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This paper is devoted to the behavior of a non-homogeneous simply supported beam un-
der three-point bending. The individual shear deformation function of a planar cross-section
is adopted, and longitudinal displacements, strains, and stresses for two parts of the beam are
explained. By applying the principle of stationary potential energy, a system of two differential
equations of equilibrium is derived and solved analytically. The positions of the neutral axis,
shear coefficients, and deflections are then calculated for three different beam families. Addi-
tionally, the bending problem of these beams is studied numerically using the finite element
method (FEM). The results of both analytical and numerical calculations are presented in
tables and figures. The main contribution of this paper lies in the development of an analytical
model incorporating the individual shear deformation function and a numerical FEM model
for this beam.
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Notations

x, y, z – Cartesian coordinates,
L – length of the beam,
b – width of the beam,

h = hp + hf – total depth of the beam,
hp = h1 + h2 – thickness of the upper part,

h1 – distance from the neutral axis to the upper surface of the beam,
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h2 – distance from the neutral axis to the lower part of the beam,
hf – thickness of the lower part,

χ1 = h1/hp, χ2 = h2/hp, χf = hf/hp – dimensionless coefficients,
ke, ks – exponents, positive real numbers,

e0 – dimensionless coefficient,
u1(x) – displacement of the lower part of the beam,

ψ(x) = u1(x)/hp – dimensionless function,
v(x) – deflection of the beam,

η = y/hp – dimensionless coordinate,
ξ = x/L – dimensionless coordinate,
E1, Ef – Young’s modules of the upper surface and the lower part,

ν – Poisson’s ratios of the beam,
ef = Ef/E1 – dimensionless coefficient,

F – force-load of three-point bending of the beam,
λ = L/hp – relative length of the beam,

ṽmax – dimensionless maximum deflection,
Cse – shear coefficient of the three-point bending,
τ̃max – dimensionless maximum shear stress.

1. Introduction

The classic sandwich constructions, which were introduced in the mid-twen-
tieth century, are currently being intensively improved and generalized. Manju-
natha and Kant [1] introduced a new set of higher-order theories for analyzing
composite and sandwich beams using C0 finite elements. These theories consid-
ered the non-linear variation of displacements throughout the beam thickness,
eliminating the need for shear correction coefficients. Their developed computer
program incorporated the prediction of interlaminar stresses and demonstrated
improved approximation capacity compared to elasticity solutions and classical
plate theory, particularly for laminated composite beams ranging from thick to
thin. Reddy [2] analyzed functionally graded (FG) plates using the third-order
shear deformation plate theory, with the assumption that the modulus of elas-
ticity varied according to a power-law distribution. The finite element models
with thermomechanical coupling, time dependency, and von Kármán-type ge-
ometric non-linearity were considered. Additionally, Reddy [3] presented the-
ories and associated finite element models for laminated composite structures.
Zenkour [4] studied the static response of a simply supported FG rectangu-
lar plate subjected to a transverse uniform load by employing the generalized
shear deformation theory without transversal shear correction factors, assuming
of a power-law distribution of material properties for the plate.

Altenbach and Eremeyev [5] pointed to numerous refinements in plate
theory throughout the 20th century and presented an extension of Zhilin’s di-
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rect approach to plates made of FG materials. Shen [6] discussed the non-linear
theory of FG materials. Carrera and Brischetto [7] conducted a comprehen-
sive review of plate theories, including classical, higher order, zigzag, layerwise,
and mixed theories, with particular emphasis on the kinematics and numerical
assessment of simply supported panels with closed form solutions. The analysis
focused on the examination of displacements, stresses, and the free vibration
response of simply supported orthotropic panels subjected to a transverse dis-
tribution of bisinusoidal pressure. Carrera et al. [8] addressed classical and
modern beam theories and explored a range of beam problems involving different
beam sections across civil and aerospace applications, examining both static and
dynamic problems. A refined high-order global-local laminated/sandwich beam
theory that satisfies all kinematic and stress continuity conditions at the layer
interfaces, was developed in Lezgy-Nazargah et al. [9]. Weps et al. [10] de-
scribed the relationships between maximum deflection, transverse shear strain of
the core layer, and applied force in a three-point-bending test of laminated beam
samples. A comparison was made between the experimentally obtained load-
deflection curves and theoretical results obtained through a three-dimensional
finite element analysis of three-point-bending for laminated beams.

