
Dimensional Nondimensioral Meaning,
a, b width and height of the channel,
Ao—ds coefficients,
€ heat capacity,
€y, € Cpy Co pressure and temperature gradient,
& b hydraulic diameter,
De - . Dean number,
Eg Eckert number,
r dummy variable,
Fop, Feo numerical errors,
Gii } efficichcy factor,
Ky, Ky pressure and temperature gradient obtai-
ned from the control equations,
Nu Nusselt number,
NY,NZ number of divisions in ¥~ and Z-
directions,
» P static pressure,
Pr Prandt! number,
Re Reynolds number,
Ro Rotation number,
Ta Taylor number,
u, v, w uv,w Relative velocity components,
X ), z X, Y, Z Cartesian coordi_nateS, .
heat conductivity,
A aspect ratio,
v kinematic viscosity,
density

{ o . friction factor,
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angular velocity,
vorticity function,
stream function,
temperature.

Subscripts

©" ., space subscript-. . . .
average valie
walls st Ly
reduced value

S %= 3T 3

value for nonrotating channels

1. INTRODUCTION
' In industrial _e_quipm'ent‘_]iel_icaily-coi'led ducts. rotating around. their axis can
be used as heat exchangers (Fig. 1), The flow through a curved rotating channel is
characterized by the centrifugal and Coriolis forces which cause a pressure. gradient
normal to the main flow direction coupled with the main velocity profile: These
additional body forces are unbalanced near the wall and therefore cause the well-

“known double helix secondary flow in a cross;section of the channel. The onset
of secondary flow yields to an increase of the flow resistance as well as of the heat
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transfer compared with -the flow in a straight nonrotating channel. Furthermore
the onset of turbulence. is 1nh1b1ted so that the critical Reynolds number may in-
- crease from Reeye=2.000 up to 20. 000 considering high rotation speed or strong
curvature. Therefore laminar. flow can be expected to reach high values of the
Reynolds number. In spite of this essential simplification, either an analytlcal or
a numerical solution is known. A lot-of publications deal with the flow and heat
transfer in curved or rotating channels having a square or circular cross sections.
Generally the increase of pressure loss and heat transfer due to curvature ot rotation
was studied using the perturbatlon analysis boundary layers approximations or
finite difference methods [1], ... .» [8]. But there ate only a few works dealing with
the influence of the aspect ratio. For example, CHENG ef al. [3] and [7] have cal-
culated the flow and heat transfer in curved rectangular channels for various aspect
ratios. But systematic numerical investigations have nof been carried out. In the
case of rotating channels, however, this influence has not yet been studied_.' '

2. FORMULATION OF THE PROBLEM

The purpose of this work is to present an accurate numerical solution assuming
small curvature and constant Pphysical properties of the fluid and neglecting viscous .
heating; If the hydraulic diameter d,, is smali oompared with the axial length of the
channel and with the radius of curvature, the influence of inlet flow and the effect
of curvature may be neglected. If we suppose furthermore an axially uniform heat
flux at the wall and zero heat flux at the remaining walls, a hydrodynamically and
thermally fully-developed laminar flow through a rotating stralght channel is con-
sidered. _ ;

Takmg a Cartesian coordinate system rotatmg around its z-axis with constant
angular velocity w,, the relative velocity components are » in the x, v in the y and
w in the z-direction, where x is the main flow direction (see Fig. 2). The dimensions
@ and b mean the width and height of the channel, respectively.

b 14
R . ‘ o Suction . Pressure|
Side Side
R s »
¥ .
Fic. 2. Geometry of the channel and a

rotating coordinate system. - CLyw
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Because the Coriolis forces cause a decrease of the static pressure in the positive
y-direction the walls at y=0 and y=q may be defined as the pressure and suction
side (PS and SS) of the channel respectively. The influence of centrifugal forces
due to rotation can be eliminated introducing a reduced pressure p* =p — pf2wg (x*+
+3?). Since there are no additional body forces acting in the z-direction, the flow
and temperature field is symmetric to the line z=bf2,

