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Unsteady MHD mixed convection of nanofluid heat transfer in a permeable microchannel
with temperature-dependent fluid properties is studied under the influence of a first-order
chemical reaction and thermal radiation. The viscosity and thermal conductivity are assumed to
be related to temperature exponentially. Using suitable dimensionless variables and parameters,
the governing partial differential equations (PDEs) are transformed to their corresponding
dimensionless forms solved numerically by a semi-discretization finite difference scheme along
with the Runge-Kutta-Fehlberg integration technique. The effects of model parameters on the
profiles of velocity, temperature, concentration, skin friction, the Nusselt number, and the Sher-
wood number are discussed qualitatively with the aid of graph.
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1. Introduction

With technological advancement, electronic devices have shown improve-
ments with regard to speed, dimension, and energy that they become fast in
speed, miniaturized in dimension and powerful in energy. The greatest atten-
tion these days in system development is paid to the issue of enhancing the heat
transfer performance of devices and optimizing the energy. Nanofluid is used
in a novel technique for augmenting the heat transfer by suspending metallic
or non-metallic nanoparticles with typical dimension of less than 100 nm in an
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ordinary fluid such as water, oil, toluene, ethylene-glycol, etc. The low thermo-
physical properties of these liquids have prompted using nanoparticles as an
additive to improve the thermal properties and increase the heat transfer char-
acteristics of the resulting mixture. As a result, the fluid thermal conductivity
improved due to the fact that solid nanoparticles have higher thermal conduc-
tivity than the carrier liquids, and suspending them in a liquid will improve
the thermal conductivity of the mixture; see Abu-Nada and Oztop [1], Choi
and Eastman [6], Das et al. [7], Kakaç and Pramuanjaroenkij [11], Mo-
hammed et al. [28], Sheikholeslami [40], Wang and Mujumdar [46], and
Yu et al. [47].

Choi [5] is the first who coined the term nanofluid for colloidal suspen-
sions of nanoparticles in a base fluid, in which the nanofluids show an unusual
increase of effective thermal conductivity with a small nanoparticles concentra-
tion loading.

There are various devices that could use nanofluid as a working fluid; see
[3, 8, 17, 19, 35, 37]. Microchannels are the ones with high heat dissipation
capabilities unlike conventional heat removal devices due to their higher surface
area to remove heat for a fixed volume. The first study of fluid flow and heat
transfer in a microchannel was performed by Tuckerman and Pease [44].
Their result indicates that decreasing the hydraulic diameter of the microchannel
will result in the enhancement of the heat transfer rate, and microchannels show
a better cooling performance. However, this happens at the cost of the high
pressure drop in the microchannel.

Khan and Fartaj [14] suggested that the finest design of microchannels
essentially relies on the operational reliability and heat transfer performance of
the channel. Utilizing nanofluid could be helpful for improving energy efficiency
and heat transfer of the microchannel. As part of microfluidics and nanotech-
nology, nanofluid flow in microchannels has the potential for major applications
in microscale cooling and nanodrug delivery, see Kleinstreuer et al. [16] and
Li and Kleinstreuer [20].

A number of researchers have studied the problem of nanofluid flow in
a microchannel [4, 12, 15, 33, 42]. Malvandi and Ganji [27] studied theo-
retically fully developed mixed convection of alumina/water nanofluid flow and
heat transfer in a vertical microchannel in the presence of heat source/sink
with asymmetric wall heat fluxes. Belhadj [2] analyzed numerically the heat
transfer performance of microchannel heat sinks filled with fully developed
laminar forced convection flow of water/Al2O3. They found that the Nusselt
number increases with increasing the Reynolds number and nanoparticle con-
centration.

Nguyen et al. [32] looked at the heat transfer and entropy generation of
nanofluid flow in a triangular corrugated microchannel with a wall slip velocity
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effect in the presence of a uniform magnetic field applied normal to the flow
direction. The results affirm that the slip coefficient increased from 0 to 0.1
and improving the magnetic field enhanced the heat transfer. The combined
effects of buoyancy force, magnetic field, and viscous dissipation on the steady
flow of Eyring-Powell nanofluid through a vertical microchannel with convective
boundary conditions was studied by Sindhu and Gireesha [41].