In Zenkour [11], a refined trigonometric higher-order plate theory was de-
rived, which satisfied free surface conditions, taking into account the effects of
transverse shear strains as well as the transverse normal strain. This theory in-
volved only four unknown functions. The bending response of FG rectangular
plates was presented, and a comparison was made with corresponding results to
check the accuracy and efficiency of the theory. Magnucki et al. [12] presented
an analytical model of the five-layer sandwich beam and analyzed the influence
of the binding layer’s thickness and mechanical properties on the beam’s deflec-
tion under bending. The system of partial differential equations of equilibrium
was derived, solved analytically, and a formula describing the beam’s deflection
was obtained. A comparison of results obtained from analytical and numerical
(FEM) analyses was conducted.

Chen et al. [13] presented an analysis of the elastic buckling and static
bending of shear deformable FG porous beams based on the Timoshenko beam
theory. Two different distribution patterns were assumed for the grading of elas-
ticity moduli and mass density of porous composites in the thickness direction.
The partial differential equation system governing the buckling and bending
behavior of porous beams was derived based on Hamilton’s principle. Critical
buckling loads and transverse bending deflections were obtained using the Ritz
method, where the trial functions were in the form of simple algebraic polynomi-
als. A parametric study was carried out to investigate the effects of the porosity
coefficient and slenderness ratio on the buckling and bending characteristics
of porous beams. In Sayyad and Ghugal [14], a critical review of literature
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was presented, focusing on the bending, buckling and free vibration analysis of
shear deformable isotropic, laminated composite and sandwich beams based on
equivalent single layer theories, layerwise theories, zig-zag theories and exact
elasticity solution. The displacement fields for various equivalent single layer
and layerwise theories were summarized.

Vo et al. [15] presented a flexural analysis of composite and sandwich beams
using a quasi-3D theory, where the axial and transverse displacements were
assumed to vary cubically and parabolically through the beam’s depth. To ad-
dress it, two-node C1 beam elements with six degrees of freedom per node were
developed. The effects of fiber angle, lay-up, and span-to-height ratio on dis-
placements and stresses were examined. Abrate and Di Sciuva [16] described
an equivalent single-layer theory characterized by a single approximation of the
displacements through the thickness. Two broad categories were considered,
with the first category expressing the displacement field in terms of polynomial
functions of transverse variables, while the second category employing non-
polynomial functions. The theories within each category were grouped based
on the number of unknown variables to be determined. Magnucka-Blandzi
et al. [17] analyzed the three-point bending of a simply supported three-layer
beam with facings of various thicknesses and various material constants. The an-
alytical model of the beam was formulated, considering a nonlinear hypothesis
of deformation of the beam’s cross-section. The system of equilibrium equations
was derived based on the principle of the total potential energy and analyti-
cally solved using trigonometric series. The results were compared with FEM
solutions obtained from the SolidWorks Simulation system. Magnucki et al.
[18] carried out research on a beam with unsymmetrically varying mechanical
properties in the depth direction, assuming the nonlinear hypothesis of plane
cross-section deformation. Based on Hamilton’s principle, two differential equa-
tions of motion were obtained. The system of equations was analytically solved
in order to analyze bending, buckling, and free vibration problems of the beam.
Additionally, an FEM model of the beam was developed, and deflections, critical
axial forces, and natural frequencies of the beam were calculated. A comparison
was made between the results obtained from these two methods.

