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NONSTATIONARY TEMPERATURE DISTRIBUTION AND THERMAL
STRESSES IN A LAYERED ELASTIC OR VISCOELASTIC MEDIUM®)

[y

H BUFLER and G. MEITER (STUTTGART)

A formal solution based on integral transforms and matrix analysis is given for the nonstationary
fields of temperature, heat flux, stresses and displacements of a multilayered elastic medium, Non-
-linearities, inertia- and coupling effects are not taken into account. The applicability of the theory
is demonstrated by means of numerically worked out examples. Extension to viscoelastic media
is indicated.

1. INTRODUCTION

HeAT conduction problems are extensively treated in the monographs by CARrs-
Law and Janger [1] and by Lumov {2]. Especially VODICKA {3, 4] considers the
two- and three-dimensional stationary temperature fields in layered systems by
means of Fourier transforms, while CarsLaw and JArGER [1] solve the one-dimen-
sional nonstationary heat conduction problem of a layered medium using the La-
place transform. .

The theory and applications of thermoelasticity are laid down for instance in
the books of BoLey and WENER [5], Nowackr [6] and Parkus [7]. The thermo-
elastic problem of a single layer using. integral transforms is treated e.g. By the
following authors: McDoWELL [8], SNEDDON and LOCKETT [9], MarTIN and PAYTON
[10] consider the two and three-dimensional stationary case; HEISLER [11] and Dersk1
[12] consider the one-dimensional nonstationary case; MosSAKOWSKA and NOWACKIT
[13], Jarvis and HaArDyY [14], GosmiMA, Koizumi and NAKAHARA [15] consider
the two- and three-dimensional nonstationary case. Solutions for a two-layer systermn
in the one-dimensional nonstationary case are given by PoHLE and Quiver [16]
and Pankowski [17]. Sandwich systems are analysed under the usual approximations
for the stationary case by EpciocLu [18}, HUANG and EBciocGrLu [19] and Kovaluk
"[20]. RyaBov [21], also for the stationary case, solves the thermoelastic problem
of multilayer plates.

In this paper, basing on MEeER’S dissertation [22], an exact solution is developed
for the nonstationary fields of temperature, heat Aux, stresses and displacements
of a multilavered elastic or viscoelastic medium. Starting with the heat conduction
equations and the equations of the linear, noncoupled and quasi-static theory of
isotropic thermoelasticity we consider at first the problem of an infinite single
layer. The governing relations are derived with. respect to Cartesian coordinates
by using matrix formulation from the beginning as has been demonstrated for the
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isothermal case by BUFLER [23, 24]. After having performed the two-dimensional
Fourier transforms with respect to the coordinates x and y (Fig. 1), the integration
in z-direction gives the transfer matrices which contain the time derivatives. These
ordinary differential equations in the

AT e —-777%-1 time are integrated by means of the

// e 4% T Laplace transform. Now, the continuity
= e e A~ —— K1 and boundary conditions for a layered
e ‘ K medium can easily be formulated.

: Generally, the inverse Laplace transform

;j'}r ———————————— AT and the inverse Fourier transforms have

// “ Ty T YA to be carried out numerically; for the
v ; first one we use the method of PApouLIS
| [25], while the second ones may be
Fig. 1 - performed by means of numerical inte-

grations. The temperature and heat
flux distributions of the layered medium are determined in the first step, while the
stresses and. displacements are evaluated in the second one. As special cases we
consider the plane and the axisymmetrical ones respectively.
As an example an elastic four-layer system under nonstationary conditionsis ana-
Iysed numerically. '

2. MATRIX FORMULATION OF BASIC EQUATIONS

2.1, Heat conduction

It is essential to write the basic equations for a thermal homogeneous and iso-
tropic medium with temperature-independent thermal properties with respect to
Cartesian coordinates x,=Xx, Xx,=y, X3=72, namely
2.1 qi=—K3,i,

9

1
(2.2) §;=‘pj(—qf,i+Q)

(¢, heat flux, Q specific heat source, & temperature relative to a reference configura-
tion at time £=0, p mass density, x thermal conductivity, ¢ specific heat capacity;
summation convention} in the matrix form

(2.3) aizr=Rr+s,
(2.24) p=Pr,
where

(2.5) r={3, g, }"
and.

(26) P:{Qj:, QT}T
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mean the (unknown) “thermal state vectors™(') and

h* s
2.7 s={(), = Q}
a (kﬁown) vector. Further, R and I’ represent the differential matrices
K*
0 I_ ch*
238 R= K 2 g2 i 9
o W all o
and
kh* 0 |
Rt dx 0
2.9) Pl 7
S E
and @ and ¢; the abbreviations
K
(2.1 asz"
h*
@11) 6=

where A* and x* are a reference length and a reference thermal conductivity,
respectively. In the stationary case, of course, the time operator in (2.8) disappears,
2.2, Thermoelasticity and thermoviscoelasticity

‘The displacement-stress relations for a homogeneous and isotropic linear elastic
medivm and the equilibrium equations read

1 1+v v
(2.12) X (t, 5+ 25, 1) = E Uij—fsijm O] 1 6y5 93,
(2.13) ] O'U'j""‘f;:O, O'ij:a'j!'

