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NON-LINEAR INSTABILITY AND PLASTIC COLLAPSE
OF PARTIALLY LOADED SPHERICAL SHELLS*

L. M. HABIP (FRANKFURT/MAIN)

Based on a two-dimensional discretization scheme, a finite-difference energy method is utilized
for the non-linear, elastic and clastic-plastic collapse analysis of spherical shells under external
pressures acting asymmetrically on a given fraction of the shell surface. The results are compared
with some of the fimited experimental data and theoretical predictions previously available.

1. INTRODUCTION

The stability of non-uniformly loaded shells is not well understood. Since the
original experiments of KroppeL and Roos [1] on the snap-through of partially
loaded splierical shells a few theoretical works have appeared in which similar
problems of non-linear instability are solved [2—4]. The non-linear response of
spherical shelis due to static and dynamic area loads of arbitrary location has
also been investigated [5, 6]. The influence of plasticity for such asymmetric loading
problems, however, has received very little attention [7]

In the present paper, a method which has recently become available [8, 9] is
utilized in order to obtain numerical solutions for partially-loaded spherical shells
in both the elastic and elastic-plastic cases. In the elastic case, the results are compared
with the available experimental data [1] and other theoretical solutions [3, 4]. In the
elastic-plastic case, a comparison with another solution is presented only for a
uniformly loaded shell [10], related experimental data, for partially loaded shells [7],
can also be used to evaluate this method further.

Unevenly distributed external overpressures are currently of interest in the struc-
tural safety analysis of the spherical containment vessel of certain nuclear power
plants. Such loads may be caused by pressure build-up in the spaces between the
containment vessel and the surrounding reactor building following, for instance,
the rupture of a pipe. The transient nature of such an incident, usually accompanied
by asymmetric moving loads, is not considered here; it is, however, the subject of
4 continuing investigation of the effects of dynamic loads [11—14].

2. SUMMARY OF METHOD

The method of analysis is based on the_nbh—_iihear shell theory of MaARLOWE
and FLUGGE [15]. It is assumed that the rotation about the normal is of the same order
of magnitude as the square root of a typical middle surface strain and that the out-
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of-plane rotation can be moderately large. The kinematical relations of this theory
are summarized by ALMROTH, BrROGAN, and MARLOWE [16].

The plasticity theory utilized in the analysis follows the approach of BESSELING
[17]. It is assumed that the material of the shell consists of several perfectly plastic
constituents with identical elastic properties but with different yield limits. This
.model can thus represent strain-hardening effects in the. ongmal material by means
of a piecewise’ linear -stress-strain relation.. : .

The numerical solution is based on a two- dlmensmnal finite dlﬂ'erence approx-
imation of the energy expression. A system of non-linear algebraic equations is
obtained when the energy is rendered stationary. These equations are then solved
by means of a modified Newton-Raphson: method of iteration for mcreasmg Values

“of the load parameter The collapse load of the shell is determmed, as a maxnnum
in the non-linear load-deflection curve. The procedure is further described by
BUSHNELL, ALMROTH and BROGAN [18].

3. NUMERICAL: RESULTS
“The series of tests performed by Krteper and Roos [1].is considered first.
In these experiments, thin spherical shells with and without a cylindrical skirt were
subjected to external pressure distributed over half of the. shell untli snap-through
occurred. The following empirical telation :

G.D =0.295(1~ 01oc)ET2/R2 A= —10°/10°,  15°<a <60,

where p. is-the collapse pressure, R the radius of the shell, T the wall thlc}qness o
half the shell angle, and E the Young's modulus, has been suggested [1] as represent-
ing the response of spherical shells to. such asymmetric loads. In one case,. stresses
were also recorded. A comparison of numerical results obtained for this case and
the experimental data is given in Fig. 1, where the meridional stress o, and the.cir-
cumferential stress o, at the inner surface of the shell for stations along the aa’
meridian are shown. The calculations are for a simply-supported shell, with R=352 cm,
T=0.059 cm, «=22.6°, E=2.1x10° kg/em?, v=0.3, and ¢=0.35kg/em?, where’
y denotes Poisson’s ratio and ¢ the external pressure.

For two values of the angle o, calculated collapse loads are compared w1th the
predictions of the Eq. (3.1) over a range of R/T"in Fig. 2. For a=53.1°, points falling
above and below the curve representing the Eq. (3.1) are for clamped and simply-
supported shells, respectively. Similarly, for «=22.6°, points above the curve are

for shells whose edges are allowed only meridional displacements, while points
below are again for simply-supported shells. Therefore, the Eq. (3.1) appears to be
valid for shells with boundary conditions of an jntermediate nature, as was pro-
bably the case in the experimental investigation. '

We turn next to other numerical solutions available for this problem. PERRONE
and Kao [4] utilized the Marguerre shell theory as formulated by Fammi and
ArcrEr [2] and a non-linear finite-difference relaxation method of solution. Their
results and those obtained here for pressures- distributed over a quarter-as well
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as half of the shell are compared in Fig. 3, where, for stations along the b6’ me-
ridian, the ratio w of deflection to shell thickness is shown at load Ievels corresponding
to collapse. The calculations are for a clamped shell, with R=907.2 cm, T=1 cm,
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Fig. 3. Deflections along the bbb’ meridian.