Studies on MHD mixed convection of a radiating and reacting nanofluid
through a microchannel with variable fluid properties have considerable im-
portance due to several applications in science and engineering. The examples
include: an electrically powered micro-heat exchanger for use in the production
of biodiesel fuel, the printed circuit heat exchanger (PCHE) used in petrochem-
ical plants and fuel cells, and cell proliferation in microchannel bioreactors. It is
well known that physical properties such as viscosity and thermal conductivity
of the fluid depend on temperature. In many systems, the rise in temperature
affects the viscosity and thermal conductivity of the fluid, so these fluid prop-
erties can no longer be assumed constant. In order to accurately predict the
flow behavior, it is necessary to take in to consider the viscosity and thermal
conductivity of the fluid as a function of temperature. Several authors [18, 21,
24, 36] have examined this effect in microchannel flow under various hydraulic
and thermal boundary conditions. They concluded that the viscosity and ther-
mal conductivity of a working fluid are sensitive to temperature variation. Along
this line, many researchers have considered the impact of temperature-dependent
fluid properties on flow and heat transfer characteristics of microchannel. Her-
wig and Mahulikar [9] presented variable fluid property effects in a single-
phase incompressible flow through microchannels. They found that temperature
dependence of fluid properties such as viscosity and thermal conductivity has
a significant influence on the flows in a micro-sized pipe and channel geometry.
A study of the effect of temperature-dependent thermo-physical properties on
the swirl decay of an incompressible, laminar swirling flow of liquid in a heated
micro-tube was carried out by Pati and Kumar [34]. It reveals that there is
a significant alteration of the transport characteristics with the consideration
of temperature-dependent viscosity of the fluid, while the influences of the vari-
able density and thermal conductivity are almost insignificant. Rikitu et al. [38]
studied unsteady mixed convection of a radiating and reacting nanofluid flow
through a porous microchannel with the variable fluid property. It was found
that viscosity and thermal conductivity parameters have a dwindling effect on
fluid velocity and temperature distribution.

Meanwhile, various engineering flow processes occur at high temperature
value in which the thermal radiation plays an important role in controlling the
heat transfer in non-isothermal system, see Sparrow and Cess [43]. Thermal
radiation is defined as the emission of electromagnetic waves from all matter
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with a temperature greater than absolute zero. Studies on the interaction be-
tween thermal radiation and nanofluid flow are very important because thermal
radiation emission patterns rely on temperature and nanoparticles concentra-
tion. The dispersed nanoparticles increase the surface area of the base fluid for
collecting thermal radiation and make nanofluid very useful as a solar collector,
see Makinde et al. [25]. The interaction of radiation with mixed convection
flows of variable viscosity fluid permeated by a transverse magnetic filed was
studied by Makinde and Ogulu [26]. The simultaneous effects of thermal ra-
diation, buoyancy forces, convective cooling, and viscous dissipation on inherent
irreversibility and thermal stability of temperature dependent viscosity ethylene-
glycol/silver (EG/Ag) nanofluid in microchannels were studied by Monaledi
and Makinde [29].

Mostafazadeh et al. [30] investigated the flow and heat transfer character-
istics of nanofluid flow in a vertical channel by considering the influence of ther-
mal radiation with a single-phase and two-phase flow model at constant surface
temperature and heat flux boundary conditions. Recently, Kefene et al. [13]
have studied theoretically an unsteady mixed convection of MHD nanofluid
flow through a permeable parallel-plates microchannel oriented vertically with
temperature-dependent variable viscosity. They demonstrated the combined ef-
fects of buoyancy force, pressure gradient, thermophoresis, the Brownian motion,
magnetic field, and temperature-dependent variable viscosity on mixed convec-
tion flow of conducting fluid through vertical parallel-plates microchannel with
suction and injection at the walls in the absence of thermal radiation and che-
mical reaction.

The main objective of this study is to extend the recent work of Kefene
et al. [13] to include the combined effects of thermal radiation, chemical reaction,
and temperature-dependent thermal conductivity on transient hydromagnetic
nanofluid flow in a parallel-plate permeable microchannel in the presence of
convective heating boundary condition at the left wall.

2. Mathematical formulation

Consider a hydromagnetic flow of an unsteady, incompressible, chemically
reacting, temperature-dependent thermal conductivity, and variable viscosity
nanofluid through a vertical parallel-plates microchannel of width a units. A uni-
form transverse magnetic field B0 is imposed in the direction parallel to the
positive y-axis, and the induced magnetic field due to the motion of a conduct-
ing nanofluid is neglected. Both fluid injection and suction are assumed to take
place at the left and right walls, respectively (Fig. 1). A two-dimensional coor-
dinate system is used where the left wall is held at y = 0 and right wall is held
at y = a.
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Fig. 1. Flow diagram with the coordinate system.