Magnucki et al. [19] presented an analysis of a rectangular plate with sym-
metrically varying mechanical properties in the thickness direction. The nonlin-
ear hypothesis of deformation of the straight line normal to the plate neutral
surface was assumed. Based on Hamilton’s principle, three differential equations
of motion were obtained. The system of equations was analytically solved. The
critical loads and fundamental natural frequencies for exemplary plates were
derived. Furthermore, an FEM model of the plate using the ABAQUS system
was developed, and analogical calculations for exemplary plates were performed.
The calculation results of these two methods were compared.
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Sayyad and Ghugal [20] focused on reviewing research conducted on the
modeling and analysis of FG sandwich beams using elasticity theory, analytical
methods, and numerical methods based on both classical and refined shear de-
formation theories. Meksi et al. [21] introduced a new shear deformation plate
theory to illustrate the bending, buckling, and free vibration responses of FG
material sandwich plates. The equations of motion were derived from Hamil-
ton’s principle, and analytical solutions for simply supported rectangular sand-
wich plates were obtained using the Navier solution technique. The influence of
critical buckling loads, deflections, stresses, natural frequencies, and sandwich
plate type on the bending, buckling, and free vibration responses of FG sand-
wich plates was examined through a detailed numerical study. Magnucki et al.
[22] conducted an analysis on an unsymmetrical sandwich beam with varying
thicknesses and mechanical properties of the beam faces. A mathematical model
of the beam was formulated using the classical broken-line hypothesis. Bending,
buckling, and free-vibration were thoroughly studied for exemplary beams. The
deflection, critical force, and natural frequency values were determined analyti-
cally and compared with those obtained from FEM systems, namely SolidWorks
and ABAQUS.

Genovese and Elishakoff [23] discussed the formulation of planar static
rod theories, including the effects of transverse shear in a large deformations
framework. Furthermore, the differences between Haringx’s approach to equi-
librium and buckling and Engesser’s approach were deliberated. In Magnucki
et al. [24], two-layer beams with various mechanical properties, thicknesses, and
widths of the layers were considered. A novel nonlinear hypothesis-theory of the
planar cross-section was developed. In addition, through the principle of station-
ary potential energy, three differential equations of equilibrium were obtained.
The system of equations was analytically solved, and calculations for deflections
and normal and shear stresses of exemplary beams were performed. The analyt-
ical results were compared with numerical solutions obtained using FEM. Mag-
nucki et al. [25] presented simply supported beams under three-point bending
with their mechanical properties varying symmetrically in the depth direction.
A unique shear deformation theory for beams with such features was proposed.
Differential equations of equilibrium were obtained based on the principle of sta-
tionary total potential energy. The system of equations was analytically solved,
and shear coefficients and deflections of exemplary beams were calculated. The
solution was compared with other analytical results obtained using a different
deformation function. Furthermore, the bending problem of these beams was
numerically studied using FEM.

Malikan and Eremeyev [26] investigated a drawback associated with the
material composition of thick functionally graded materials (FGM) beams us-
ing a novel hyperbolic-polynomial higher-order elasticity beam theory (HPET).
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The proposed beam model incorporated a novel shape function for shear stress
deformation distribution and considered the stretching effect caused by thick-
ness variations. The Galerkin method was employed to obtain elastic critical
buckling values for different edge conditions. Comparative assessments and vali-
dations demonstrated the accuracy and compliance of the proposed shape func-
tion. The results highlighted the significant impact of the defect on FGM beams
with specific boundary conditions. Malikan and Eremeyev [27] focused on the
flexomagnetic (FM) behavior of a vibrating squared multi-physic beam in finite
dimensions. The effect of shear deformation’s rotary inertia (SDRI) on the FM
response was studied in detail, considering the novel concept of rotary inertia
from shear deformation. The Galerkin weighted residual technique was used for
the solution, and it was observed that SDRI directly affects the FM feature of
small-scale actuators.

Sedighi et al. [28] discussed the use of hybrid nanotubes made of carbon
and boron-nitride to exploit the exceptional features of both structures. The
nonlocal vibrational behavior of these nano-hetero-tubes in a magneto-thermal
environment was studied using a nonlinear finite element formulation. The gov-
erning equation of motion was derived based on the adoption of the Euler-
Bernoulli beam model and Eringen’s nonlocal theory of elasticity. Masjedi and
Weaver [29] analyzed the deflection of variable stiffness (by fiber steering) com-
posite beams subject to non-uniformly distributed loads. A general analytical
solution in integral form was derived and closed-form expressions using series
expansion approximations were obtained. Garg et al. [30] conducted a compre-
hensive study on the application of different methods and theories available in
the literature for analyzing sandwich FGM structures under different loading
conditions. The literature survey included sandwich FGM plates, beams, and
shells, including the effects of porosity, hygrothermal loadings, and structures
resting on elastic foundations. Magnucki et al. [31] presented three models of
sandwich beams incorporating the “broken line” and two nonlinear individual
shear deformation theories.