0.=0.3°, E=2.1 % 10° kg/cm?, and v=6.3. BaLL [3] solved the same half-loaded shell
problem by using the Sanders shell theory and a combined series of Fourier finite-
difference approach; the results are reproduced in Fig. 3. Introducing the notation -

(3.2) p=qR2V3(1—v*y 2ET*,

where p is a dimensionless external pressure, PerroNE and Kao [4] calculated that,
at collapse, p=0.56 for the quarter-loaded shell, while a value of p=0.54 was found
here. Similarly, for the half-loaded shell, PerronE and Kao [4] and Barr [3]
report that p=0.663, compared to p=0.55 calculated here. Thus it appears that the
present method provides a conservative theoretical estimate of collapse strength
in this case.

For thicker shells under external pressure, the plastic behaviour of the material
of the shell influences the collapse load significantly. Such a case has recently been
considered by HARTZMAN [10]. The corresponding geometry and estimated piecewise
linear stress (g)-strain (¢) behaviour of the material of the shell are shown in
Fig. 4. For a uniformly loaded spherical shell, the plastic collapse pressure calcu-
lated here is compared in Fig. 5 with the value 6blained by HArRTzMAN [9] using the
finite-element method. The number of integration stations through the shell thick-
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ness is denoted by N. The calculations are for a clamped shell, with R=18.1 cm,
T=0.635 cm, «=41.5°, and v=0.3. For N=5, the calculated collapse load of 442.5
kg/em? compares well with the value of 434.5 kg/em® found by Hartzman [10].
Despite the shghtly unconservative character of the results obtained by the present
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Fig. 4. Shell geometry and material response used in plastic collapse analysis,
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Fig. 5. Plastic collapse pressure versus number of integration stations through shell thickness;
uniformly loaded shell. -

method for this case, the ability of the theory to predict the collapse of rather thick
shells has been demonstrated. Accordingly, for the same geometry and material
response, the plastic collapse analysis of half- and quarter-loaded shells was also
carried out. No previous solution of such problems appears to be available. The
results are shown in Fig. 6 in the form of load-deflection diagrams for the three
cases indicated; & denotes the deflection of point 4 located on the b meridian
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(shown in Fig. 3) at’ $=20.8°. The calculations are for N=35. The influence ‘upon

the non:finear response of the shell of the manner in which the loading is-distributed

over the shell surface is evident. -

g

® €

E
(8]
S
()]
x 3k
o
= /
i m
|
2_
1 -1 ‘ i i
) 5 16 15 20

& (107" em)
Fig, 6. Load-deflection behaviour of uniformly and partialli loaded clastic-plastic shells.

4, CONCLUSION

The present method is a useful tool for the study of non-linear collapse phenomena
in shells, including the effects of plasticity. Considerable progress in under-
standing such phenomena appears possible, since many cases which would otherwise
be theoretically untractable (shells with stiffeners and cutouts, for instance) can
now be resolved numerically [19]. Therefore, renewed interest in more general
non-finear shell theories [20] also seems warranted in cases involving farge displa-
cement gradients.
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STRESZCZENIE

NIELINIOWA. NIESTATECZNOSC I PLASTYCZNE ZNISZCZENIE CZESCIOWO
OBCIAZONYCH POWLOK KULISTYCH

Opierajac sig na dwuwymiarowym schemacie dyskretyzacji wykorzystano metode energetyczng

dla réinic skoficzonych celem analizy zniszczenia nieliniowych, sprezystych i sprezysto-plastycznych
powlok kulistych peddanych cidnieniu zewngtrznemu dzialajacemu osiowo-symetrycznie na dana
czgfé powierzchni powloki. Wyniki poréwnano z nielicznymi danymi doéwiadezalnymi i otrzy-
manymi uprzednio danymi teoretycznymi.
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PeszmomMme

HETTMHEAHA I HEVCTOMYMBOCTD Y IIJIACTUYECKOE PA3SPYIIEHUE YACTUYHO
HATPYKEHHBIX COEPUYECKHIX OLOJIOUEK

bazmpys Ha AByMepHOH CXeMe NUCKDETHIAIMM WCTIONR30BAH JHEPIETHYECKHE METOL A
KOHCYHBIX PAasHOCTEH C Uenblo aHaNH3a paspyLUeHdy HENMHEHHBIX, YOPYIHX ¥ YOPYro miacTHuec-
KAX CpepHIeCKHX 0BONOUYEK MOBEPTEYTHIX BHEITHEMY HABNERHIO AEHCTBYIOMEMY OCECHMMETPHYH
Ha JAHHYIO YaCTh NOBEPXHOCTH 0GOMOYKH. PesynbTaTsl CPABHEHEL ¢ HeMHOrOWACHCHHBIMI IKCOC~
PAMEATAIEHEIME JAHHBIMH B C GOJYMCHHMIMH DPAHBIUC TEOPETHMECKHAMM JAHHBIMHE,
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