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RESISTANCE OF RC ANNULAR CROSS-SECTIONS WITH OPENINGS

SUBJECTED TO AXIAL FORCE AND BENDING

This paper presents ultimate limit state analysis of the resistance of reinforced concrete
(RC) annular cross-sections with openings, subjected to the axial force and the bending mo-
ment. Based on nonlinear material laws for concrete and reinforcing steel and using the method
of mathematical induction, analytical formulae are derived in the case when the cross-section
is weakened by an arbitrary number of openings located symmetrically with respect to the
bending direction. In this approach, the additional reinforcement at openings is also taken
into account. The results of numerical calculations are presented in the form of interaction
diagrams with the design values of the normalized cross-sectional forces n, and m, for the
sections weakened by openings as well as for the closed ones. This approach has been applied
to investigate the influence of different parameters such as the size and the number of openings,
the reinforcement ratio, the additional reinforcement at the opening, the form of stress-strain
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relationships for concrete and the thickness/radius ratio, on the section resistance.
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NOTATIONS

modulus of elasticity of steel,

area of the additional reinforcement at the opening specified by a1,
area of the additional reinforcement at the opening specified by aq,
design bending moment,

ultimate bending moment,

design axial force,

ultimate axial force,

outer radius of ring,

coefficient of concrete softening,

coefficient of steel hardening,

characteristic strength of concrete in compression,

yield stress of steel,

design normalized ultimate bending moment,

design normalized ultimate axial force,

inner radius of the ring,

mean radius of the ring,

radius of the circumference on which reinforcing steel is located,
thickness of the cross-section,
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a angle describing the location of the neutral axis (a1 < a < ag), rad,
a1 angle describing the location of the first opening, rad,
a2 angle describing the location of the second opening, rad,
m number of openings,
(a1, a2), (as, a4), ..., (m—1, am) couples of angular coordinates determining the locations
of openings, rad,
ap angle determining the depth of the zone of plastified concrete, rad,
aq1 angle determining the depth of the zone of plastified steel in compression, rad,
aq2 angle determining the depth of the zone of plastified steel in tension, rad,
€ strain expressed in %o,
€. strain in concrete, [%o],
€cw  ultimate strain in concrete, [%o],
€s strain in steel, |%o],
€su ultimate strain in steel, [%o],
€sy strain related to the yield stress of steel, [%o],
€o the given numerical parameter,
Y. partial safety factor for concrete,
vs partial safety factor for steel,
1 the ratio of cross-sectional areas, steel to concrete,
Lal, Ha2 the ratios of cross-sectional areas, additional reinforcement located at the open-
ings specified by a1, as to concrete,
lai the ratio of cross-sectional areas, additional reinforcement located at the opening
side specified by a; to concrete,
0. compressive stress in concrete,
os stress in steel.

1. INTRODUCTION

Structures and members with the annular cross-section weakened by openings
subjected to the axial force and bending moment are frequently encountered in
engineering practice (towers, chimneys, lamp posts, columns etc.).

Determination of the resistance of the cross-sections of RC chimneys and
tower structures has been reported in the literature by several authors. The
ultimate load analysis of a shell with a circular cross-section weakened by one
and two openings is presented in the monograph by PINFOLD [1]. A similar
approach is also used by NIESER and ENGEL [2], in DIN 1056 and CICIND
codes [3, 4], assuming the central layout of steel reinforcement in the wall of
tower or chimney structures and ignoring the effect of additional reinforcement
at the sides of openings. The generalized linear section model for analysis of RC
chimneys weakened by openings was proposed by LECHMAN and LEWINSKI [5].

When RC cross-sections under consideration are subjected to the given design
axial force Ngg and bending moment Mg, and a nonlinear behavior of concrete
and steel reinforcement is assumed, the problem is described mathematically
by a set of equations which are nonlinear and difficult to solve. Therefore, a
numerical strategy must be used. For this purpose the modified BFGS method
has been successfully applied by LECHMAN and STACHURSKI [6].
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Despite the generality of the papers mentioned, there are no appropriate an-
alytical formulae for determining the resistance of the annular sections weakened
by an arbitrary number of openings and taking into consideration the physical
nonlinearity of concrete and reinforcing steel. Such a task has been undertaken
in the present paper.