The nanofluid flow in the microchannel is generated due to the combined
effects of pressure gradient in the x-axis direction, buoyancy forces and suc-
tion/injection velocity V at the microchannel walls. The left wall y = 0 of the
microchannel is convectively heated by a hot fluid at a temperature Tf with
coefficient of heat transfer hf and the right wall y = a is held at a temperature
of Tw, which is also equal to the fluid initial temperature. The fluid chemical
compound could experience a first-order chemical reaction with the Arrhenius
kinetics (in the absence of reactant consumption) and without internal heat
generation in the fluid. Applying the above assumptions, the Buongiorno flow
model, MHD model equations, and the usual Oberbeck-Boussinesq approxima-
tion, the basic unsteady conservation of mass, momentum, energy, and concen-
tration equations of nanofluid flow through a microchannel in the presence of
thermal radiation are written as:
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= 0,(2.1)
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with the initial and boundary conditions

(2.5) u(y, 0) = 0, T (y, 0) = Tw, C(y, 0) = C0,

(2.6)

u(0, t) = 0, u(a, t) = 0,

−k0
∂T

∂y
(0, t) = hf [Tf − T (0, t)], T (a, t) = Tw,

DB
∂C

∂y
(0, t) = −DT

Tw

∂T

∂y
(0, t), C(a, t) = C1.

The expressions for dynamic viscosity µ(T ) and thermal conductivity k(T )
of nanofluid are:

µ(T ) = µ0e
−γ1(T−Tw),(2.7)

k(T ) = k0e
γ2(T−Tw),(2.8)

where u is the nanofluid velocity in the x-direction, T is the temperature of
nanofluid, C is the nanoparticle concentration, V is the suction/injection veloc-
ity, P is the nanofluid pressure, t is time, ρ is the density of nanofluid, µ is the
dynamic viscosity of the nanofluid, g is the acceleration due to gravity, β1 and β2

are the thermal and solutal expansion coefficients, respectively, k is the thermal
conductivity of the nanofluid, τ is the ratio between the effective heat capacity
of nanoparticle material and heat capacity of the base fluid, DT is the ther-
mophoretic diffusion coefficient, DB is the Brownian motion diffusion coefficient,
qr is the thermal radiative heat flux, ε the reaction rate, Tw is nanofluid initial
temperature (nanofluid temperature at the right wall), C0 is the nanofluid ini-
tial concentration, C1 is the nanofluid concentration at the right wall, σ is the
nanofluid electrical conductivity, a is the channel width, cp is the specific heat
at constant pressure, µ0 is the nanofluid viscosity at temperature Tw and con-
centration C0, k0 is the nanofluid thermal conductivity at temperature Tw and
concentration C0, γ1 is the viscosity variation coefficient, and γ2 is the thermal
conductivity variation coefficient.
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The radiative heat flux, using Rosseland’s approximation [39], can be writ-
ten as:

(2.9) qr = −4σ∗

3k∗
∂T 4

∂y
,

in which σ∗ is the Stefan-Boltzman constant and k∗ is the mean absorption
coefficient. Assuming the difference of the temperature T of flowing fluid and
hot fluid temperature Tf heating the left wall is small so that the temperature
T 4 can be linearized as:

(2.10) T 4 ≈ 4T 3
f T − 3T 4

f ,

using Taylor’s series expansion and ignoring second and higher-order terms in
the expansion.

Substituting Eq. (2.10) into Eq. (2.9), we obtain

(2.11)
∂qr
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= −
16σ∗T 3

f

3k∗
∂2T

∂y2 .

To transform Eqs. (2.2)–(2.6) into non-dimensional form, we introduce the
following dimensionless variables and parameters:
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Substituting Eqs. (2.11) and (2.12) into Eqs. (2.1)–(2.6), we obtain a system
of dimensionless PDEs:

∂u

∂t
+ Re

∂u

∂y
= A−A1 · e−A1θ ∂θ

∂y

∂u

∂y
+ e−A1θ ∂
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∂t
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∂y
= A2 · eA2θ

(
∂θ

∂y
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∂θ

∂y
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+ Pr ·Nt

(
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)2

+ Pr · Ec

(
∂u
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)2

e−A1θ

+ Pr ·M2 · Ec · u2 +

(
eA2θ +

3

4
Nr

)
· ∂

2θ

∂y2
,

Nb · Sc∂φ
∂t

+ Nb · Re · Sc
∂φ

∂y
= Nb · ∂

2φ

∂y2
+ Nt · ∂

2θ

∂y2
−Nb · Sc · rx · φ,(2.15)

with initial and boundary conditions

(2.16) u(y, 0) = 0, θ(y, 0) = 0, φ(y, 0) = 0,

(2.17)