2.1. Governing equations

The governing equations describing the fluid flow and heat transfer problem
. are the Navier-Stokes equations, the continuity and energy equation. Considering
the assumptions. stated above, it is convenient to introduce a stream function w
which satisfies the continuity equation and a vorticity function & in order to elimi-
nate the pressure terms from the secondary flow cquations, Using the following
nondimensional quantities

=2 y=- Z=- ==
" dy Re’ a’ b’ b’

u v 4, W d; ¢ d
U=—, p=—Re—, W=—Re—, C,=~—3-Re,
thy ' tn b PH,
dh a a f,—f i Cs dp,
Q—E Hy Re_’ . ¥= mdh Re b ’ B t'w""tm CB ’ Cﬂ “;::"tm ’

one obtains a set of four elliptic partial differential equations in conservation form
and two additional equations for evaluating the pressure and temperature gradient.
The secondary flow velocities may be expressed in terms of the stream function.

-Governing equations
Main flow
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Temperature field

3 V0+ J W +D2(320+A 320)
oy PO+ 57 (W)=U, Pr \oY? 8Z?
2.3) | 1
Co=t1+—
IN] GdeZ
00
The following boundary conditions are assumed
Flow field
32
¥Y=0 and Y=1: U=V=W=¥=0, Q=—-D?-—-——r EVE ;
Z=0:  UsV=W=¥=0, 0=_p ..
- T T T 8z’
=1 W=0=¥=0 i U 0
2= W=a=v=0, o (U1)=0.
Temperature field
heat transfer at pressure side
Y=0 =0 1 d =0
=0: 0=0; Y=1: ——=0;
heat transfer at suction side
Y=0 % =0, ¥Y=1: =0
ey T T
Z=0 d Z - % .
G 2
The parameters characterizing this problem are
um dh .
Re=—~1~;—— Reynolds number,
g &
Ro= rotation number,
Uy
a -
A=? aspect ratio,
p=tb. 2 lative hydraulic di
—-—;———- 132 re gnve ydraulic diameter,
pve ;
Pr=-—- Prandtl number.
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The governing equations, however, point out that the Reynolds number does not
occur as a single parameter but is connected with the square root of the Rotation
number. Following the analogy between the flow in curved. and rotating ducts,
s. TREFETHEN [9], this parameter may be defined as a modified Dean number

2.4) De=Re V' Ro.
The numerical solution yields the flow and the temperature field data as a function
of the pertinent parameters: :

flow field
(2.5) U, v, W, C,=f(De, Ro, i);

temperature field '

8, C;=F (De, Ro, 4, Pr).

After having calculated the pressure gradient C, and temperature gradient C, the

friction factor £, the Nusselt number Nu and the efficiency factor Gii can be evaluated
using the following relationships:

(= Re 77,
Pr
(2'6) Nu:ﬁcﬂa
G 1 e w2
= B T et

2.2. Contrel equations

Integrating the axial momentum equation and the energy equation over the corss
section of the channel, two control equations may be deduced to check vhe accuracy
of the numerical solntion — '

(2.7 C,=K,,
where -
. 1 au 1 dz

. KP=D“{I["3? Y=1_FI-; 1.'=°]dz_2fa—z z=0 Y }:
2.8 0 . 0 .

Corn Ky,
where

_Dz 1120 af
Ke“ﬁof{‘a? vt O Y:O}"Z'

Equations (2.7) and (2.8) show that the conservation of momentum and energy
is to be satisfied respectively. Hence the numerical errors can be evaluated from the
following relationships: '

Cp -K,

(2.9) . FCF = C N ch:-l +Kﬂ .
. F
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The numerical errors of the axial momentum equation and energy equation primary

depend on the mesh sizes 4Y=1/NY and 4Z=0.5/NZ and secondary on the perti-

nent parameters. : .