(u; displacement, o;; stress, f; body force, £ Young’s modulus, 1y Poisson’s ratio,
y coefficient of linear thermal expansion). By means of suitable eliminations they
may be put into the following form:

da
(2.14) o =Aatd,
(2.15) b=Ba+te,

() We designate r as the essential and p as the residual thermal siate vector



102 : e #, RUFPLER and ¢. MEIER

with the (unknown) “mechanical state vectors’(%)

(216) a= {Gzz, Goxs Tzps ll’,, x’ }T
and
(2.].7) V b= {Jxx+ayy: Crxx_dyys zo-xl'}T

and the (after having solved the heat conduction problem to be considered as known)
vectors

218 4 { . Ey 89  Ey 98 0.0 1+v E* S}T

(- =1—/» —fx 1—p éx’ df-‘"_l_‘l__v ay’ R BT X v
2E ’

C(2.19) e:{r—i—JyS 00} .

In (2.14) and (2.15) A and B mean differential matrices according to (2.20) and (2.21)
respectively which had already been given by BUFLEr [23]. (The Egs. (2.20) and
(2.21) are on page 103).

If instead of an elastic medium we have a linear viscoelastic one obeying the
law

1 1
(D) ( 5;; Ckk) P(D) (O‘ij Y S5 Ukk) )

Q* (D) (21a— 399 =P* (D) 0
with Q (D), P (D), O* (D), P* (D) as polynomials in the time derivatives D=d/dt,
the elastic constants F and v in (2.12) have formally to be substituted by the operators
300" PQ*—P*Q
e, V(D)= i T g
2PQ*4-PE Q) 2PO*+P*Q

(Alfrey’s analogy, see e.g. [26]). As a consequence, the time operator — hitherto
only in (2.8) — now also appears in (2.18), (2.19), (2.20) and (2.21).

(2.22)

(2.23) ED)=

3. GENERAL INTEGRATION PROCEDURE FOR A SINGLE LAYER

3.1. Spatial integration: Method of Lur’e [27_]

Comparison of the Eq. (2.3) with the Eq. (2.14) and of the Eq. (2.4) with the
Eq. (2.15) shows the same structure of the respective relations. For the moment
therefore it is enough to discuss the problem (2.3), (2.4) (heat conduction).

Formal integration of (2.3) with respect to the z-coordinate gives

(3‘1) Ly =Wl'0 +W
with
ro=r(x, »,0;1)

(*) We designate a as the essential and b as the residual mechanical state vector.
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as ‘“initial state vector”,

<
(3.2) W =R = E m (Rz)
k=0

as differential matrix of infinite order containing the derivatives ¢/dx, &/dy and /¢,
“and

(3.3) w:fe(z“)RS(C) ¢

as a particular integral(®) of (2.3). The matrix (3.2) may be evaluated in closed form,
see later. Now the residual state vector p becomes

| 349 p=PWr,+Pw.

Let us consider a layer with the constant height / and the boundary conditions
at the faces (e.g.)

(3.9 S, 1, 05 0=5 (x,y;8),  q. (0 p, 3 1)=q.q(x, p; £).

Then, from (3.1) we receive with z=h the following differential equation for
qu (x: y; f)ECIz (xa ys 0; t)

(3.6) Waas Gho=031— W1 So—w,,

where W,; and w; designate the elements of W and w, respectively. Generally, the
boundary conditions at the faces yield the differential equations for the not-given
components of the initial state vector, as has been shown for the stress problem by
V0asov and LeoNT’EV [28]. _

The symbolic method of Lur'e is advantageous especially for layers with finite
lateral extensions. Retaining only a few members of the series (3.2), the Eq. (3.6) will
be of finite order. According to this order and ising (3.1) .and (3.4), one calculates
the “resultants”

k2 hiZ z'= ﬁh/2+z,

3.7 9l = z'" 9dz’, qff‘)= 1 z'* g, dz',
—I;{"Z ’ H;}{z ,LLZO, 1: 27 Lk

which are neceded at the cylindrical boundary S= S,g—i-Sq, where the boundary
conditions read:

(3 8) '9('") = g(u) on SS E QE:O = qﬁl(lu) - on Sq s

with g,=¢, n,+g, n, (n outward normal).

3.2. Spatial integration: Sneddow’'s method [29]

The method of Fourier transforms is suitable for infinite layers, where only
the boundary conditions at the faces are relevant. In this case the application of
the (two-dimensional) Fourier transforms with respect to the coordinates x and

(®) Therelation s=5 (x, 3, z, £) is here abbreviated by s=s(2) or s=s (), respectively
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y transforms the ‘Eq. (2.3} into a matrix differential equation in = and t, and the
Eq. (2. 4) into an a]gebralc matrix equation according to

a
3.9 E“Rr+s
(3.10) - p=Pr,
where

T r
(3.11) §}:G{s’
(3.12) p=G'p,
with the operator matrices
(3.13) G¥diag 7, 7%,
(3.14) ‘ G =diag {F,, #,},

the operations &, &, and % ; (Fourier {ransforms) being defined in the Appendix
(Al). Further there is because of {Ad4)

1 x*

| 0 e
(.15 R= K(;mrth)o :
K*h a
K v
]C—*oc*; 0
(3.16) , p=l i
K !
— 8%, 0
*
with the abbreviations
(3.17) whelol h%, pE=IBiRY, A=V 12, D=djor,

where « and ff are the real transform parameters. Note that the transformed quantities
have to obey the conditions given in the Appendix.
Integration of (3.9) with respect to z yields

(3.18) _ I=Wro+w

with r, as the transformed thermal initial state vector,
R . '

(3.19) W=e'*= 2 TLLT (Rz)"

as operator matrix containing only the time derivatives and

(3.20) | w= [ = ORS (O dg

as particular integral of (3.9).
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It should be remarked here that the result (3.18) could be obtained also from (3.1)
after performing the Fourier transforms.