2. DERIVATION OF FORMULAE FOR THE SECTION WITH ONE OR TWO
DIAMETRICALLY OPPOSITE OPENINGS

As the first step of the proposed approach, the annular cross-section, de-
scribed by the outer radius — R and the inner radius — r, is assumed to be
weakened by one or two openings. The locations of the openings are determined
by couples of the angular coordinates (0, 1), (a2, 7), 0 < a1 < ay < 7. The
reinforcing steel spaced in a general case continuously at [ layers can be replaced
by a continuous ring of equivalent area located on the reference circumference
of radius rs (Fig. 1a). The section under consideration is subjected to the axial
force N, and the bending moment M, at ultimate limit state. If a; # 0 and
a9 = m, it forms the cross-section weakened by a single opening, while ai; = 0
and oy = 7 describe the closed annular one.

In the present derivation, the following assumptions have been introduced:

(i) plane cross-sections remain plane,
(ii) the tensile strength of concrete is ignored,

(iii) the reinforcement in both the tension and compression zone is taken into
account,

(iv) the thickness of the section is thin compared with its diameter,
(v) elasto-plastic stress/strain relationships for concrete and steel are used,
(vi) the ultimate strain for concrete is defined as —3.5%0 or —2%o, while for
reinforcement as 5%o (tension) and —5%o (compression).
For determining the resistance of cross-sections, the stress-strain relation-

ships for concrete in compression with softening in the plastic range is given by
(Fig. 1b):

2
Uc:ka<1+€>E’ for —eg9g <e <0,
Ye €0 260
(2.1) f
o, = —2Lk (1_CCSE+€O> , for —3.5 <e < —eo,
Ye ecu+50

where g9 — the given numerical parameter, f., — characteristic strength of con-
crete in compression, 7. — partial safety factor for concrete, ces = (feq — feu)/ fed
— coefficient of concrete softening in the plastic range, f.q — design value of the
compressive strength of concrete, fo, = oc(ecy)-
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FiGg. 1. a) The cross-section weakened by two openings, b) distribution of strains e, stresses
in concrete o. and in steel o5 across the section.

To determine the resistance of the cross-sections, the stress-strain relations
for reinforcing steel with hardening in the plastic range are assumed as (Fig. 1b):

O-S — Me’ fOl“ _esy S«S §88y7
Ess
E—¢
o, = ok <1 + Cshsy> , for gsy <€ <10,
(2.2) Vs Esu — Esy
E+e€
oy = _M (1 — CShsy> , for —10 <e < —eyy,
Vs Esu — Esy
Jyk €
885 _ L7 _ SS

asy -
Es Vs
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where f,, — yield stress of steel, I/, — modulus of elasticity of steel, v, — partial
safety factor for steel, cg, — coefficient of steel hardening in the plastic range
expressed as:

fsu - fyd
Csh = — 7
f yd
fya — design value of the yield stress of steel, fo, = 0s(Esu)-
Let us consider the cross-section under combined compression and bending.
Due to the Bernoulli assumption we obtain:

COS (p — cos

ge=—"——¢ = (cosp —cosa)el,,
(2.3) PR — COS QX
' COS Y — COS (v
£s = PLEOSY — CORA s _ (pcosp — cosa)el,,
PR — COS (X

where £ — the maximum compressive strain in concrete at the point (0, R), [%o],

« — angle describing the location of the neutral axis, rad, ¢ — angular coordinate,
/
€
rad, p — coefficient, p = rs/ry,, pr — coefficient, pr = R/rp,, e}, = ———.
PR — COS Y

The conditions of the strain conformity for the concrete and the steel in
compression and in tension are expressed, respectively, by

(2.4) (cos ay, — cos a)el, = —ey,
(2.5) (pcosagr — cosa)el, = —egy,
(2.6) (pcos age — cosa)el, = egy,

where oy, — angle determining the depth of the zone of the plastified concrete, a1
— angle determining the depth of the zone of the plastified steel in compression,
Qg2 — angle determining the depth of the zone of the plastified steel in tension.

The resistance of the cross-section is reached when either the ultimate strain
in concrete €., or in steel g4, is reached anywhere in that section, i.e. the following
conditions must be satisfied:

(2.7) (cosay — cosa)el, = ey,
(2.8) (pcosag — cosa)el, = egy.