The subject of this study is an analysis of a non-homogeneous beam of
a length L, total depth h and width b (Fig. 1a). The beam is situated in
the Cartesian coordinate system xyz. The mechanical properties of the upper
part, with a thickness hp, are variable, while, in the lower part, the thin-walled
face with a thickness hf , these properties are constant. The three-point bending
problem of the beam (Fig. 1b) with consideration given to the shear effect is
analytically and numerically (FEM) studied.

Both supports at the beam’s ends are positioned in the neutral plane – the
neutral axis (Fig. 1b). The position of neutral axis is determined from a condition
given in expression (2.15).
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a)

b)

Fig. 1. Schemes of the cross-section and load of the beam: a) the cross-section of the beam,
b) load – three-point bending.

2. Analytical model of the beam

The Young’s modulus variability in the depth direction of the beam is shown
in Fig. 2.

The Young’s modulus varies as follows:
• the upper part (−χ1 ≤ η ≤ χ2)

(2.1) E(η) = E1fe(η),

where

(2.2) fe (η) = e0 + (1− e0)
[
3 (η − χ2)

4 − 2 (η − χ2)
6
]ke

,

and fe (χ2) = e0, χ1 = h1/hp, χ2 = h2/hp – dimensionless coefficients
(χ1 + χ2 = 1), η = y/hp – dimensionless coordinate, e0 – dimensionless
coefficient, ke – exponent (positive real number).
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• the lower part – the thin-walled face (χ2 ≤ η ≤ χ2 + χf )

(2.3) E (η) = Ef = const,

where χf = hf/hp – dimensionless coefficient – relative thickness of the
lower part.

Fig. 2. Scheme of the Young’s modulus variability in the depth direction of the beam.

The deformation of the planar cross-section after bending of the beam is
shown in Fig. 3.

Taking into account the paper [25], the individual nonlinear dimensionless
function of deformation of the planar cross-section of the upper part is assumed
in the following form:

(2.4) fd (η) =
1

C0

ˆ [
1− (η/χ1)

2
]ks

fe (η)
dη,

where C0 =
0́

−χ1

[1−(η/χ1)
2]
ks

fe(η)
dη – dimensionless coefficient, ks – exponent (pos-

itive real number).
Thus, the derivative of this function is as follows:

(2.5)
dfd
dη

=
1

C0

[
1− (η/χ1)

2
]ks

fe (η)
.

The function (2.4) and the derivative (2.5) satisfy the conditions: fd (−χ1) = −1,
d fd/ dη |−χ1

= 0.
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Fig. 3. Scheme of the deformation of the planar cross-section.

The longitudinal displacements are as follows:
• the upper part (−χ1 ≤ η ≤ χ2)

(2.6) up (x, η) = −hp
[
η

dv
dx
− fd (η)ψ (x)

]
,

where v (x) – deflection, ψ (x) = u1 (x)/hp – dimensionless function.
• the lower part – the thin-walled face (χ2 ≤ η ≤ χ2 + χf )

(2.7) uf (x, η) = −hp
[
η

dv
dx
− Cfψ (x)

]
,

where Cf =
1

C0

χ2ˆ

0

[
1− (η/χ1)

2
]ks

fe (η)
dη – dimensionless coefficient.
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Therefore, the strains are:
• the upper part (−χ1 ≤ η ≤ χ2)

(2.8)

ε(p)x (x, η) =
∂up
∂x

= −hp
[
η

d2v

dx2
− fd (η)

dψ
dx

]
,

γ(p)xy (x, η) =
dv
dx

+
∂up
hp∂η

=
dfd
dη

ψ (x),

• the lower part – the thin-walled face (χ2 ≤ η ≤ χ2 + χf )

(2.9)

ε(f)x (x, η) =
∂uf
∂x

= −hp
[
η

d2v

dx2
− Cf

dψ
dx

]
,

γ(f)xy (x, η) =
dv
dx

+
∂uf
hp∂η

= 0.

Consequently, the stresses – Hooke’s law are:
• the upper part (−χ1 ≤ η ≤ χ2)

(2.10)

σ(p)x (x, η) = E1ε
(p)
x (x, η) fe (η) ,

τ (p)xy (x, η) =
E1

2 (1 + ν)
γ(p)xy (x, η) fe (η),

where ν – Poisson ratio is assumed constant for the structures [25].
• the lower part – the thin-walled face (χ2 ≤ η ≤ χ2 + χf )

(2.11)
σ(f)x (x, η) = Efε

(f)
x (x, η),

τ (f)xy (x, η) = 0.

