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MISFITTING ELLIPTIC ELASTIC INHOMOGENEITY PROBLEM IN
PERFECTLY ANISOTROPIC MEDIA

R.R. BHARGAVA and H.S. SAXENA (BOMBAY)

The problem considered in this paper is that of a misfitting elliptic inclusion in an infinite elastic
region, The stresses develop because of the misfit. The inclusion and the outside material, called the
matrix, are both of homogeneous and perfectly anisotropic materials. Further, the elastic properties
of the two materials may differ. The complex variable technigue is employed to evaluate two sets
of complex potential functions {g): k=1, 2, 3}, one for the inHomogeneity and another for the
outside region; which give the elastic field every where.

1. INTRODUCTION

The study of inclusion problems was initiated by the works of MoTT and NaBaz-
ro [1], FRANKEL [2], Esuerey [3], Jaswon and BHARGAVA [4] and others. In
these papers the materials were supposed to be elastically isotropic and homogeneous.
In some papers the materials were cubic [7] and orthotropic [3, 6]. CHEN [8] consider-
ed the problem of elliptical inhomogeneity for materials possessing one plane of
symmetry, normal to the generators of an infinite cylinder. BHARGAVA and SAXENA
[9] studied the circular elastic inclusion problem in a completely anisotropic media.
However, in most of these papers, either the inhomogeneity was of the same size
as the hole in the matrix or, if it was oversize, the elastic properties of the inhomo-
geneity were the same as those of the matrix.

In this paper the oversize elliptic inhomogeneity problem in an infinite elastic
medium is- considered. The two media are perfectly anisotropic.

2. STATEMENT OF ‘-THBE PROBLEM

An elliptic region with x and y along the semi-axes a and b of a perfectly anisotro-
pic material tends to undergo a spontaneous deformation characterized by the dis-
placements u,=3J, X+, ¥, u,=7, x+6, y, u,=0. The elliptic region is, however,
embedded in another anisotropic material. The elastic properties of the two ma-
terials may differ from each other. The problem is treated as a generalized plane
strain problem. Because of the constraints of the outer material, the stresses develop

everywhere. The problem 1s to evaluate the elastic field for the matrix and the inho-
mogeneity.
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3. GENERAL THFORY

As it is well known in generalized plane strain, the displacement components.

u, (i=x, y, ) are functions of (x, y) only. This may be compared with the plane strain

problem of the elasticity theory when w, and u, are fanctions of x, y and u,=0.

"Thus all the strain components (except e} and the stress components P;; (i, j=x, », 2}
du,, du,

are non-zero. Note that in this case e,, :W =20y, €, o = —2w,. However,

the rotation components w, is different from e,,. For ease of notation we shall
write P, =P, P,,=P,, P,,=P,, P,,=P,, P,.,=P;, P,,=P, and, similarly, for strains
Crx=C1y €y =E2, €, =83, €, =€y, €, = €5, €;,==¢, and the generated Hooke’s law as

(3.1 Pi=oe;  (i,j=1106),

where o;, are the elastic constants of the material.

As it is well known [10] in anisotropic elasticity, the stresses and displacements
are known if three complex potential functions {g, (z,}; k=1, 2, 3} can be determined.
Here z,=Xx+ g, y and p, are the roots with positive imaginary parts of the charac-
teristic equation

(3.2) | L () b - ()=0,

where

L () =Pss 1 —2Pas pt+ Paa

Li(p)=PBys 1 —(Brat+Bse) 2+ Bas+ Pae) B Faas |
L(i)=P11 #*—2B1s ﬂ3+(2}512+ﬁ66) ﬂ%_2ﬂ26 st Paa,

o3 Oy
Bi=y; =t (i, j=1,2 4,5 06).
U3z
It may be shown that g's caunot be purely real [10].
The stresses and displacements are given by the following relations:

The stresses are given by

Po=2Re 11} 0, (z.)+ 15 05 (Z2)+ 115 A3 93 (23)],

Pyy=2Re [p1 (z,)+ 93 (22)+4s 95 (23)],

Py, = —2Re (A1 91 (20)+ 42 f12 05 (22)+ 05 (23)],
B3 Pa=DRelu k0l G+ ke 03I 0S @ '
- Py=—2Re [y 9} (2)+ 12 0 (2) i ha 03 (2],

P.= o [osy Pyxtaz Pyy+°c34Pyz+'°t375 Protoss Pyyl,

33

¢
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the displacements by

3 3
w=2Re D g, w=2Re Y qiplz),
k=1 L . k=1

(3.4) .
w,=2Re D' 1,9, (z).
k=1
In the above relations
! ‘ I (
A= — 3(ﬂk)(k=]) 2, /132_3 #3)»,
L (i) s (pey)

Pe=Prs ty+Bia—Pis it A (Brs p—Bra)s

B
gv=F12 '*““ﬁf" —Baet A (Bas— Pas/ 1),

e=fa ﬂk+%~ﬁ46+lk(ﬁ45 — Baal i) (k=1,.2),

k

and

Pa=23(Brs p5+B12—Prs pa)+Bus ta—Pra)s
B

gs=2As (ﬂxz H3 +-22 _ﬁze) +{(B25— Braltta),
. K3

ra=2Ls (B14 th3+Braftts— Pas) +(Bas— Paalpts).