On the basis of a combinatorial approach, eight possible forms of the stress
distribution in the section are to be considered:

1) elastic phase of the concrete and steel,

2) plastic phase of the concrete, elastic phase of the steel,
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3) plastic phase of the concrete and the steel in compression, elastic phase of
the steel in tension,
4) plastic phase of the concrete and the steel in tension, elastic phase of the
steel in compression,
5) elastic phase of the concrete and the steel in compression, plastic phase of
the steel in tension,
6) elastic phase of the concrete and the steel in tension, plastic phase of the
steel in compression steel,
7) elastic phase of the concrete, plastic phase of the steel in compression and
the steel in tension,
8) plastic phase of the concrete and steel.
Let us consider the case 8). The equilibrium equation of the normal forces in the
cross-section weakened by one or two openings at ultimate limit state takes the
following form:

e @ Qal Qg2
(29) 2 / oA, + / oSdA. | +2 / oPldA, + / od A,
o ol a1 Qa1
a2
+ / UﬁldAs + 2Faa10§l(a1) + 2Fw20§l(a2) + N, =0,
Qa2

where o' — the stress function of concrete in the plastic range given by (2.1)g,
ot — the stress function of concrete in the elastic range given by (2.1), o' — the
stress function of steel in the plastic range given by (2.2)9, (2.2)3, 0¢ — the stress
function of steel in the elastic range given by (2.2)1, dA. — element of the concrete
area, dAs — element of the steel area, F,,1 — area of the additional reinforcement
at the opening specified by a1, Fya2 — area of the additional reinforcement at
the opening specified by as.

Using the relation dA. + dAs = dA = rptdp, the equilibrium equation of
the sectional bending moments at ultimate limit state with respect to the line
perpendicular to the symmetry axis and crossing it at the centre of the section,
can be written in the form

ap «
(2.10) rmt(1— p) /aflrm cos pdp + /agrm cos pdp
ol ap
Qg1 Qg2 Qa2
+ rptu / oPlrg cos pdp + / oirscos pdp + / oPlr, cos pdy
[e3] Aal a2

! !
+ Foa102 (aq)rs cos ag + Fuaoo? (ae)rs cos ag + M, = 0.
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Taking into account the relationships (2.1)—(2.3), after integration and rearrange-
ment of (2.9), (2.10) we obtain

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

PR(Esu COS Q] — €0y COS O2)
o = arc cos ,

€su — Ecu

/ PR — COS
€ =€

PR COS Q| — COS Qv

aq elastic phase,
ap = 1 .
arc cos | cosa —eg—- | plastic phase,
60&
a1 elastic phase,
Qg1 = 1 1 :
arc cos | — | cosa — egy— plastic phase,
LP €a/ ]
Qs elastic phase,
= (1 1]
Qa2 arc cos | — <cos a+e sy/> plastic phase,
LP €a/ |

Ny = -2 {_ = B (X () + —— [l Xa (v, o) + £0.X7(aw)]

™ Ye Ecu T €0
1—p , 2 [ 1, fyk 1
+ e, — | Xi(a,ap) + —e , Xo(a,ap) | + p=— ¢ —— [ Xs(«
Ye aeo 1( ) 260 @ 2( ) chk: Vs [ 8( al)
Csh / 1 !
+ [EaX5(047 aal) - Est8(aa1)] + Ean(Oé, Qql, aa2>
Esu — Esy €ss

1 Csh
+ {[Xg(aag) + é[c‘:;Xﬁ(O&, Oéaz) Estg Oéag }
s Esu — Esy
fyk { 1 [ Csh }
14 —0k1— |1— ————[el (pcosas — cosar) + ¢
fck fa Vs Esu — 5sy[ (p v

SS

L fue

5/
+ dk141 —=(pcosa; — cosa }
€
7 Ha2
fck “ :|

1
{6k2 [1+C‘9h[ a(pcosag —cosa) — egy
S Esu_esy

/
+ dk211 6—O‘(pcos oy — cosa)}} .
€

S8
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1 1
(2.17) mu:—{—OS

™

;CM [Y7(ab) + &;%50(5/0‘}/4(&’ ap) + 50Y7(ab))]

1—p
+0.5

Ye

z [Y1(Oé ) + Lo aYa(a, ab)} +0. 5Mfyk [—1/? [Ys(%l)
50 2e €0 fck s

Cs 1
b (e Vi, ) — asymab))} + Lo Vo, o)