u(0, t) = 0, u(1, t) = 0,

∂θ

∂y
(0, t) = Bi[θ(0, t)− 1], θ(1, t) = 0,

Nb
∂φ

∂y
(0, t) = −Nt

∂θ

∂y
(0, t), φ(1, t) = 1,

where Re is the Reynolds suction/injection parameter, A is the pressure gradi-
ent parameter, A1 is the variable viscosity variation parameter, M is the mag-
netic field parameter, Gr is the thermal Grashof number, Gc is the solutal/mass
Grashof number, Pr is the Prandtl number, Nb is the Brownian motion parame-
ter, Nt is the thermophoretic parameter, A2 is the variable thermal conductivity
variation parameter, Ec is the Eckert number, Nr is thermal radiation parame-
ter, Sc is the Schmidt number, rx is chemical reaction parameter, and Bi is the
Biot number.

The quantities of practical interest in the study of the problem are the skin
friction Cf, the Nusselt number Nu, and the Sherwood number Sh which are
defined as

(2.18) Cf =
τw
ρV 2

, Nu =
aqw

k(T )[Tf − Tw]
, Sh =

aqm
DB(C1 − C0)

,
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where τw is the wall shear stress, qw is the heat flux, and qm is the mass flux at
the left and right walls of the microchannel and are given by

(2.19) τw = µ
∂u

∂y

∣∣∣∣
y=0,a

, qw = −k∂T
∂y

∣∣∣∣
y=0,a

, qm = −DB
∂C

∂y

∣∣∣∣
y=0,a

.

The dimensionless form of Eq. (2.18) above are:

(2.20)

Re2Cf = e−A1θ ∂u

∂y

∣∣∣∣
y=0,1

, Nu = −
(

1 +
4

3
e−A1θNr

)
· ∂θ
∂y

∣∣∣∣
y=0,1

,

Sh = −∂φ
∂y

∣∣∣∣
y=0,1

.

3. Numerical method

The model nonlinear Eqs. (2.13)–(2.17) are a system of initial boundary value
problems (IBVPs) and their solutions are obtained by using a semi-discretization
via a finite difference scheme with the Runge-Kutta-Fehlberg integration tech-
nique. A spatial interval [0, 1] is subdivided into N + 1 equal subintervals. The
nodal spacing and points are defined, respectively, as ∆y = 1

N+1 and yi = i∆y,
for i = 0, 1, 2, ..., N + 1. The first and second spatial derivatives are replaced
by a finite difference approximation of order (∆y)2 accuracy. Let ui, θi, and φi
represent u(yi, t), θ(yi, t), and φ(yi, t), respectively. Then the semi-discretization
scheme with centered finite difference method for Eqs. (2.13)–(2.17) reduces to:

(3.1)
dui
dt

+ Re

(
ui+1 − ui−1

2∆y

)
= A−A1e

−A1θi

(
θi+1 − θi−1

2∆y

)(
ui+1 − ui−1

2∆y

)
+ e−A1θi

(
ui+1 − 2ui + ui−1

(∆y)2

)
−M2ui + Gr θi + Gcφi,

(3.2) Pr
dθi
dt

+ Pr Re

(
θi+1 − θi−1

2∆y

)
= A2e

A2θi

(
θi+1 − θi−1

2∆y

)2

+ Pr Nb

(
φi+1 − φi−1

2∆y

)(
θi+1 − θi−1

2∆y

)
+ Pr Nt

(
θi+1 − θi−1
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(
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2∆y

)2

+ PrM2Ec · u2
i +
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)(
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(∆y)2

)
,
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(3.3) Sc
dφi
dt

+ Re Sc Nb

(
φi+1 − φi−1

2∆y

)
= Nb

(
φi+1 − 2φi + φi−1

(∆y)2

)
+ Nt

(
θi+1 − 2θi + θi−1

(∆y)2

)
− rx · φi,

with initial conditions

(3.4) ui(0) = 0, θi(0) = 0, φi(0) = 0, 1 ≤ i ≤ N.

The boundary conditions at y = 0, 1 are transformed to incorporate as follows:

(3.5)

u0(t) = 0, uN+1(t) = 0,

θ1(t) = θ0(t)[1 + Bi ∆y]− Bi ∆y, θN+1(t) = 1,

φ1(t) = φ0(t)− Nt

Nb
[θ1(t)− θ0(t)], φN+1(t) = 1.

Equations (3.1)–(3.5) form a system of first-order nonlinear ordinary differ-
ential equations with known initial conditions and its solution can be obtained
successively by Runge-Kutta-Fehlberg integration technique, see Na [31].