Some important expressions for tractions and displacements are

3

P=X+i¥= [ (P+iPy)ds=—i ) [a 04(2) +be B (2],
0

k=1

5 3
W:!PHZ dS=2R3 Z Ci (ﬂk(zk)a

k=1

(3.5)

3
D=u,+iu,= 2 [gi 9 (20) A P {Z1,

k=1_
3
U, == 2Re Z by @ (Z!i) s
i k-1 .

where P,; is the stress component in' the j-th direction on the element whose:
normal is the n-th direction and

ak:1+i)uks bk=1+iﬁkj ckzlk (k=19 2)9
a3 =/13 (I +i,u3), b3 =I3 (]. +iﬁ3), (,'3 = 1 3
Se=putifge,  M=p+ig, (k=1,2,3).
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4, BOUNDARY CONDITIONS

. The boundary conditions to be satisfied by final the solution are as follows:

(i) At the interface, the tractions P,  and the dlsplacement u, must be continuous,
ie. at the interface

(P)(m} = (P)(l')s (W)(Jn) = (W)(f) and (uz)(m) = (uz)(i) i

where the subscripts (m) and (7} denote the matrix and inclusion respectively.

(i) If the inclusion undergoes a spontaneous deformation characterized by the
d1splacements G, x+y, ¥, yix+0d,y), which is the free state of inclusion,

Doy~ D)ty =" {(5154 +bé)—i (b?a “?b)}ew +.
+{(ad,— bdy) +i (b?dJF ay)}ye ¥,

Heie 0 is the eccentric angle at a point on the elliptic boundary.
5. ANALYSIS
L o A
For an infinite region bounded internally by an ellipse, a suitable transformation is
E - 1 S : ’ ’ .
(5.1) z=—2—{(a+b) ZA(a-byZ1

which transforms the ellipse of semi-axes (a, b) in the z-plane onto a unit.circle |Z]=1
in the Z-plane. Also, the outside region in the z-plane is transformed onto the region
exterior to the unit circle | 7| = 1 in the Z-plane. Three other complex variables are defi-
ned in the following way:

. &
(5.2) 2=y @ ige ) Zet (@ +im D 771 (e=1,2,3),

where the Z-planes are chosen such that the circles {Z,| =1 correspond to the circle
|Z]=1, and |Z,|- as {z]—o0. As stated earlier, the problem is solved if we can
determine the set of functions {p, (z,); k=1, 2, 3} for the outside region and the
\inclusion.

Using the transformation given in Eq. (5.2), one may write

‘ {or (Zk)}(m) ={ (Zk)}(m)-

The form of the functions @, (Z,), for the matrix, are chosen as follows:

(5.3) P = D) GuZ"  (k=1,2,3).
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To determine G,,"'s we first find the tractions P, w and the displacements D, uz
on the inner boundary of the matrix. Using Egs. (3.5) and (5.3) we have

3 o0

P(m) =i Z Z (bk {my G_nk efﬂﬂ + ay (m) Grrk e‘_""”) R
k=1 n=1
o= 3 Sy G,
' k 1 a=
(5.4) .
Dy = Z y (& my G €74 B (o Gnk ey,
k=1 = 1

'

L)
2 (,,,)IZRC § E rrc(m) Gnh e—iuﬂ'
k=1 n=1

For inclusion the functions ¢, (z,) may be assumed as

(5.5) An @} e k= Y Awzl,
n=1

where at the interface

1
(5.6) Z =7 (@i iy b) e+ {atim iy bye ",

and therefore on the boundary of the inclusion

3 a3 '
: — . .
Piy=— 2 2{ 27" ey 1y A {(a_zym-) by el +(a+ Tty iy B) ™10} 4
n—=1

k=1
+by iy A {a_iﬁk.(i) b) e’ +(a+if, w &) e},
3 o
lf/(l): 2RCZ 2 2~ [Ck () Arrk {(a—l[,tk(i) b) 828-‘r(a+i,ukm b) e_iG}H],
k=1 n=1
.7 .
D= Z Z 27 8w oy A {a_fﬂk w ) eiﬂ+(a+iﬂk(i) b) e_es}"+

k=1 n=1

+ 1y Au {(a—if5, w b) e+ (a+ i, w I) e

3 o

tey=2Re ' BT 27 [ry oy Ay {0 ity B) €=+ (atipn, ) B) e~ 0],

k=1 n=1

At the interface, now, we use the conditions (i) and (ii}; we then équate the coeffi-
cients of like powers of e from both sides. After solving the equations, we get