The bending moment Mb (x) =

ˆ

A

yσx (x, y) dA, considering the expres-

sions (2.8), (2.9), (2.10) and (2.11) is as follows:

(2.12) Mb (x) = −bh3p

E1

χ2ˆ

−χ1

[
η2

d2v

dx2
− ηfd (η)

dψ
dx

]
fe (η) dη

+Ef

χ2+χfˆ

χ2

[
η2

d2v

dx2
− Cfη

dψ
dx

]
dη

.



THREE-POINT BENDING OF A BEAM. . . 655

After a simple transformation of this expression, one obtains the equation in the
following form:

(2.13) Cvv
d2v

dx2
− Cvψ

dψ
dx

= −Mb (x)

E1bh3p
,

where

Cvv =

χ2ˆ

−χ1

η2fe (η) dη +
1

3
efχf

(
3χ2

2 + 3χ2χf + χ2
f

)
, ef = Ef/E1,

Cvψ =

χ2ˆ

−χ1

η fe (η) fd (η) dη +
1

2
Cf ef χf (2χ2 + χf ) .

The axial force N (x) =

ˆ

A

σx (x, y) dA, considering the expressions (2.8),

(2.9), (2.10) and (2.11) is as follows:

(2.14) N (x) = −bh2p

E1

χ2ˆ

−χ1

[
η

d2v

dx2
− fd (η)

dψ
dx

]
fe (η) dη

+Ef

χ2+χfˆ

χ2

[
η

d2v

dx2
− Cf

dψ
dx

]
dη

.
The position of the neutral axis (Fig. 1a) is determined from the condition
N (x) = 0. Taking into account the paper [24], this condition with simplification
relating to the omission of the shear effect is in the following form:

(2.15) E1

χ2ˆ

−χ1

ηfe (η) dη + Ef

χ2+χfˆ

χ2

η dη = 0.

Based on this, the value of the dimensionless coefficient χ2 is calculated.
The elastic strain energy of the beam, considering the expressions (2.8), (2.9),

(2.10) and (2.11) is as follows:
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(2.16) Uε =
1

2
b

L̂

0

E1h
3
p

χ2ˆ

−χ1

[
η

d2v

dx2
− fd (η)

dψ
dx

]2
fe (η) dη

+
E1hp

2 (1 + ν)

ψ2 (x)

C2
0

χ2ˆ

−χ1

[
1− (η/χ1)

2
]2ks

fe (η)
dη

+Efh
3
p

χ2+χfˆ

χ2

[
η

d2v

dx2
− Cf

dψ
dx

]2
dη

dx.

After a simple transformation, this expression is in the following form:

(2.17) Uε =
1

2
E1bh

3
p

L̂

0

{
Cvv

(
d2v

dx2

)2

− 2Cvψ
d2v

dx2
dψ
dx

+Cψψ

(
dψ
dx

)2

+
Cψ

2 (1 + ν)

ψ2 (x)

h2p

}
dx,

where

Cψψ =

χ2ˆ

−χ1

fe (η) f2d (η) dη + C2
fefχf ,

Cψ =
1

C2
0

χ2ˆ

−χ1

[
1− (η/χ1)

2
]2ks

fe (η)
dη.

Taking into account the paper [25], the work of the load is as follows:

(2.18) W =

L̂

0

T (x)
dv
dx

dx,

where T (x) = dMb/ dx – transverse-shear force.
Based on the principle of stationary total potential energy δ (Uε −W ) = 0,

the system of two differential equations of equilibrium for the beam is derived
in the following form:

E1bh
3
p

(
Cvv

d4v

dx4
− Cvψ

d3ψ

dx3

)
+

dT
dx

= 0,(2.19)

Cvψ
d3v

dx3
− Cψψ

d2ψ

dx2
+

Cψ
2 (1 + ν)

ψ (x)

h2p
= 0.(2.20)
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It is noted that the differential Eqs. (2.13) and (2.19) are equivalent. Thus,
Eqs. (2.13) and (2.20) are governing equilibrium equations for the bending beam
with a non-homogeneous structure in the depth direction. This system, after
transformation, is reduced to one differential equation of second order in the
following form:

(2.21)
d2ψ

dx2
− α2ψ (x)

h2p
= −

Cvψ
CvvCψψ − C2

vψ

T (x)

E1bh3p
,

where α =

√
1

2(1+ν)
CvvCψ

CvvCψψ−C2
vψ

– dimensionless coefficient.