(2.10) ' Fo,=f(NY, NZ,De, Ro, ),
' ch-—f(NY NZ,De,Ro, 4, P ),

( where NY and NZ are the number of divisions in the Y- and Z-direction respectwely

for one half of the cross section,

2.3. Numerical sclution

The elliptic partial differential equations were solved using a second-order
finite difference scheme with central difference approximations for the convective
and diffusive terms as

aF F.f-i-i k FI 1k
—_— =_.__.___._._,_.’ r—— 2
Y |4 2ay oA,
(2.11) g _om; |
. RN atE
. = + 2
) PR 2 04Y?)
and a three point formula for the wall vorticity as
=TV 8 — ¥
(2.12) Q= —— L TR L 04y,

24y*

Substituting the spatial derivatives of the differential equations by the corresponding
finite difference approximations, ong obtains a set of four dlﬁ'erence equations
in the following form:

(2.13) Ay Fy_qutdo Fppt Ay Froy w43 Fy s+ Ay F iy ={’1’5, '

where the coefficient Ao is constant and the coefficients 4,-A5 are functions of ¥,
Z and j, k respectively. For example, considering the axial momentum equatlon
(2.1);, the coefficients Aq-As may be written as follows:,

el )

AY 1 AZ \?
A=V Vi iz T 555 s

2 D2 AAY
4 __( AY v N 1 +1 AZ \2
2= ""T j+1,‘k“D'2— IA—I}_ »
{2.14) '
A7 1 .
A= Wiy L

AZ 1

Ay= 3 Wik hE ’1_2 +

N o AZ\?
'A5='(C},—2R0V-,,‘) i .



‘358 R. SCHILLING
The difference equations were solved iteratively using Gaussian elimination on the

lines
Z,k=const: Al Fj_1|h+Aon,k+A2 Fj+q'k=A:,

2.15
( ) Y,j=COnSt: A3 Fj,k—1+A0 FJJR+A4 Fj,k-&-l:A:*

with successive over or under relaxation. The modified coefficients A5 and A3*
become -
Ay=A5—(A43 Fy .y + Ao Fyyi1),

2.16)
( A§*=As“(A1 Fyjo1,0+42 Friq ).

The iterations were carried out with alternating direction and were terminated
when a relative error criterion ¢=10"> was satisfied.

3. RESULTS

Starting the computations which were catried out on a 1108 UNIVAC computer
of the “Rechenzentrum der Universitit Karlsruhe”, the first question to answer is
how many mesh points (NY+1)x(NZ+1) are needed to obtain a sufficiently accu-
rate solution, Therefore the influence of the number of mesh points on the pressure
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FiG. 3. Influence of number of mesh points on the pressure and temperature gradient C, and Cy
as well as on the numerical errors Fc' and F,.
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and temperature gradient C, and C, as well as on the numerical errors Fe, and
F¢, was studied assuming Ro=0, A=1 and Pr=1. Furthermore the number of
mesh points in the Y-and Z-direction was supposed to be equal considering one
half of the cross section, NY=NZ. The computations show that the pressure and
temperature gradients reach an asymptotic value each with an increasing number
of mesh points while the numerical errors run to zero:

C, Ro=0, i=1)=C, =—28.5,

(3.1)
Cy (Ro=0, A=1)=C, =285,

Based on these resuits all numerical calculations were carried out using 2121
mesh points. Throughout this study the Prandtl number was held fixed at Pr=1
(Fig. 3).

3.1. Pressure loss

Evaluating the pressure losses in rotating channels the pressure gradient C, or
the friction factor { must be known. In Fig. 4 the friction factor { is plotted against
the Reynolds number Re for the aspect ratio A=1 with the Rotation number Ro
as a parameter. For Ro=0 the numerical results yield the exact solution {=57/Re:
Considering a constant value of Ro the friction factor decreases with increasing
Re corresponding to the exact solution. Af a critical value of Re the curve begins
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Fia. 4. Friction factor ¢ versus Reynolds number Re for A=1 with Rotation number Ro as
. ’ a parameter,
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to vary up because the secondary flow strongly increases. This behaviour may be
understood because the -excitation of the secondary flow is proportional to the
square of the Reynolds. number. : :