(5.8) Gu=0=A4,, for w=2
and
Gu=G, dp=4, (k=1,2, 3),

Rozprawy InZynierskie -~ 2
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where G,'s and A,'s are given by the following set of equations:

3
Z [(a”—iﬂk(r) b} e (i) Ak"‘(“—iﬁk(i) b) bk(i) fi—k"Zbk(m) G]=0,

k=1

S . ,
Z (@ — it sy B) B oy A+ (0 ik )y BY G iy Ax— 2 (m) G]=0,
k=1

\ .
2 [(a=ip i) B) €y Ax+ (@~ itk iy B) Sy A28, my Gl =0,

E=1
(5.9) 2 : -
' Z (e —ipx ) B) By AxF(@— ity b) Ay iy Ap—2hy oy G+
k=1
+(ad,+ b)) —i(bya—ay)=0,

3 .

2 [(a——i,uk(,} b) ﬁkrf) A+ (@—ifi i b) Zr ) -“Ir:""ng () Gel+

=1

=

+(ad,— b)) —itbyat ay) =0,

3
Z [(a_iﬂk(i) b) ry W) Ay +(a—ify, G b) 7y ) Ek—sz () G ]=0.
k=1 -

It can be shown that the coefficient matrix of the above set of linear simultaneous
algebraic equations is non-singular. These are six equations with six unknowns
G,'s and 4,'s (k=1, 2, 3). The values of these constants A,'s and G,’s can uniquely
be obtained. These values are then substituted in Egs (5.3) and (5.5) to obtain the
values of the functions ¢,’s. The stress field in the inclusion as well as in the matrix
is determined with the aid of Eqgs. (3.3) (5.3) and (5.5).

6. RESULTS

It can easily be verified that the normal stress P, and the shear stresses P,, and
P,, are continuous across the interface. Here n denotes the direction of the normal
to the ellipse at the interface, s the tangential direction and z is the direction of the
z-axis. It is observed that

e

(Prm + IIIJM.';) (1) = (P"” + iP"S) () = ( Zab

3
-y

) L‘ZJ [bk(m) ka
k=1

«{(a+B) ¢+ (@—b) e Y —ay (m Gy {(a—b) " +(a+b) ~H}],

i

(P.uz) (i)=(Pnz) (m) = (%) Z [Ek (ur) Gk {(d+b) eiﬁ+(a—b) e—iﬂ} -
k=1

— Chomy G {(a—D) € +(atb) e ¥}].

Here £ is the angle which the outward drawn normal at (acos #, bsin #) on the inner
boundary makes with the x-axis.
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- The hoop stresses P, and P,, are discontinuous on the elliptical boundary

3

= dy ) {(@+8) (Gy e” )+ (a~b) (G, e~}
(I.)ss) ICON ZRGZ a,b {(1 + lﬂk (m)) e~ if_ (1 — iﬂk, (m)) e”’} R

k=1

3
(Pss) (i):2Re Z e ) _Aks

k=1

3 < iy —b) (G, €%)}
_ ) Lean Wa+0) (Gee )+ (a &
Perdon=2Re b {1 F it o) @ — (1Tt ) €} 7

k=1

3

(P =2Re Y (fey A,

k=1

where

1
dy={cos fi+py sin BY°, & T (oay pe+osp—ogs At
33

+oas Hy A=tz ) (k=1,2),

and

1 .
dy=Az(cos fi+pussinf)*, 1, :"';“* (ogs fo3 Aatoay Az —oag+ogs 3 —
L33
—tyg f3 A3).

To obtain the plane strain case of CrEn 8], one puts «;;=0 (§=1,2,3, 6, j=4, 5)
and u,=0. The results for the cases of elliptic inclusion for different types of ani-
sotropic symmetries may also be obtained as particular cases by putting the suitable
values of «;; and u,=0.