For completeness we list the corresponding relatlons for the problem (2.14), (2.15)
(thermoelasticlty) ;

3.21 a d,
( 21) 25 =Aa+
(3.22) - b=Ba+te,
5} ‘a
(3.23) = Fla
o Jo
(3.24) S1=F
(3.25) ‘ "\ F=diag {#, 7, Fp %5 ¥ —F},
(326) - ' ¥ —diag {#, ~F, —F}.

The matrices A and B are given in (3.27) and (3.28), respectively; they already
had been derived by BurLER in [23). For a viscoelastic medium, the elastic constants
E and v have to be replaced by time operators according to (2.23). The Eq. (3.27)
and (3.28) are on page 107).

Integration of (3.21) yields

(3.29 . a=Ta, +t

with a, as the transformed mechanical initial state vector,

- = > 1
(330) T—eh? = E(AZ)“

r=0

(containing the time derivatives only in the case of a visc_:oela,stic material) and

@330 Ct=[Aevaod

as particular integral of (3.21).

"4, THE LAYERED MEDIUM: HEAT CONDUCTION
4.1. The infinite single layer .
Referring to the layer k the Egs. (3.10) and (3.18) may be written.as
(41) l—)k(aﬁ ﬁ: zk; t)=T)k (0{: ﬁ) Ek(ms ﬂr zk; t)a
(42) I’)r(d': ﬁ, Zk; I)EW.& (OC, ﬂ; Zk; D) ;k (05’ ﬁ, 01 t)+ﬂk(°c! ﬁ; Zk; t: D)s
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where (calculated by means of Cayley-Hamilton’s theorem)

} ci(zzy ) - P ]/:w
4.3 W : . [P U [ S A g
3 Wile, 6,25 D) | — x5, 1/ sh (zk]/ ) ch (z, ]/ )
and i
pe PG - Y
~ka e od
(4.4) w (o, B,z t, Dy={ - 2;. *******************************
x2 - K -
P [entei-toy 1 0d
B it .

with O=0 (a, §, & ) as Fourier transform of the heat source and with the abbre-
viations

32
M-S 4% - Y h*
Zy R CthTs ]/ - 0:”'2+ﬂ'7‘2+ a D,

K:* _ Ky 4= <y,
= g '
L S

(4.5)

Taking z,=#, in (4.2) we receive the “iransfer equation”
(46) ;k (OC, ﬂs kln _t)=Wk (C’Es ﬁs hk: D) ;k (O!, ﬂs 07 I)+-‘?‘}k (q's ﬁ: hk» t» D) S

with W, =W; (o, §, b D) being the thermal transfer matrix of layer A(*). This
matrix has the known properties of transfer matrices: cross symmetry, if the elements
of the state vector are chosen in a suitable sequence, determinant 1, identical ele-
ments with alternating signs for ‘the reciprocal matrix.

Integrating (4.2) with respect to the time under zero initial conditions gives
(47) ' ;k (OC: ﬁs Zy» t)z‘iﬂ“ ' {Wk (0(, ﬁ’ Zigs P) Elv: (d:, ﬂ: 0: p) +‘;’k (OC, ﬁ: Zk:p)} L]

where i?,,c means the Laplace transform of r, and V_;fk results from W, by the substitn-
tion D—p with p as the complex transform parameter [see Appendix (AB), (A9)

and (AIO)] Further
w %
'#_ Ky Sh [(Zk - Ck)
0

h'—kz
oc*2+ﬁ*z-|- P

(48) Wt B 233 ) =| oo e

:k

——5:_“ Ch [(Zk C.'c)

]Q&k

(*) Concerning the mcthod of transfer mairices see the book [30] by Pester and LeckiE.
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with ék —22,: (e, B, {: p) as Laplace transform of O, (a, B, Eis ty. Then the insta-
tlonary fields of temperature and heat flux in the layer X follow by performing the
universe Fourier transforms of (4 1) and ‘(4. 7) respectlvely

49 . Cpe{x, y, s t) G-t {Pk(a B e, B, z; 0},
(4.10) R (x, 7, 75 D=6~ iy (w, B, 2 0}
Generally the inverse Laplace transform has to be carried out numerically.
For a single layer, the (spatial) thermal initial state vector r, (0)=7,(«, 5, 0; p)
which is needed in (4.7} has to be determined by means of the boundary conditions

for the temperature & and/or heat flux g,,, which are assumed to be of the product
type, for instance

S, 3, 05 1) =9 (x, ») $2 (),

{4.11)
qzk (xn J’, h.’(; I) = (f‘é.llc) (“\ni‘ .y) géi) (f) E
transformed:
5‘ 0) =50 §@,
(4.12) +©

gzk ()= qﬁi’ éfﬁ)
If we apply the Laplace transform to (4.6) we get(%)
(@.13) v () =We(h) 1 (0)+we ().
Taking into account (4.12) we can calculate ;zk (0) and so the initial state vector
r; (0) is known.
4.2. The layered system

In the case of a complete contact between the individual layers, the following
continuity conditions (for the transformed quantities) have to be fulfilled:

(4.14) Tosr O =1x (h)=F,, (k=1,2,.,N—1)

{continuity of temperature and heat flux).
Then the successive application of (4.13) with (4.14) in the form

r] W owl T
4.15 = , k=1,2, ., N—1
( ) [1]1{ [0 I}k[l}k—l ( )
or shortly written
(4.159 =W, _,, (k=1,2,.,N-1)

allows the elimination of the intermediate quantities and yields for an N-layer system
(4.16) =W We Wi =W,

(*) For the matter of brevity in the parentheses we refer here and later only to the dependencs
on the ceordinate z.
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One component of rj, and one component of ry, are known because of the bound-
ary conditions, the residual ones may-be calculated from (4.16). At last all initial
state vectors follow from (4.15") and so according to (4.7), (4.9) and (4.10} the in-
stationary fields of temperature and heat flux are known. Often it is advantageous
because of numerical reasons to avoid (4.16) and to solve the system (4.15"} simul-
taneously by means of Gauss’s algorithm [31]. Other possibilities are discussed in
123, 24, 22).