Assuming constant values of angular veloc;lty e and mean Velocrty of ﬂow U
thIS graph shows the influence of viscosity v on the friction factor. In order to show
the infiuence of the mean velocity u, supposing constant values of g and v, the
Taylor number Ta ==w, ad,/v which is the product of Re and Ro is to be held fixed.
The friction factor ¢ is ploited against the Reynolds number for A=1 with. the
Taylor number Ta as a parameter (see Fig. 5}

501
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FiG. 5. Friction factor ¢ versus Reynolds humber Re for 2=1 with the Taylor number Ta as
- a parameter,

For Ta==0, that means Ro=0, we obtain again the exact solution {=57/Re.
Considering Taylor numbers Ta>0 the numerical solution yields parallel lines
in the range of low and moderate Reynolds numbers. Similar to the case shown
above the curves begin to vary up at larger values of Re because the excitation
of secondary flow is proportlonal oniy to the first power of the Reynolds
number. -

The influence of rotation w, is generally demonstrated correlating the increase
of the pressure gradient or pressure loss to the Dean number De. In the case of small
values of the Rotation number Ro the Dean number is the similarity parameter
of this problem and all curves shown above coincide to a single curve (see Fig. 6).
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Fig. 6, Increase of pressure gradlent Cof Cyp, due to rotation versus Dean number for Re=1000
: and -1,

For De>10 the pressure gradlent C, increascs as the Rotatlon number and the
secondary flow increases. In this case the excitation of the secondary flow motion
is proportional to the Rotation number. In Fig. 6 the numerical solution is compared
with the semi-empirical relationship of 'Tto, Nansu [10]. The comparison is found
to be good. However, a semi-logarithmic p]ottmg shows that the similarity is only
valid up to the Rotation, numbers' Ro <0.10 (see Flg 7). For Ro>0.10 the com-
puted pressure gradients clearly deviate from the curve,
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FiG. 7. Pressure gradient. C versus DPean number. De for- =1 .with Rotation number Ro ‘a®
-2 patametet,
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At a critical Dean number De = 160 and Ro=2.6 - 10~? a second pair of counter-
-rotating vortices appears (see Fig. 8). These additional vortices are, however,
restricted to a small range at the pressure side of the channel. Therefore they do
not affect the main flow velocity distribution, the pressure loss and heat transfer
characteristics.

The influence of the channel height b assuming a constant width & on the pressure
loss is demonstrated in Fig. 9. Herein the préSsure gradient C, is plotted versus
the aspect ratio A for several rotation numbers Ro. For large values of 1 all curves

Ro=2665-1072

Fic. 8. Lines of constant main flow velocity, upper half, and stream function contours,
Jower half of the cross section, for a square channel with Re=1000 and Ro=2.65- 1072
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Fro. 9. Pressure gradient €, versus aspect ratio 4 for Re,=1000 with the Rotation number Ro
as a parameter. .
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reach the asymptotic solution for Ro=0 because the excitation of the secondary
flow diminishes.
(3.2) : lim (De D A)=0, Ro=const.

Ao
In this limiting case one obtains the creeping flow without any secondary flow
motion, because the Reynolds number Re=Re, D itself also runs to zero, For
very small aspect ratios 4 where the Reynolds number reach its maximum value
Re (A=0)=2Re, and the excitation become zero again

3.3 lim (De D1)=0, Ro=const,

A=0

we obtain the second limiting case of an approximately plane flow with diminishing
secondary flow. Then the profile of the main flow is independent of Z and can be
expressed as a function of ¥ only:

(3.4 plane flow: U’ (Y)=6(Y—TY?).

Hence, the pressure gradient C, for A=0 becomes

(3.5) lim C, =--»lim.(1!)2 Fu ) S w=—48
‘ PRI aY? Jy=0 ’

which is confirmed by the numerical results shown in Fig. 9. Furthermore it should
be noticed tbat the pressure gradient of the channel flow for A-0 is four times
greater than the pressure gradient of plane flow. Starting from a small channel
height b, that means large aspect ratios, the pressure gradient first decreases, reaches
an absolute minimum and then increases with increasing b. Following the curves
for Ro=5-10~% an abrupt jump of the pressure gradient occurs, This effect may
be understood looking at the secondary flow pattern. At 220.2 a sccond pair of
. fully developed vortices appears (see Fig. 10).