MNUMERICAL CALCULATIONS

Numerical calculations are for three cases when (i) a=1.0, b=0.1, (i) a=1.0,
b=0.5, (jiii} a=1.0, b=1.0. In each of the cases three different combinaticns are
taken for the size of the misfit, i.e. when (i) §,=6,, y,=7,=0 (i) §,= — &y, Ya=7,==0,
(iif) d,=0d,=0, y,=7, The first set of (a, b} represenis roughly the case of a thin
inclusion. The last case gives the case of the circle. For the sake of illustration di-
potassium tartrate and sodium thiosulphate are taken as materials for matrix and
inclusion respectively. The elastic properties of dipotassium tartrate [12] are given
by the following elastic constants: e, =4.75, @353, 033=2.40, a,,=11.4,
w55 =102, wge=12.3, oy, =—1LT4, o;3=—0.8, 2,3=0.62, o,5=—0.75, 0,5=0.8,
o35 =—1.40, a4g=—0.68. For sodium thiosulphate [13] the elastic constants are
o1 =5.02, 65,=156, ¢35=6.74, 04 =223, wss=327, wge=21.2, a,=~3.23,
®y3=—0621, oty =719, ;5= 1.2, w35 =150 and o,5=10.0, a5=—18.2.
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In Fig. | curves are plctted for the stresses at the interface vs. the eccentric angle
0. The stresses P,,, P,,, P., are continuous at the interface while the hoop stresses
P, and P,, are discontinuous. In Figs. 2 and 3 the lines of hydrostatic (H.S. =P+
+P,,+P,,) and maximum shear stress (M.S.=% [(Pex—Py)?* + (P, — Po)*+
+ (P —Po) +2(P 24+ P2 +PHD [11] in the matrix in the (x, ) plane are
drawn. It is to be remarked here that in all cases where 8,=48,=0, y,=7,, the hydro-

static stress is zero on the x and y axes.
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STRESZCZENIE

ZAGADNIENIE NIEDOPASOWANIA ELIPTYCZNE) SPREZYSTET NIEJEDNORODNOSCIT
W OSRODKACH IDEALNIE ANIZOTROPOWYCH

W pracy rozwazany jest problem niedopasowania sig eliptycznej inkluzji w bedacym poprzednio
nienaprezonym, nieskoficzonym ofrodku. Spredyste wlasnosci inkluzji roznia sie od wiasnosel
matrycy. Matryca i inkluzja sy idealnie potaczone na powierzchni kentaktu. Kazdy z obydwu
materialdw posiada anizotropie ogdinej postaci. Do rozwiazania rozwazanego zagadnienia zasto-
sowano metodg zmiennej zespolonej, Okredlono dwa ukiady zespolonych potencjatéw: jeden dla
matryey, drugi dia inkluzji. Obliczenia numeryczne przeprowadzono dla materialéw, dla ktorych
plaszezyzna x-z jest plaszczyzng symetrii sprefystej, Rozwazono rozne przypadki niedopasowania
ksztaltu, Wykreslono krzywe pokazujace zachowanie si¢ bezwymiarowych naprgefn na powierzchni
kontaktu. Linie naprezenia hydrostatycznego i maksymalnych naprezefi cinajgeych narysowano
w matrycy, w plaszczyznie x-y.
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PeazmwowMme

IATAYA HECOTNACOBAHUS DIUTUIITUYECKON YTIPYTOW HEQAHOPOHGCTH
B UOAEAJIBHO AHH3OTPOITHBIX CPEJAX

B pabore paccmarpesaercs MpoGremMa HECOTACOBAHUA NNUIMOTHYECKOIO BKIOYeHHA B OY-
Iyyeil paHbilte HeHAnpMKeHEHOH, Oeckomeysod cpene, Yopyrue cs0olcrsa SKTIOUEHNS OTIIYAIOTCA
OT CBO#CTE MATPUIEBL MaTpHua ¥ BKIIOMEHHE HACAILHO COeNAHeHb] B TIOBEPXHOCTH KOHTAKTA.
Kaxnnii 13 060X MaTepHanos obrafaeT aHH30Tpondeit odmero suga. ns peweHns pacemaTpu-
BaeMOH 3a7a4l IPHMEHEH METON KOMILIEKCHOU nepementoll, Onpenencis nse CHCTEMBI KOMITIGKC-
HbiX TIOTEHLEATIOB, OJIMH I MATPHLL, BTOpol AN BrIoYcHus, YACNeHHbIC PACHETH] TIPOBEEHY
Ui MATEPHAOB, [UIH KOTOPbIX IAOCKOCTE X~Z ABILACTCA IAOCKORCTIO YIpYToil cumvverpun. Pac-
CMOTPEHb! PA3HBIE CILy4dd HeCOrnacoBamusa GopMp. BRyepyeHbl KPUBLIE YKAIMBAOILKE NOBCICHAS
Ge3pasMepHBIX HANPRMEHHA Ha TIOBEPXHOCTH KOHTakTa. JIHHHA FHAPOCTATHMECKOrQ HATPSIKEHMS
W MAKCHMAIBHBLIX HA{IPMKEHHN CABHIA B MATPHLBI HAYEDYEHbLl B ILIOCKOCTH X-2,

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF TECHNOLOGY

Recelved May 14, 1975.