Esu — Esy Ess

Csh

1 .
o [Yg(aaz) _ sinag + (Y (t, ) — esngmaQ»H
S

Esu — 5sy

f 1 Csh
fc L Pl —5;61’7 1— gsfgsy[e’a(p cos i — cos ) + £4y] | cos

s

/

€

+ 0k141 —=(pcosay — cos @) cos ay }
885

f k 1 Csh
fz Pla2 5k2—8 1+ ﬁ[e’a(p COS (g — COS ¥) — Egy] | COS (2

/
€

+ dkor1 —=(pcosay — cos ar) cos ag}} ,
€

SS

where:
Ny
2.18 = —
( ) M 27Tt fek
denotes the normalized ultimate normal force,
M,
2.19 My = ——5——
( ) “ 47 T%ﬁbtfck
denotes the normalized ultimate bending moment, y = dAs;/dA — the ratio of
F,
areas, steel to concrete, o1 = —oal y Ha2 = 992 _ the ratios of areas, additional
Tm

m
reinforcement located at the openlngs specified by a1, as to concrete, ¢ - thickness

of the cross-section t = R —r, dy — element of the angle measured from the axis
in the compressive zone.

Ok =5((=D"+1), k=123

kl=1,2; k2 =2, 3.
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The functions X1—X9 and Y;—Yy are defined by the following formulae:
X1 (o, ap) = sina — sin oy, — cos a(a — ap),

Xo(a, o) = (0.5 + cos® o) (o — ay,) + 0.25(sin 2a — sin 2ay)

— 2cos asin o — sin ),

X3(a1, aq2) = p(sin age — sinag) — cos a(age — aq1),
(2.20) Xy(a, o) = sinay — sin g — cos a(ap — ay),
Xs(a, aq1) = p(sinagr — sinag) — cosa(ag — aq),
Xe(a, ag2) = p(sin ag — sin agg) — cos a(ag — aq2),
X7(ap) = ap —
Xs(aq1) = ag1 — aa,
Xo(aa2) = a2 — Qa2
Yi(a, ap) = 0.5(ac — o) + 0.25(sin 2a0 — sin 2ayp)
— cos a(sina — sin ap),
Ya(a, ) = (1 + cos? ) (sin o — sin o) — %(Sin3 o —sin® a)
— cos afor — ap + 0.5(sin 20 — sin 2ap)],
Y3(aa1, aq2) = p{p[0.5(cta2 — aa1) + 0.25(sin 2a42 — sin 2av41))]
— cos a(sin ag — sinag) },
Yi(or, o) = 0.5(ap — a1) + 0.25(sin 20y, — sin 2ay)
(2.21)

— cosa(sin oy — sinay),
Y5(a, aq1) = p[0.5(aq1 — aq) + 0.25(sin 2c1 — sin 2a )]
— cos asin g — sinag),
Yo(ar, aig2) = p[0.5(a2 — aq2) + 0.25(sin 2ap — sin 2av42))]
— cos asin ag — sin ag2),
Y7(ap) = sinay — sin g,
Ys(ag1) = sinag,; — sinay,

Yo(aa2) = sinag — sin age.

In a similar way one can analyze the section wholly being in compression.
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3. GENERALIZATION OF THE OBTAINED FORMULAE FOR THE SECTION
WITH m OPENINGS

The presented model can be generalized for the cross-section weakened by
more than two openings. Let us consider the annular cross-section weakened by
m openings situated symmetrically with respect to the bending direction. By
this assumption, the locations of the openings are determined by couples of the
angular coordinates (a1, ag), (a3, a4), ..., (@m-1, @m), 0 < a1 < ay < ... <
am—1, < ap < 7 (Fig. 2). Using the principle of mathematical induction one can
obtain a solution that takes a similar form as (2.11)—(2.17). It covers all locations
of the neutral axis and takes account of possible plastic ranges of concrete and
reinforcing steels. The functions X;—-Xg and Y1—-Yy are given in this case by:

k
X1(a,ap) = Z (—1)"Lsina; — & sinay, + 0 sin o
+1

k
— cos (Z (—1) oy — S0y + 5ka> ,

I+1

k
Xo(a, o) = (0.5 + cos? @) (Z (1) oy — ap + 5ka>
+1

k
+0.25 (Z (—1)""1sin 20y + 0 sin 20y, + 9 sin 204)
1+1

k
(3.1) —2cosa (Z (=1)"tsin oy — &; sin oy, + 6, sin a) ,
1+1

k2
Xs(o, g1, q2) = p (Z (—1)1_1 sin a; — 01 Sin g1 + dgo Sin aa2>
k141

k2
— cosa (Z (=) ta; — dp10a + 5k204a2> :