Because these additional vortices are extended to the whole channel width,
they strongly affect the main vcloclty distribution, friction factor and heat transfer
data. :

3.2. Heat transfer

Similarly to the representation of 'preasurello‘ss' the increase of heat transfer due
to rotation may also be correlated to the Dean number De (see Fig. 11).

For De>10 the temperature gradient C, strongly increases with increasing
rotation while the heat transfer at the pressure side is higher than the heat transfer
at the suction side of the channel. The increase of heat transfer is greater than the
increase of pressure loss. At Ro=10"2 and De=100 respectively the increase of
heat transfer is about 1509, ' _

Assuming a constant chanpnel width a the influence of the channel height & on
the heat transfer was investigated (see Fig. 12).
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‘half -of the cross section, for Re;==1000, Ro=>5-10"? and two geometries £=0.203 and 0.199.
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PIG 11 Increase of tempcrature gradlcnt Col Cy,, duie to rotation versus Dea_n number for Re= 1000
S o : 2. 1 ‘and Pr=1. : -

_ Considering the curve for Ro=0 two limiting caséé'are to bé differed. 'Fifs’t',-'
+ for very small values of A the height b .goes to infinity and an’approximately-plane
flow can be supposed. Taking into account the corresponding main. velocity profile




NUMERICAL CALCULATION OF PRESSURE- LOSS -AND FORCED HEAT TRANSFER 365

Req=1000 - Fr:}

Cew L .;L\

? A | _ : |- f80=51072
i %::,.““"-m-. i =
‘BF ‘ ™~ ‘“7“"\ g
L Res——— "B TS
& Rc’:ig-a‘:"‘:*;x\—;: \ N
i : 5
4 Ro=251072 \;& —\\\L\%
- Be=stgZ | - 1 [ NN _\\4%\
2t RO:ID’L'_—‘:*:: = Q\ I,
- l Fondhy
1] : Lo . ) + 1 Ldly f ey
w2 1w ot TS

?tssa% S—

Fra. 12. Temperature gradient €, versus aspect ratio 4 for Rea:_IGOO and Pr==1 with the Rotation
number Ro ‘as a parameter considering heat transfer at pressure side Y=0.

A 0199

As0303
S

FiG. 13, Lines of constant temperature considering heat transfer at pressure side, upper half, and
at suetion side, lewer half of the channel for ‘Reg=1000, Ro=510"3 and two geometries
A=0.203 and 0.119. ‘

(3.4) the simplified energy equation —Pr: U=D? §2 0/3Y? can be integrated anal-
ytically and yields the following temperature profile: '

4

o : Prf 1
(36) - plane ﬂow:'H(Y)=T(Y—Y3+*~Y4).

Rozprawy Iniynierskie — 2
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Hence the temperature gradient C, can be evaluated using Eq. (2.3)

_[D* 12D* 20\ 80
3.7 fim Cy=lim — ﬂ7=11'43'

A—D A-rQ

—_—

P —-C, 7

The numerical results show a good agreement with these theoretical considerations.
Second, considering very larg: aspect ratios the height b of the channel tends to zero
so that no heat can be transferred, C,=0. For Ro>0 the temperature gradient C,
strongly increases with increasing channel height 5 and decreasing aspect ratio 4
respectively. Similarly to the jump of the pressure gradient at A~0.2 the additional
vortices change the flow pattern and temperature distribution (see Fig. 13), and
therefore also cause a sudden increase of the temperature gradient Cs.