If there is no complete contact between the layers, a jump of the temperature
has to be taken into account at a discontinuity face, namely

4.17) S =Dyr; .

where

' |1 =k
(4.18) D,ﬁlo | }

with K, as the temperature resistance.

4.3. The stationary case
By formal setting D—0 in (4.3) there results

1
ch(z %) i~ wsh(z A7)
- ' k
(419 Weles K20 = 5800 2 290 eh (@ 19
with the abbreviation
.20) JRp oy oy

Further, taking the heat source Q, as time independent, (4.4) degenerates to

prz

. T E N CRAeL
(421) ;Vk(lx, ﬁ, ZR): T :* -----------------------
]?*2 .k * £ o - *
T [ el 0

Besides the boundary conditions have to be time independent. As a consequence,
instead of rk, Wi, Wk in (4.13), (4.14) and (4.15) we have to use Tis Wi Wi

5. THE LAYERED MEDIUM: THERMAL STRESSES AND DISPLACEMENTS

5.1. The infinite single layer

Referring to the viscoelastic layer & the Eq. (3.22) and (3.29) may be written as
5.1 bi(et, By 215 0) =B (2, B3 D) e (o0, B, 25 )+ (% B 7 4 D)
(5.2) (o, B, 705 =Ty (% B, 75 D) ar (o0, B, 0; D+t (x, B, 25 1, D),

where according to (3.30), (3.31) and using Cayley-Hamilton’s theorem Ty and €,
had been calculated, see (5.3} and (5.4).
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In (5.3} and (5.4) we used the abbreviations

E, .
59 E,‘=E:i— c@)=ch(z} %), t@EH)=th({z 1),

e=ch [(5—CD 2%],  s=sh [(Zi— ) A%

LI
Furs for for and 3, mean the Fourier transforms of the corresponding functions. Note

the meaning of E, and v, as the operators (2.23).
Taking z,=#h, in {5.2) we receive the transfer equation

(5'6) 5I\c (0:5 ﬁs hk; I)ITk(U-s ﬁa hk; -D) gf: (OC, 18: 0; t)+?f;(‘95; ﬁs hk; t, D)

with T, being the (mechanical) transfer matrix of layer k with the known properties
(cross symmetry, determinant 1, identical elements with alternating signs for
the reciprocal matrix). In (5.4) the transformed temperature field =<3 (x, B, z,; 2)
has to be taken from (4.7).

Integrating (5.2) with respect to the time under zero imitial conditions by means
of Laplace transforms gives

(57) E_l.'c (0{, ﬁ’ Zk; t):g_l {%i’c (OC, JB} Zk;p) gh (d: ﬁn Osp)*i"nék (“5 ﬁ: Z};,p)} .

In the same manner we receive from (5.1)
(58) ]—]k (O!'., ﬂ7 Zk; t)=g_‘1 {Ek(ocy ﬁ:p) ék(as 183 Zk;p)+6k(oc: ﬂ, Zies P)} *

In (5.7) and (5.8) ;k means the Laplace transform of a, whereas i and ~E¢ result
from T, and B, by faking D—p in the operators E, (D) and v, (D). Further we
get (the Eq. (5.9) are on page 114)
and B B

. 28, N . r
(510) ek(a’ ﬂ 3 ZkEP): {_ 1—y Pk ‘9.': (0(, ﬁ: Zg, P)a 0, 0}
fid
- ~ o~ e £
where % *f o fur Fi are the Laplace transforms of fi, fow fop
The instationary fields of the siresses and displacements in the layer & now be-

£ome
(5'11) . ak(x5 y, Zk;t)=Fﬁ1 {ak(“s ﬁ’ Zk; t)}:
(512) bk (xs y! zk; t):'F’_I {Bk (OC, ﬁa Zk; t)}'

The: (spatial) mechanical initial state vector ;k (0)=;k (e, 8, 0; p) has to be
determined by means of the boundary conditions which are assumed to be of the
product type, for instance

0., (%, 7, 0; D=0 (x, ) 68 (),

(i=x, s z) .
(5 3, s £)=uf) (e, )P ().

(5.13)

Rozprawy Infynierskie —-8
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Transformed:

(5. 14) Z‘A (0) —ugfl) 52

zxk ZY);’ anew

Applying the Laplace transform to (5.6) we get—in a shortened notation —
(5.15) a () =T () 2, (0)+ 1) ,

which allows the determination of "ak {0) if one fakes into account the (transformed)
boundary conditions (5.14).

5.2, The layered system

Besides the boundary conditions at the outer surfaces the following conditions of
continuity (for the transformed quantities) have to be fulfilled at the inner surfaces:

(5.16) Ay s O =a ()=, (k=1,2,..,N—1)

(continuity of stress and displacement vector).
Analogously to (4.15) we get

(5.17% [;‘L:lg ;L[;‘L_i (k=1,2, ., N—1),

or shortly written
(5.17) =Tra,_,, (k=1,2,..,N~1).
Also, for a N-layer system there holds

(5.18) ay=TyTy_, .. T ag=T%ag.