k141

l
Xy, ) =) (1) sina; + 6 sinay,
=1

l
— cos ( (1)t + 5104b> ,
=1
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k1
Xs(a,aq1) = p (Z (—1)1'_1 sin ov; + dy1 sin aa1>

i=1
k1 4
— cosa (Z (1) oy + 5k1@a1> ,

=1

Xo(a,aq2) = p (Z (—l)i’1 sin a;; + dgo Sin aa2>

k2+1
m .
E’:HH — cos (Z (1) ta; + 5k2aa2> ;
k2+1
l .
X7(Ozb) = Z (—1)1_10(1‘ + 550%,
i=1
k1 .
Xs(a1) =Y (=1)" o + Sprcvan,
=1
m .
Xo(oaz) = > (=) i — Spacvaz + .

=
[\
+

1

k
Yi(a,ap) = 0.5 <Z (—1)" Loy — Gy + 5ka)

I+1

k
+0.25 (Z (1)t sin 20 — & sin 2ay, + Oy sin 2a>
I+1

k
— cos <Z (=1)"'sina; — & sin oy, + O sin a) ,

+1

k
(3.2) Ya(a, op) = (14 cos® a) (Z (—1)"tsin oy — &; sin oy, + 6, sin a)
I+1

k
(Z (—l)iflsinil‘ai — §sinday + 5ksin3a>

+1

W =

k
— cosa [Z (—1)i_1ai — 0 + O
+1

k
+ 0.5 (Z (—1)"tsin 2a; — &;sin 20y, + jsin 2a>] ,

I+1
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k2
(3.2) Y3(a, aq1, q2) = p {P [0-5 (Z (1) oy — Sp10var + 5k2&a2>

[cont.] Bl

k2
+0.25 (Z (=1)""1sin 20 — Op1 sin 2041 + Opo sin 206(12)]
k1+1

k2
— cosa <Z (—1)"_1 sin a; — Og1 Sin a1 + dgo sin aa2> } ,

k141

l
1=

Y4(Oz, (lb) =0.5 ( (—1)1'71041‘ + 510&1))

1

l
+0.25 (Z (—=1)"'sin 2q; + & sin 2ab>

=1

l
— cos ( (—1)"'sina; 4 &; sin ab> ,

i=1

k1l
Ys5(o, 001) = p [0-5 (Z (-1 oy + 5k104a1>

i=1

k1
+ (0.25 > (=1)" ' sin 2a; + 65 sin 2%1)]
=1

k1
— cosa (Z (—l)i_1 sin o + 01 sin aa1> ,

i=1
m .
Yo(a, aaz) = p [0.5 (Z (1) oy + 6k2aa2>
k2+1
m .
+0.25 ( D " (—1)""'sin 20 + dpo sin 2%2)]
k2+1
m .
— cosa < Z (—1)2*1 sin a;; + dgo Sin aa2> ,
k2+1
l .
Y7(ap) = Z(—l)l_1 sin o + 9y sin oy,
i=1
k1 .
Ys(ag1) = z:(—l)z_1 sin i + 01 Sin a1,
i=1
m

Yo(ag2) = Z (—1)1‘_1 sin a; + 0o Sin (ga.
k241
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k=0,1,...,m — the index of the interval satisfying the condition « € (ay, ag11),
where « is the angle describing the location of the neutral axis of the section,
[ denotes the index of the interval satisfying the condition o, € (ay, aqq1),
[l =0,1,...,k, k1 — the index of the interval satisfying the condition «,; €
(a1, ak141), k1 =0, ..., k, k2 — the index of the interval satisfying the condition
g2 € (g, akor1), K2 =k +1,...,m.

m2
In the above formulae it is assumed that if m1 > m2 then ) () = 0.

ml

Fia. 2. The cross-section weakened by m openings located symmetrically with respect
to the bending direction.