4. Results and discussion

The combined effect of the magnetic field, temperature-dependent variable
viscosity and thermal conductivity, first-order chemical reaction, and thermal ra-
diation on unsteady nanofluid flow through a vertical microchannel with perme-
able walls was studied. Numerical solutions to nonlinear initial boundary value
problems were carried out by semi-discretization via the centered finite differ-
ence method with the Runge-Kutta-Fehlberg integration technique. Results of
representative velocity field, temperature field, nanoparticle concentration, skin
friction, the Nusselt number and the Sherwood number were analyzed by using
thermophysical parameter values Re = M = Gc = Gr = Nt = Ec = A1 = A2

= rx = 0.1, Nb = Nr = Bi = 0.5, Sc = 0.6, Pr = 6.2, A = 1, unless it is stated
otherwise in Figs. 2–23.

4.1. Time evolution of velocity, temperature, and concentration profiles

The time evolution of flow velocity, temperature, and concentration pro-
files are highlighted in Figs. 2–5 for fixed values of thermophysical parameters.
Figure 2a indicates that nanofluid velocity of zero value in space and time at
both microchannel walls y = 0 and y = 1 starts growing to attain its maximum
value around the hub of the channel width. Decreasing of nanofluid tempera-
ture from its ceiling value near the left wall to its zero value at/around the right



UNSTEADY HYDROMAGNETIC MIXED CONVECTION. . . 63

a)

y

u(y,t)
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b) c)
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� (y,t)

t y

� (y,t)

Fig. 2. Three-dimensional velocity, temperature, and concentration profile:
a) 3D velocity profile, b) 3D temperature profile, c) 3D concentration profile.

wall of the microchannel is observed, but there is an increase in temperature for
a fixed point in the channel width as time increases for a certain while, as de-
picted in Fig. 2b. The rise of nanoparticle concentration from its minimum value
in space and time at the left wall to its highest value of 1 at the right wall of the
microchannel is observed in Fig. 2c. In Fig. 3, as time increases, the nanofluid
flow velocity attains its maximum value at the center of the microchannel before
a steady-state velocity value is reached.

Moreover, the steady-state flow velocity obtained nearly t = 2 units. It is
noted in Fig. 4a that the nanofluid temperature is maximum at the left wall and
decreases toward the right wall of the microchannel until a steady-state profile
is attained for a given set of parameter values. The nanofluid temperature along
the microchannel flow direction increases with increasing time and reaches its
minimum value at the right wall of the microchannel, as demonstrated in Fig. 4b.
It can be noticed in Fig. 5 that nanoparticle concentration in the fluid increases
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a) b)

Fig. 3. Velocity profile across the channel: a) with increasing y, b) with increasing time t.

a) b)

Fig. 4. Temperature profile across the channel: a) with increasing y, b) with increasing time t.

a) b)

Fig. 5. Concentration profile across the channel: a) with increasing y, b) with increasing time t.
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across the whole microchannel width until a steady-state constant concentration
value is achieved. But, there is a dynamic fluctuation of particle concentration in
the fluid near the right wall y = 1 of the microchannel for 0 < t < 2.

4.2. Effects of model parameters on steady-state velocity profiles

Figures 6–8 display the steady-state velocity profiles for various values of
model parameter variation. It is worth noting that the maximum nanofluid ve-
locity is attained around the center line of the microchannel while its minimum
value is at both permeable walls. The effect of suction/injection parameter Re on
nanofluid velocity is illustrated in Fig. 6. It is seen in Fig. 6a that the nanofluid
velocity decreases around the left wall, followed by a wavering of fluid veloc-
ity around the centerline, and it increases near the right permeable wall with
an increase in suction parameter Re > 0. In Fig. 6b, as injection parameter
Re > 0 increases, the velocity of the fluid increases around the left wall, fol-
lowed by a fluctuation of velocity for a short while before a decrease of velocity
happens. The impacts of thermal and solutal Grashof numbers Gr, Gc on the
nanofluid velocity are presented in Fig. 7a. The nanofluid velocity overshoot
with an increase in both Grashof numbers. This is due to increased buoyancy
force, which favors the fluid flow. This outcome agrees exactly with the result
of Hindebu et al. [10]. Figure 7b presents the effects of the viscosity varia-
tion parameter A1 on the nanofluid velocity in the presence and absence of
pressure gradient A. Increment of A1 tends to increase the nanofluid velocity
in the presence and absence of A. This is in line with the observation made by
Monaledi and Makinde [29], Kefene et al. [13], and Makinde [22]. But a sig-
nificant overshoot of velocity is observed in the presence of A. Figure 8a presents
nanofluid velocity variation with chemical reaction parameter rx and magnetic
field M . It is found that there is a considerable decline of nanofluid velocity as

a) b)