By means of the boundary conditions 3 components of a, and 3 components of ay,
are prescribed. Then all mechanical initial state vectors may be calculated from
the system (5.17'). At last the instationary flelds of stresses and displacemenis follow
from (5.7), (5.8), (5.11), (5.12).

For large values of the transform parameters « and f the matrices f‘T,‘ become
singular and so numerical difficulties arise. In this case it is advantageous to use
flexibility matrices instead of transfer matrices. For this purpose the Eq. (5.15) is
transformed into

ﬁk(o)_ Nnk lek 1_11,, - ;k(o)
(5.19) w (b)) | = Nzlk szk ﬁzk o (hy)
1 o -0 1 1

(N being the flexibility matrix given already in [23])
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or more detailed

_“fzi(())_ @ b —c d e —fé m
1 %t 0) g —h e i —jin
ut (0) k fi 1io
(5.199 "}j: (h) =5 a b e
”ﬁf ho symmetrical g &
u; (I k
L 0

with (here the body forces are assumed to be Zero)

A2 AFh
a=p g —\——| |+ f b= =5 |

k

* p*

A RN
bza*ﬁ*{——vk tfi—(%) —{l—v)t, —

k

a® A% 1,

=
. ﬁ*z

1
d=(1—v) a*? —Ci (te— 2% B+ —
k k

F Ok
e= _acf {(l—vk) A h: tt vy tfﬁ(
Wt
S= (=) 0% 32 h—,
(5.20) x

A\ , Ay
g=a*? ti?—— "'“(l_vk)ﬁ* 1% P E
Cr C .

LT LT

2 Cr
4 \ #2
i=(1—v) f** = (= 2% B+
) Cr Cy
. tk2
jz(l"“vk) p* A¥2 h}f T
C

A* by
k=(1—-v)1*? g, (tk-l-*—;i'"—) s

k

;
I=(1—v) %2 C—’; (t+ A% 1YY,

%0, (0)

A¥ k,f}
CI-: ’
. % h: )2]
o 2
) l(l 2v) ¢, +( - s
[+ (5]
k Ck *
A% h:)z}
¢ ’

~ig., (0)
=3, (0)
“0 s ()
5., ()

Bzz (h k)

k

—

&

)
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e
(5.20) m=—E, y, a* A*2 1, {[ -—tk}c(zk)+tzs(zk)}§ dzt,

fcont.]

hk
n= _Ek e ﬁ* A:}z?. {[ tk] C(Z:)'[“t,f' S(Z:)} §k dz:,

e

A by o
o=E . A2 1 f{[ 2 + tfc] s(z)—1e C(Z:)} 8 dz, ,
k
5

K
t -
P=E; i a* A¥? ;kk‘f {[tk_'l*] c(z)+A* 1, S(Z:)} 3, dz;,,
: .

t ¢ . .
G=E, y, f* 1% C—"f (e A¥1 e (&) +4% £, sz} G d2”,
k

,; hk

.'ﬁEkykﬁ,“ff{tk+A sE =% 1 (2N} B det,

2(14+w)

§= % 2F 127
A*h
Cy

where #,=t(), c,=c(Hp).
Now the conditions of continuity read
' u () =n O =u,,
(5:21) () = m() © k=1, N—1).
Gk (h)= O'Ic+ 1{0)= o

Using (5.19) there results

(522) Na, o1~ (No2, N1y, ) 6+ Nz, Ger 1 =0y, —0y, , (k=1,..,N-1)
with the (transformed) siress components as unknowns. Having evaluated these
ones the (transformed) displacements follow from (5.19) and so the mechanical

initial state vectors a, are known.

5.3. The instationary elastic case

Here the Fourier fransform of the temperature §, (depending on the time) has
to be determined via (4.7). It is needed in the expressions for e, and t, where the
time operators disappear because of the assumed elastic material. For the same
reason the matrices B, and T, are free of the time derivatives, Therefore the insta-
tionary fields of stresses and displacements follow directly by taking the inverse
Fourier transforms of (5.2) and (5.1) in the form

(523) gk (“9 [))’ Zgs t)‘: Tk (“: ﬁ: Zf:) 3_lr':—L (0’., ﬁ: l‘)+_§—3k(0(., }69 Zxs I)n
(524) ]—)k (OC, ﬂs Zk; r):Ek (C(, ﬂ) 5!: (052 ﬁ? Zk; t)“‘i'ék (OC, ﬁ: Zlc; t)
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with

o C2E, ... T
(5.25) el B 2 D=1~ 1 Bila, B, 20, 0, 0p
—-Ik N

The initial state vectors have to be determined now from

(5.26) li‘]= [E f]k[ﬂm’ (k=1,2,...,N)

[instead of (5.17)] or alternatively from
(5'27) ﬁZIk EkH 1 —(N22k+ Nllk,ﬂ) a'lc +N1'2,‘.+1 Ek-i— i =]—]2,‘—'I—llk+1 ’ (k: -13 2: ) N— 1)

[instead of (5.22)] whereby the boundary conditions may depend on the time.