The effects of the additional reinforcements at the openings are determined
by the following conditions:
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— with respect to ny,:

fyk 1 ik Csh /
(33) == —— ) pai |1— f[sa(pcos a; —cosa) +egyl| +

fck Vs i—1 — Esy
g2
+ = Z pai(p cos a; — cos @)
Css i
1 «— c
+— Z Hai [1 + i[sg(pcos Q; —cos ) — 58y]} }
V5 iZk2t Esu T sy

— with respect to my,;:

k1
1
(3.4) O.5Mp {— E Hai {1 - %[Eg(p COS (v — COS () + 58y]} oS v
.7 su

fck Vs i—1 — Esy
, k2
€
+ = Z Lai(p cos a; — cos a) cos
€58 i k4
1 “ Csh /
+ — Z fai |1+ —————[e (pcosa; —cosa) —egy]| cosay ¢ .
Vs Esu — 5sy

i=k2+1
To prove validity of the formulae (3.1)-(3.2) in a general case, the mathematical
induction is employed. Substituting m = 4, k = 2, | = 2 in the formulae (3.1)
and (3.2), the relationships given by (2.20)—(2.21) for the section weakened by
two openings are obtained (Fig. 1a):

2

Xi(a, ap) = Z (—1)""!sin a; — dp sin oy + da sin o
3

2
—cosa —1)a, — d9ap + dra | = —sinay + sina — cos a(—ap + a
> (=) g, b b b ,
3

2
Yi(a,ap) = 0.5 (Z (=) a, — daay, + 52a>
3

2
+0.25 (Z (=1)"'sin 2a; — 8 sin 2y, + da sin 2a>
3

2

— cosa (Z (—1)""tsina; — g sin ay, + do sin a>
3

= 0.5(—ap + ) + 0.25(— sin 2a, + sin 2a) — cos a—sin ay, + sin av),

2

due to 23:() =0.
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In a similar way the functions Xo—X9 and Yo—Yy given by (2.20) and (2.21)
can be obtained.

Let us in turn assume validity of the formulae (3.1)—(3.2) for the section
weakened by m openings, k = 1,2, ..., m, and let us consider the section weakened
by two additional, symmetrically situated openings, the locations of which are
determined by a couple of angular coordinates (41, m42), 0 < a1 < ag <
e S < amt1 < apmyo < m (Fig. 2).

The task leads to two additional cases of location of the neutral axis « to be
considered: amt1 < a < g2 OF Qo < a <.

Integrating the equilibrium equation (2.9) in the first case, the function X («,
ap) takes the following form (kK =m + 1):

m—1
Xi(o, ap) = Z (—1)"*1 sin oy — §; sin o + Sin yp41 — sin auy,
I+1

m—1
—cosa (Z (—1)i*1ai — oy + Q1 — am>

+1
m+1 ' m+1 '
= Z (—1)171 sin ay; —d; sin o —cos o (Z (—1)1710% — 51%) ) (a1 = 0).
I+1 +1
For the case a2 <a <7 (k=m+1):

m+1
Xi(a,ap) = Z (—1)"'sina; — & sin ay + sin o — sin a4
I+1

m+1 '
—cos (Z (—1)1_1% — oo + a0 — am+2>

+1
m—+2
= Z (—1)"_1 sin a; — & sin a + dppa0 sin o
I+1
m—+2
— cos (Z (-1, — Sap + 5m+20z> , (Omy2 =1).
+1

The remaining functions Xo—Xg and Y7—Yy can be checked in a similar way.
Thus, the general formulae (3.1) and (3.2) are proved.

4. NUMERICAL EXAMPLES

The presented approach enables the determination of the resistance of the
sections under consideration. Using the derived formulae (2.11)-(2.17) and
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(3.1)—(3.4), the interaction curves with the design values of the normalized, cross-
sectional forces n, and m, have been obtained for the section weakened by two
or four openings (Fig. 3, Fig. 4). Each curve refers to the corresponding value
of reinforcement ratio jufyr/ fer.. The maximum compressive strain in concrete is
calculated at the extreme fibre in the compression zone of the section. The two
numbers €./, at each indication point are concrete strain and steel strain in %o.
The points located on the n, axis are related to pure compression and on the m,,
axis — to pure bending. The points denoted by €./0 can be interpreted as tran-
sition from the state e./(es < 0) described as whole compression (uncracked) to
the one £./(es > 0) characterized by the occurrence of the tensile strains which
cause the crack formation in concrete (cracked).
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Fic. 3. Interaction diagram with the design values of the normalized cross-sectional forces
n, and m, for the section weakened by two openings: fyr = 220 MPa; v. = 1.5; vs = 1.15,
€0 = 207 Ces = Csh = 0.