Fig. 6. Steady-state velocity profiles with increasing Re: a) Re > 0, b) Re < 0.
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a) b)

Fig. 7. Steady-state velocity profiles with increasing Gr, Gc (a) and A1, A (b).

a) b)

Fig. 8. Steady-state velocity profiles with increasing rx, M (a) and Ec, Bi (b).

magnetic field M and chemical reaction parameter rx increase simultaneously.
The magnetic field is found to reduce the velocity across the microchannel. This
is because the magnetic field provides a resisting type of force called the Lorentz
force. This force tends to lessen the motion of the fluid, and as a result, the ve-
locity reduces. The rise of the Eckert number Ec and the Biot number Bi shows
an increment in the nanofluid velocity, as depicted in Fig. 8b. Here, Makinde
and Eegunjobi [23] presented a similar result. However, the Biot number has
no significant impact on nanofluid velocity for large values of Eckert numbers.

4.3. Effects of model parameters on steady-state temperature profiles

The variation of nanofluid temperature is illustrated in Fig. 9a with suc-
tion/injection parameters Re, in Fig. 9b with the viscosity variation parameter
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a) b)

Fig. 9. Steady-state temperature profiles with increasing Re (a) and A1, Nr (b).

A1 and the thermal radiation parameter Nr, in Fig. 10a with the thermal con-
duction variation parameter A2 and the Biot number Bi, and in Fig. 10b with
the Eckert number Ec and the chemical reaction parameter rx.

a) b)

Fig. 10. Steady-state temperature profiles with increasing A2, Bi (a) and Ec, rx (b).

In general, the nanofluid temperature is maximum at the left wall and it
continues to decrease across the channel width to attain a minimal value at
the right wall. An increase suction parameter Re > 0 tends to increase the
nanofluid temperature, whereas the injection parameter Re < 0 helps to de-
crease the nanofluid temperature in the microchannel. A more significant influ-
ence of the suction/injection parameter Re on the nanofluid temperature is found
across the microchannel width except near the right wall of the microchannel.
Figure 9b demonstrates the influence of the viscosity variation parameter A1

and the thermal radiation parameter Nr. It is evident that the nanofluid tempe-
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rature rises as A1 increases whereas an opposite effect is seen when Nr increases.
In this instance, the results are similar to the previous outcomes reported by
Monaledi and Makinde [29]. The thermal conductivity variation parameter
A2 and the Biot number Bi tend to increase the nanofluid temperature observed
in Fig. 10b. As the thermal conductivity parameter A2 increases, the heat is more
readily transferred, particularly in nanofluid, which leads to the enhancement
of nanofluid temperature in the microchannel. In Fig. 10b, the Eckert num-
ber Ec helps to increase the nanofluid temperature, while the chemical reaction
parameter rx tend to decrease it.

4.4. Effects of model parameters on steady-state concentration profiles

The nanoparticle concentration profiles under the influence of the Schmidt
number and the Brownian motion parameter (Sc, Nb), the Biot number and radi-
ation parameter (Bi, Nr), the chemical reaction parameter (generating/degene-
rating) (rx < 0, rx > 0), and the Eckert number and the chemical reaction pa-
rameter (Ec, rx) are shown in Figs. 11 and 12, respectively. The nanoparticle con-
centration in the nanofluid flow field through microchannel decreased with a rise
in the Schmidt number Sc, the Brownian motion parameter Nb, the Biot num-
ber Bi, and the thermal radiation parameter Nr and this is illustrated in Fig. 11.

a) b)

Fig. 11. Steady-state concentration profiles with increasing Sc, Nb (a) and Bi, Nr (b).

With respect to the chemical reaction parameter rx, the nanoparticle con-
centration enhanced with an increase in generating chemical reaction parameter
rx < 0, whereas the nanoparticle concentration reduce in degenerating chemical
reaction parameter rx > 0 in the nanofluid flow field throughout the microchan-
nel as depicted in Fig. 12a. This result is in agreement with the preceding ob-
servation by Ullah et al. [45]. Physically, degenerative chemical reaction leads
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a) b)

Fig. 12. Steady-state concentration profiles with increasing rx (rx < 0, rx > 0) (a)
and Ec, rx (b).

to enhancing the decomposition rate of reactant species, whereas generative
chemical reaction helps diffusing nanoparticles. The nanoparticle concentration
profile for different values of the Eckert number Ec in the presence of degen-
erating/generating chemical reaction parameter rx is shown in Fig. 12b. It is
observed that an enhancement of nanoparticle concentration in the flow field
across the microchannel in the presence of both degenerating/generating chem-
ical reaction parameter rx occurs.