54. The stationary elastic case

Providing that all boundary conditions do not depend on the time, setting the
time derivatives in W, and w, equal to zero and neglecting — for the matter of
simplicity — the heat sources, we get from (4.2), (4.19) and (4.21)

(5.28) @2, (0 B 2) =~ A% sh (zg 2%) Bema o (5 A9 4,5
- . 1 ks
(5.29) 8o f, 2=l 2 2%) ooy~ shE@ AN Loy

With (S 29} we are able to perform the mtegratlons in (5 4). Neglectmg also the
body forces there, we receive

_nZe@)
(5.30) (o, B, z) = 2(1—p)
N ‘ ;' £y r(z;:)}
% # | —
B A¥ t(z,) ‘ K': {1 z;: 3%
fffffffffffffffff @Y B o«*
—Ek OC*{I"" Z: FE E I—:— I f(zk)
""""""" t '(éf)}i B, p
_ % : AL B
Al e (B 0)
S g 4w, p* £ (2] 190 5, 0)
-1 +vk)7£"t(zk) !C: %2 1 :l*
"""""""""" T e, [ tED
—@ +V")Ft(z") rc: A® {1 ¥
""""""""""" t(z:)k}‘i R R t(zk)
i “(1+vk){1+““fﬁ: : ’C; Z Zk .

with ¢ () =ch (1* 2¥),  t(z)=th(A* 20).
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Also, from (5.25) with (5.29) we get

— . 2E; |~ 1 i T
{5.31) e (o, B, z,)=)— 1_; e(z,) 8"_1—7&:? t(z,) 4z ,|-0, 00 5

the stresses and displacements now following via (5.23), (5.24), (5.26) or (5.27).

3 6., THE TWO-DIMENSIONAL PROBLEM

If the heat source Q, the body forces f, and the boundary conditions do not depend
on the coordinate y, we have a plane problem. Also, if these quantities are only
dependent on the cylindrical coordinates » and z (i.e. independent of the circumfe-
rential coordinate ¢), we have an axisymmetrical problem. These two cases allow
a common description [32, 22]. It seems worth-while fo summarize the results,
the left column concerning the plane and the right one the axisymmetrical problem
respeciively. '

0.1. Basic equations

Heat conduction: The quantities needed in (2.3) and (2.4) are

{6.1) r={9, 4;}7,
h:l: T
{6.2) S:{O’F } >
{6.3) p={4}}, | p={a},
R Do P
D= P
D 4 b,= ¢ .1
27 ax 2 e U
(6.4
6.4) K . a 1
Dy= ax’ 3__31'_1"
N . 2 1 a9 1
D= ax?’ . G2 Foar . r2¢
R
D=
0 I
' L kh®
{6.5) L R RS AR ,
ok (D?_Di—mp) 0

{6.6 h™
( ) P=[— K Dl’ 0]-
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Thermoelasticity and thermoviscoelasticity: The quantities occurring in (2.14)
and (2.15) are

6.7 a={0., 0, U u T 8= {00, Oups Uy, U, }7
(6.8) b={0xt 0y Oax— 0y} b=4{0,+Cpus Orr—Opo}”
(6.9) d={—fz, ~fet o 15 P50, d={~f2, ~fi+ E” 1501 8.0,
14+v E* T 14y E= T
1—v F%g} 1—v h*’ } '
. 2E T
" (6.10) ez{—ﬁyﬂ,O} ,
i 0 -D, 0 0
________ {,"’""""“""""7“"""_"'""fli"""l';;"""”"”’“'
TP 0 R R
= : *H
(6.11) A 0 % 2(1;,,) 0 b ,
E* (I4y) (=29 T y T
| A*E ( l)fv ): 0 -y D, 0 |
2y ¢ hY E :
1-v . 1—y B 0
{6.12) B=}----- ------- h;*VE ___________
0 il-l-v Ex 8 0

We assumed u,=0 (plane strain) and u, =0 {axisymmetrical problem without torsion).
The formulas for the state of plane stress are obtained by the substitutions

1+2y v 1+v

—— .

13 i S —
6.13) ST B Vo T v

6.2. Integral transforms

Heat conduction: The opérator matrices G and G’ defining the transforms (3.11}
and (3.12) are here

(6.14) G=diag {7, }, G=diag {#, #3},
{6.15) G’ =%F,, G =#,
(one-dimensional Fourier transforms) (Hankel transforms)

whete the operations &, F,, #,, #, are given in (AS) (Appendix). The matrices
R and P in (3.9) and (3.10) — calculated with consideration of the rules (A7) —
turn out to be identical for the plane and the axisymmetrical state. They follow
from (3.15) and (3.16) by taking formally f*=0 (ie. a*=A4%). Therefore we receive
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also W, and w, from (4.3) and (4.4) respectively by means of the same manipula-~

tion. The further procedure now follows that described in chapters 4.1, 4.2 and 4.3.
Thermoelasticity and thermoviscoelasticity: In the two-dimensional case the

operator matrices ¥ and ¥’ in (3.23) and (3.24) become [sce Appendix (AS)]:

(6.16) ¥—dig (%o, 7, 5, — Ty}, F—diag {5, 5, 5, ~ ),
6.17) F=dig (%, 5}, F'—diag {4, 5}
{one-dimensional Fourier transforms) (Hankel transforms)

The matrices A and B in (3.21) and (3.22) had been calculated using the rules (A7)
of the Appendix. They are identical for the state of plane strain and the state of axisym-
metrical strain and result from (3.27) and (3.28) by taking f*=0 (i.e. «*=1%)
and contracting the matrices owing to the reduced vectors (6.7), (6.8):