The effect of the additional lumped reinforcement at an opening was exam-
ined under the assumption that the cross-sectional area of the additional steel
bars at the sides of the opening is equal to that which would have passed through
it. The comparison presented in Fig. 5. indicates that the section resistance de-
termined by the values of n,, m,, increases due to the additional reinforcement
at a single opening by more than 10%, depending on the opening size and the
ultimate values e, and eg,.
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F1c. 6. The effect of a single opening of the size of 44° on the section resistance: curves a, b
— the closed ring section; curves ¢, d — the ring section weakened by single opening;
fyk = 410 MPa; v = 1.5; vs = 1.15; = 1%, €0 = 2.0, ces = csn = 0.
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Fi1c. 7. Comparison of the section resistance determined by stress-strain relationship for the
concrete given by (2.1) (b) with that based on the parabolic-rectagular one (a);
fyk = 410 MPa; fer, = 20 MPa; v = 1.5; vs = 1.15; p = 0.5%, g0 = 2.0, ccs = 0.15, cop, = 0.
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As the next problem, the effect of openings on the section resistance has been
determined. The curves presented in Fig. 6 indicate that a single opening of the
size of 44° results in reduction in the section resistance by 30-40% with respect
to the normal force n, and the bending moment m,,.

The comparison of the section resistance determined by the stress-strain re-
lationship given by (2.1) with that based on the parabolic-rectagular one is pre-
sented in Fig. 7. It shows that the concrete softening in the plastic range results
in decreasing the section resistance by 9-11% with respect to n, and 8-19% with
respect to my,.

In Fig. 8 the values of n,, and m,, are shown as functions of the ¢/R ratio for
different ultimate values ., and e4,. The increasing value of ¢/R ratio results
in lower section resistance. It is reduced in the considered range (0.05;0.25) by
up to 14% with respect to n, and by up to 7% with respect to m,,.

Table 1. Comparison of the calculated values with those specified in the DIN
1056 code; f,, =420 MPa, v, = 1.5, 7. = 1.25, a — opening size, RD — relative

difference.
Type a | Il Mtu Mu
of Section Pl 1" fen DIN Proposed RD [%] | DIN Proposed RD [%]

model model
Closed 0.2 |—2/2]0.260 0.244 6.6 |0.14 0.138 1.7
with 1 opening | 22 0.2 |—2/1|0.305 0.293 4.1 0.11 0.108 2.1
with 1 opening | 33 | 0.3 [—2/1]0.30 0.286 5.1 |0.111 0.109 1.4
with 2 openings| 22 0.15|—2/1|0.30 0.287 4.6 |0.10 0.098 1.7
with 2 openings| 44 | 0.1 |—2/4|0.100 0.105 4.7 10.059 0.0589 0.1

The calculated design values of the normalized, cross-sectional forces n,, and
m, for the sections weakened by one and two openings have been compared
with those given according to DIN 1056 [2, 3] (Table 1). The resulting differ-
ences do not exceed 7%. In the author’s opinion, they result from the differences
in the models used and partly from the inaccuracies of reading the DIN dia-
grams.

5. CONCLUSIONS

Based on this study, the following conclusions can be drawn:

1. Using combinatorial approach and the method of mathematical induction,
general analytical formulae have been derived for determining the resis-
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tance and elasto-plastic analysis of RC annular cross-sections, weakened
by an arbitrary number of openings located symmetrically with respect to
the bending direction.

2. The obtained solutions are presented in the form of interaction diagrams
with the design values of the normalized cross-sectional forces n, and m,,
that can be easily used in structural design.

3. The proposed section model seems to have a wider application field than
the previous ones due to the assumptions of non-central layout of rein-
forcement, additional steel bars at openings and wall edge strains.

4. The resistance of the section increases due to the additional reinforcement
at the opening by more than 10%, depending on the opening size and the
ultimate values &.y, €5y.

5. A single opening may result in reduction in the section resistance by
30-40% with respect to the normal force n, and the bending moment
My,

6. Concrete softening in the plastic range as well as increasing value of the

t/R ratio result in a lower section resistance.

7. The proposed model works well in most cases encountered in engineering
practice.

8. The range of validity of the obtained solutions is limited to such number,
sizes and locations of openings which assure that plane sections remain
plane.

9. If the assumption that plane sections remain plane is not satisfied, the
method may still be used provided that the openings are treated as en-
larged, as described in the CICIND 2001 Code [4] and the Eurocode
EN 13084-2:2006 [7].

10. The model serves for dimensioning the cross-sections and enables to design
strenghtening of RC structures by means of the external reinforcement.
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