4.5. Skin friction, Nusselt number, and Sherwood number

The effects of various thermophysical parameters on the skin friction, the
Nusselt number, and the Sherwood number are shown in Figs. 13–22. It is ob-

a) b)

Fig. 13. Skin friction Cf vs. Biot number Bi with increasing Pr and Sc:
a) at y = 0, b) at y = 1.
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served in Fig. 13 that increasing Bi and Pr dwindles the skin friction Cf at the
left wall y = 0 and increases skin friction at the right wall y = 1. Meanwhile,
a rise in Sc increases the skin friction at the left wall y = 0 and decreases it at
the right wall y = 1. In Fig. 14, increasing both the thermal Grashof number
Gr and the solutal Grashof number Gc diminishes the skin friction Cf at the
wall y = 0 and intensifies Cf at the wall y = 1. However, the thermal radiation
parameter Nr augments Cf at y = 0 and reduces it at y = 1. The combined rise
of the chemical reaction parameter rx > 0 and the magnetic field parameter M
increases the skin friction Cf at the wall y = 0 and decreases the skin friction Cf
at the wall y = 1 in the existence of both suction and injection, as illustrated in
Fig. 15.

a) b)

Fig. 14. Skin friction Cf vs. Grashof number Gr with increasing Nr and Gc:
a) at y = 0, b) at y = 1.

a) b)

Fig. 15. Skin friction Cf vs. magnetic field parameter M with increasing rx and Re:
a) at y = 0, b) at y = 1.
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The effects of various model parameters on the Nusselt number at both mi-
crochannel walls (y = 0, y = 1) are illustrated in Figs. 16–18. Figure 16 presents
the combined effects of the pressure gradient A, the thermal conductivity vari-
ation parameter A2, and the Brownian motion parameter Nb on the Nusselt
number at the walls y = 0 and y = 1, respectively. In these figures, it is clear
that the Nusselt number increases with an increase in Nb and decreases with
an increase in A at the wall y = 0, while a reverse trend is observed at the wall
y = 1 with an increase in Nb and A. It is also observed that the thermal con-
ductivity variation parameter A2 has an increasing effect on the Nusselt number
at both left y = 0 and right y = 1 walls of the microchannel. This is because
the working fluid become hotter, which leads to the fluid temperature gradient
augmentation at both walls since the thermal conductivity is dependent on tem-
perature. In Fig. 17, an increase in the Eckert number Ec and the magnetic field

a) b)

Fig. 16. Nusselt number Nu vs. pressure gradient A with increasing A2 and Nb:
a) at y = 0, b) at y = 1.

a) b)

Fig. 17. Nusselt number Nu vs. Eckert number Ec with increasing M and Bi:
a) at y = 0, b) at y = 1.
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parameter M , respectively, helps to decrease and increase the Nusselt number at
the left wall y = 0 whereas an opposite phenomenon happened at the right wall
y = 1 of the microchannel. In addition, the Nusselt number Nu increases with
increasing the Biot number Bi at both left y = 0 and right y = 1 walls of the
microchannel. This is due to the fact that the higher the Biot number Bi means
higher level of convective heating (temperature gradient) at the left wall y = 0
(as it can be seen in temperature boundary condition Eq. (2.17)) and hence the
overall temperature profile increases with increasing the Biot number Bi. This
attributes to a rise in the heat transfer rate at both walls y = 0 and y = 1 of the
microchannel, which results in an increase in the Nusselt number Nu at both
walls y = 0 and y = 1 of the microchannel. The change of the Nusselt number
Nu vs. the Schmidt number Sc for various values chemical reaction parameter
rx > 0 with the Eckert number Ec = −0.1 (heating) and Ec = 0.1 (cooling) at
the walls y = 0 and y = 1 is portrayed in Fig. 18. It is observed that Sc and
rx > 0 help to augment the Nusselt number Nu at both walls y = 0 and y = 1
of the microchannel with joint existence of Ec = −0.1 (heating) and Ec = 0.1
(cooling).

a) b)

Fig. 18. Nusselt number Nu vs. Schmidt number Sc with increasing rx and Ec:
a) at y = 0, b) at y = 1.

Moreover, Fig. 19 reveals the variation of the Nusselt number Nu against the
Prandtl number Pr with changing values of thermal radiation parameter Nr in
the presence of both suction (Re > 0) and injection (Re < 0) at the walls y = 0
and y = 1. Enhancement of the thermal radiation parameter Nr proliferates the
Nusselt number Nu at both channel walls (y = 0 and y = 1) for the case of
suction and injection. Further, a slight increment when Re < 0 and decrement
when Re > 0 of the Nusselt number Nu is seen at the wall y = 0 with a rise
in the Prandtl number Pr. Nevertheless, a significant opposite trend of Nu is
observed at the wall y = 1.
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a) b)

Fig. 19. Nusselt number Nu vs. Prandtl number Pr with increasing Nr and Re:
a) at y = 0, b) at y = 1.