B 0 ; — A% 0 Lo
Ly . 1 E kz 7777
1 -y | = B4
(6.18) A=— 1 Ex i b ,
h 0 2(1+4v) = |
S Q+w =2y E*: T T
Ty B symmetrical
| N
- l—v:i ¢ 1—v E*
(6-19) B_ ’ ;)” ."(')"" l E A*:
: ;_ 1+v E*
Also the matrix Tk given in (5. 3) is now reduced to
_ Cez)
(6.20) T,(A z; D)= 2 ( 1 mvk)
i g B EELC
— V) Zk P x ; x
P+ P14y
%k SF . k ' k
________ ' __Z_"_fff'f)_mf‘(f“,,‘?i","?.’v(i'i?? ) =)
. . :E,f;l*
2 ;2(1—vk)+ T

—(1--2v) I(Z;:) +A* Zk 1z, A) [}I*Z +t(21 ‘

L4y N 1+yk [A* zt
7 % t(z;) E 2% k
’ +(3—4v) I(Zk)]
1 +Vk* _____________________________________________________________________
E; 0¥ 2 symmetrical

43mnm) - : | )
aud the vector ¢, given in (5.4) becomes
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6.21) G zi; 1, D)=

E y, A* % 9
B pl ol 2(1 f{[z(l W) o=t (G ) SIf
* Q

+ [)L’ (z; — Ck) c+(1—2v) s ka} d{,’k

Ef pp A% Ao 14

_“——1—_7;—-[('9;‘61(,( 2(1 )f{;t -Gy e—(1—2) s 5+

[~

+ [2(1 —v)c+A® (zk Ck)s}ﬁck} dck

T+, ~ 14y,
- vkﬂmf £~ j (- okt

2(1— ) I‘k

+ [(ZZ' =) e+ (-4 ;—J Fuk dCy

1+Vk 9 . 1+Vk h:!: Zi: .
- E*y jc.sl dir———— —w [ =) e —
e - T4

' sie 1
—(3—4) —ﬁ] Fot =0 s ka} @
1 : 1 .
where f, has to be replaced by f, in the axisymunetrical case. The further pro-
cedure takes place in the way described in chapters 5.1, 5.2 and 5.3.

7. CONCLUDING REMARKS AND EXAMPLES

We arrive at the more technical theories of heat transfer and thermal stresses
in sandwich plates by considering the case of thin layers characterized by (1* )P <l
(i.c. the wave length of “loading” has to be large compared to the thickness of the

AL oys
s j[/ g I/
& i | ) ,
< ju €)= ; ::%:
<= [ @ 1z :
< . 1E) "‘3
T
zb
Fig. 2.

layer). Then only the first members of the series (3.19) and (3.30) are relevant leading
to considerable simplifications [23]. The same statement holds for the operator matrix
(3.2) and the corresponding one in the stress problem.
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A computer program has been written for the evaluation of the basic matrices
and the thermal and mechanical initial state véctor& for the numerical inversion
of the Laplace transforms according to the method of Papoulis and for the numerical
inversion of the Fourier and Hankel transforms, respectively wusing  Simpson’s
integral formula.' As an example we considered the plane problem of an elastic
four-layer plate shown in Fig. 2 without heat sources and body forces under the
boundary conditions

Jo=30(x, 2,=0; =9 H(»), _ 3}3:{

-go for |x|<b,

9a= 84 (4 2a=hy; )=0,  G,00=0us0 (%, 7, =0; £)=0,

szo:5;xo (x, zi =0;0=0, wu=uy (x,'_zl,',;—_h;,; n=0,
Upg =tz (X, 24 =Ny 1) =0,

where H (f) means Heaviside’s step function, Particularly we chose the following
data (Table 1}

Table 1

E ¥ h 4 y = o

Layer : ' pe
Nicm? — cm NsSK - /K cm?/s
(D Titan alloy 107 0.3 0.2 7.5 10-%  0.033
(& Honeycomb-core 16¢ 0 0.8 2.0 1.5-10-%  0.10
(@ Titan alloy 107 0.3 0.2 7.5 10-3 0.033
(@ Isolat. mat. 10° 0.2 1.2 0.2 7.5-1075  0.002

‘ 2b=h,

Temperature, heat flux, stresses and displacements have been computed along
all discontinuity surfaces 0, 1, 2, 3, 4 at varicus timings. Some of the results are
shown in Figs. 3 to 10,

b /6 /8
10 a4
Lo a s b

<
A Tl
G,B\ MR

. 38 \ 1 0 2 P 5 8
% /6 x/b
04 ' a4

-\f“e . o
07255 \ N
a2 az
\ - iy \

Fig. 3.

x/b
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' The heat flux ¢, and the stress components o, and. g,,, of course, are discontin-
uous from one layer to the other because of the discontinuity of the material pro-

perties.

APPENDIX

Here we list the définitions of the integral transforms which are needed in this

paper.

The two-dimensional Fourier transforms of the function f(x,y) are [29, 23]:

« . - -
A @ D=FAf 05 )=+ F {f(=2)),
B 1
S D= (5 0= {705 9},
where
Jemie= (a#0),  jp=ico
| | 1Bl
(42) Gemi @=0), =i
i=V —1

and «, § denote the real transform parameters.

1 o oo
S B=F {f(x, y)}=g f ff(x, y) et Cx B g gy

(B#0),
#=0),
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The inverse fransforms. are

Eaticy ) S B
= 1 L . )
W) seun=| U =gy [ [ [T p e daap,
. 8 —w —w s '
ﬁ'gpndﬁml {f(m: ﬁ)}7 7.].,'3 f(‘x, ﬁ)ﬁ
it £(x,y) satisfies Dirichlet’s conditions for —co<(x, y)<cco and if the integral
[ [rendcdy

is absolutely convergent.