3.3. Efficiency factor

Comparing the effect of rotation both on the pressure loss and the heat transfer,
the numerical investigations clearly show that the temperature gradient is affected
in a stronger way than the pressure gradient. In Fig. 14 the increase of the efficiency
factor GiI/Giiy is plotted against the Dean number De. =~

Gut Regai000  R=1  Pral
Gy, 3 -
o
2— - Pressure- e
. 1
//""_,.,————— Suction-
' Lot
- | 1]
]
1
3 4 56 8 2 3 4 56 8
10 ? 102 103

Dez=Re YRo P "

Fic. 14. Increase of the efficiency factor Gil/Gij, duc to rotation versus Dean number De for
Re,=1000, =1 and Pr=1.

The results point out that the efficiency factor Gii increases with increasing
rotation., Considering heat transfer at the pressure side Gil is greater than Gii heating
the suction side of the channel. At De=:100 the improvement of the efficiency factor
reaches its maximum value and is about 100 %4. '

In Fig. 15 the product of the Eckert number Ec and the efficiency factor G#
considering heat transfer at the pressure side ¥=0 is plotted against the aspect
ratio 4 with the Rotation number Ro as a parameter. Corresponding to the estima-
tion of C, and Cp at A=0 here one obtains .

C
(3.8) lim (Ec - Gi)=ltim (?") =0.238,
A=0 A=+0 P
Considering very a large value of A, the ratio Cy/C, runs to zero, Ec - Gii=0. In
the intermediate range the efficiency factor may be improved remarkably by rotation.
Supposing a geometry A=3 the improvement is about 400%,.
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3 4. Numerzcal errors

Assun'ung constant mesh sizes the numerlcal errors F and Fe, primarily depend
on the Reynolds number Re and Rotation number Ro. Similarly to the numerical
solution Cp and C, the numerical errors may be correlated to the Dean number
De. For Ro<0.1 all curves coincide to a single curve (sce Fig. 16). In the range of
Dean numbers investigated De5170 the relative numerical errors F computing
the ‘axial momentum equation are less than 1.17] and FC calculatmg the energy
equation reaches a maximum value of 87

4, CONCLUDING REMARKS

" The numerical solution procedure will be extended to higher values of the Dean
aumber. Furthermore the steady fully-developed flow field and temperature field
in curved rotating channels will be investigated.
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STRESZCZENIE

NUMERYCZNE WYZNACZANIB SPADEU CISNIENIA T WYMUSZONEJ] KONWEKCII
CIEPL.A W KANALACH WIRUJACYCH O DOWOLNYM PRZEKROJU PROSTOKATNYM

. Za pomocg metody rdinic skoficZonych rozwaza sig pole przeplywu laminarnego oraz tempe-
ratury w prostohmowych kanalach wirujacych o préekroju prostokatnym, Z rogwigzania réwnan
Naviera-Stokesa i energii wyznacza sie spadek cifnienia, pole przeplywu ciepla i wydajnosé jake
funkcje liczby Reynoldsa, obrotéw i wydhuzenie, Wyniki liczbowe sg zgodne z istniejacymi danymi
eksperymentalnymi. -
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Peaome

YICNEHHOE OIIPE,IIEHBHI/IE TIEPEIIATA JABIIEBWA W BBIHY X JEHHOM
KOHHEKIWY TEILTA BO BPAUTAIOHIAXCS KAHAJIAX C IIPOWU3BOJIBHBIM
KBAJ/IPATHEIM CEYEHWEM

C momoipic MeTojia KOMCHHEIX DasHOCTel PAccMATDHRICICH HOIE RAMHHAPHOID TeueHAd,
& TAKKe TeMICDATYPE! B NPOCTONUHCHHEIX BPATMAIOIIMXCH KANANAX C KBAZDATHEIM CEUCHEEM.
C noMompro perrenms ypapuenwmit Haner-Croxca u SHEPIER ONPEHCIETCH Nepenaly IaBITCHHS,
HOI® TeYCHUA M OPOM3BOAMTEILHOCT: KaK (ymkuan 1rena Peiinomsacs, 0G0p0TOs M yajtaEems.
UHceHnse PESYILTATH COBIAAIOT € CYMIECTRYOMUME IKCOCPHMEHTANBEMME TAHHLIME.
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