The effects of model parameters on the Sherwood number Sh at the walls
y = 0 and y = 1 are graphically plotted in Figs. 20–23. Figure 20 presents
the simultaneous influence of the pressure gradient A and the chemical reaction
parameter rx > 0 on the Sherwood number Sh in the presence of suction and
injection at both walls y = 0 and y = 1 of the microchannel. It is found that the
rise of the chemical reaction parameter rx > 0 increases the Sherwood number
Sh at both walls of the microchannel with the presence of suction and injection.
However, the Sherwood number Sh reduces with an increase in the pressure
gradient parameter A at the left wall y = 0 and is not appreciably influenced
by an increase in the pressure gradient parameter A at the right wall y = 1.
Figure 21 shows us that a decreasing Sherwood number Sh at the walls y = 0
and y = 1 as the Eckert number Ec and A1 augment concurrently. Moreover,

a) b)

Fig. 20. Sherwood number Sh vs. pressure gradient A with increasing rx and Re:
a) at y = 0, b) at y = 1.
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a) b)

Fig. 21. Sherwood number Sh vs. Eckert number Ec with increasing A1 and Gc:
a) at y = 0, b) at y = 1.

a) b)

Fig. 22. Sherwood number Sh vs. Prandtl number Pr with increasing A2 and A:
a) at y = 0, b) at y = 1.

a) b)

Fig. 23. Sherwood number Sh vs. Schmidt number Sc with increasing Nr and Bi:
a) at y = 0, b) at y = 1.
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an increased Sherwood number Sh is observed with an increase in the Grashof
number Gc at both walls y = 0 and y = 1.

The combined effects of the Prandtl number Pr, the thermal conduction vari-
ation parameter A2, and the viscosity variation parameter A1 on the Sherwood
number Sh at the walls y = 0 and y = 1 are depicted in Fig. 22. It is found that
the combined increase of Pr, A2, and A1 diminishes the Sherwood number Sh at
both walls y = 0 and y = 1 of the microchannel. The Sherwood number Sh
augments at both walls of y = 0 and y = 1 of the microchannel with the rise
of the thermal radiation parameter Nr, the Schmidt number Sc, and the Biot
number Bi, as shown in Fig. 23.

5. Summary and conclusions

Unsteady hydromagnetic flow, heat and mass transfer of a water-based nano-
fluid with variable properties through a permeable microchannel in the presence
of the magnetic field, chemical reaction, and thermal radiation were discussed
thoroughly. Using appropriate dimensionless variables and parameters, the gov-
erning nonlinear PDEs were transformed into a system of non-dimensionalized
PDEs and then solved using the semi-discretization method along with the
central finite difference and the Runge-Kutta-Fehlberg integration technique.
Graphical results are presented and analyzed for various parameter values. The
main findings are summarized below.
• The velocity and concentration profiles attained their steady-state velocity

and concentration faster than the temperature profiles.
• A dynamic fluctuation of nanoparticle concentration in the fluid near the

right wall y = 1 of the microchannel was obtained for time t between
0 < t < 2.
• The nanofluid through the microchannel moved swiftly with an increase

in A, A1, Gc, Gr, Ec, and moved slowly with M , rx > 0 increment.
• The temperature of the nanofluid within the microchannel fell with rise in

Nb, Nr, and Re < 0 where as it increases with rise in A2, Nt, Sc, Ec, and
Re > 0.
• The nanoparticle concentration augmented across the microchannel with

increasing Ec and rx < 0 and reduced with increasing Sc, Nb, Bi, Nr, and
rx > 0.
• Increasing Pr, Bi, Gr, and Gc decreased the skin friction Cf at the left

wall y = 0 and enhanced Cf at y = 1. Moreover, increasing Sc, Nr, M ,
and rx > 0 enhanced Cf at y = 0 and dwindled Cf at y = 1.
• The Nusselt number Nu enhanced at both walls y = 0 and y = 1 of the

microchannel with increasing A2, Bi, Sc, and rx > 0.
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• The Sherwood number Sh diminished at both walls y = 0 and y = 1 of
the microchannel with increasing A1, Ec, A2, and Pr, but it enhanced at
both walls y = 0 and y = 1 with increasing Bi, Gc, Nr, and rx > 0.
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