For the derivatives there hold the relations

« 8 aﬁ - _
73;=Iocif= *jujﬂloc!f; —a£=fla§f; if f(x, -0  for  [x[-o0
B
*f

- ?
a?a? . 5 5 f{x,p)-0
(A4) por el a2f; Fr wrf, o So| for  lx|oe,
: ox ‘
& s x>0,
Bxc';; =~ 181/ it reno0 {Iyl—wo,

and further relations if x and o are replaced ‘by y and f and vice versa.

For the plane problem we use the one-dimensional Fourier transforms and for
the axisymmetrical problem the Hankel transforms. In order to give a wunified
representation we consider simultaneously the relations for both problems [24].

Fourier transforms of f(x) Hankel transforms of f(r)

S D=Fu i ()= JW=#,f@y= [ 10, (r)dr,

1 1 - o

e e PAX

(A5) Vid l/ﬂ f S () e, where J, denotes Bessel’s function
T of first kind and nth order

A
where j=im for A1+#0,

j=i for A=0

and izl/jf. Further A is the real transform parameter.
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The inverse transforms are
S®=F"1{f (M} = f)=s" 1 {F (D)=
1' o n o 1
_ i —iAx Af0 Jﬂ Ar) dA
e l;f(&)e r gy Df S T.(ar)

if f(r} is of bounded variation in

A6 ) et
(A6} if £ (x) satisfies Dirichlet’s the neighbourhood of r and

conditions in —oo< x< oo and

- - is absol l
f F(x) dx is absolutely con- Of Sfr)dr is abso utely convergent‘

— o

vergent,

For the derivatives (0.4} the following relations hold;

. e o 1 2 1
D f=—f, Dyf=lilf, Dif=—lAf
if f(x)»0 for |x]-co. | if rf(r)»0 for r—0 and r—oo.
- . 1 1
{AT) Further, Dy f=~A%f
: df . ar(r)
provided f{x)—0 and E—a() provided rf(+)—0 and r o -0
for |x]—eo. for r—0 and rsco.

If the conditions listed above in the left column are not satisfied because of physical
reasons one has to use generalized Fourier fransforms [33] as has been demonstrated
by Baker [34]. However, in this case more complicated expressions arise.

The integration with respect to the time may be performed by means of the
Laplace transform [35]

8 L 3=I )= [ 1@y,
" the inverse transform being
1 E+iw
»9) LY== [ T erdp
&—too

with p as the complex transform parameter and ¢ lying to the right of all singula:
rities of the imtegrands. The Laplace transform of the derivative dfjdi=Df is
given by

(A10) Df=pf
provided the initial value f (4 0) being zero.

Rozprawy InZyniergkie — 9
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A closed solution of the integral (A9) is only possible in very simple cases. Gener-
ally one has to use numerical methods. According to PAPOULIS [25] one gets
instead of (A9)

N—w
(A11) fH=p @@= ¢ sin@u+1)]
e H=D
with
(A12) e~%*=cost (o arbitrary real number>0),

where the coeflicients ¢, have to be evaluated from

. 2n+ 1) " 1
(A13) ? — O'f{(p,,)= Z [2 (if) - ( 2”]:' )] Cu—k (n=0, 1,..N},

T \
k=0

with
(A-14) Pu=(2n+ 1) [ (n=0, 1, vae OO)

being on the real p-axis. Other numerical methods are also available, see [36,
37 and 38].
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STRESZCZENIE

NIESTACIONARNY ROZKEAD TEMPERATURY 1 NAPREZEN TERMICZNYCH
W SPREZYSTYM T LEKPOSREZYSTYM OSRODKU WARSTWOWYM

W oparciu o metody transformacii catkowych i analizy macierzowej podane zostato formalne
_ rozwiazanie dla niestacjonarnych pol temperatury, strumienia ciepta, naprezef i przemieszczen
wielowarstwowych oérodka sprezystego. Efekiy nieliniowosci, bezwladnodei i sprzgZenia zostaly
pominigte. Stosowalnosé teorii pokazano na przyktadach policzonych numerycznie, wskazano
mozliwosé rozszerzenia teorti na ofrodki fepkosprezyste.

PeszwomMe

HECTAIIMOHAPHOE PACHPEAEJIEHWE TEMIIEPATYPBRI W TEPMMUYECKHIX
HATIPSCEEHMIL B VIIPYIOIt 1 BS3KOYIIPYTIOW CJIOEBOVML CPEAE

OmEpasck Ha MeTOObL HETErpadbHAX Hpeodpa3osauiii @ MATPHIHOLC AHAE3Y RPHBELCHO
($OpMATHHOS DEIGHNG I/ HECTALMOHADHLIK TIOfed TeMIEpATYPEL, HOTOKA Telnd, HAOpSKeHUH
¥ HepeMerNeHEil MHOTOCIOER0H yOpyro# cpemsl. Dddexrari HEMHHSHHOCTH, HEEPIHY M CONpHA-
seHms npedebperaercs. TIpEMeHRMOCTS TEOPHH MOKA3AHA HA NPHMEDAX PACUHTLIRACGMBIX YHCJIER-
O, YKA3AHA BOZMOXKHOCTS PACHTMPEHHA TCOPHU HA BASKOYNPYTHE CPEHEL
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