Taking into account the paper [25], this equation in the dimensionless coor-
dinate is as follows:

(2.22)
d2ψ

dξ2
− (αλ)2 ψ (ξ) = −

Cvψ
CvvCψψ − C2

vψ

λ2
T (ξ)

E1bhp
,

where ξ = x/L is dimensionless coordinate, and λ = L/hp is relative length of
the beam.

3. Analytical study of the three-point bending of the beam

The bending moment and the shear-transverse force of the three-point bend-
ing are as follows:

Mb (ξ) =

{
ξFL/2

(1− ξ)FL/2

for

for

0 ≤ ξ ≤ 1/2,

1/2 ≤ ξ ≤ 1,
(3.1)

T (ξ) =


F/2

0

−F/2

for

for

for

0 ≤ ξ < 1/2,

ξ = 1/2,

1/2 < ξ ≤ 1.

(3.2)

The solution to Eq. (2.22), considering the conditions dψ/ dξ|0 = 0,
dψ/dξ|1 = 0, ψ (1/2) = 0 and the expression (3.2), is the dimensionless function
in the following form:

• for the first interval (0 ≤ ξ ≤ 1/2)

(3.3) ψ (ξ) = (1 + ν)

[
1− cosh (αλξ)

cosh (αλ/2)

]
Cvψ
CvvCψ

F

E1bhp
,

• for the second interval (1/2 ≤ ξ ≤ 1)

(3.4) ψ (ξ) = − (1 + ν)

[
1− cosh [αλ (1− ξ)]

cosh (αλ/2)

]
Cvψ
CvvCψ

F

E1bhp
.
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Equation (2.13) after integration, considering the bending moment (3.1) and
the dimensionless function (3.3) for the first interval and also the condition
dṽ/ dξ|1/2 = 0, is in the following form:

(3.5)
dv
dξ

=

{
(1 + ν)

[
1− cosh (αλξ)

cosh (αλ/2)

]
C2
vψ

CvvCψ
+

1

16

(
1− 4ξ2

)
λ2

}
λ

Cvv

F

E1b
.

This Eq. (3.5) after integration, considering the condition ṽ (0) = 0, is as
follows:

(3.6) v (ξ) =

{
(1 + ν)

[
ξ − 1

αλ

sinh (αλξ)

cosh (αλ/2)

]
C2
vψ

CvvCψ

+
1

16

(
ξ − 4

3
ξ3
)
λ2
}

λ

Cvv

F

E1b
.

Therefore, the maximum deflection of the beam is

(3.7) vmax = v

(
1

2

)
= ṽmax

F

E1b
,

where the dimensionless maximum deflection is

(3.8) ṽmax = (1 + Cse)
λ3

48Cvv
,

and the shear coefficient is

(3.9) Cse = max
ks

{
24

λ2
(1 + ν)

[
1− 2

αλ
tanh

(
αλ

2

)]
C2
vψ

CvvCψ

}
.

The shear stress (2.10) considering the functions (2.5) and (3.3) is in the
following form:

(3.10) τ (p)xy (ξ, η) = τ̃ (p)xy (ξ, η)
F

bhp
.

where the dimensionless shear stress is defined as:

(3.11) τ̃ (p)xy (ξ, η) =
1

2C0

[
1− (η/χ1)

2
]ks [

1− cosh (αλξ)

cosh (αλ/2)

]
Cvψ
CvvCψ

.

Therefore, the maximum of this stress for ξ = 1/4 is as follows:

(3.12) τ̃max = τ̃ (p)xy

(
1

4
, 0

)
=

1

2C0

[
1− cosh (αλ/4)

cosh (αλ/2)

]
Cvψ
CvvCψ

.
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The detailed studies are carried out for a family of three exemplary beams
with the following sizes: b = 20 mm, h = 35 mm, hp = 34 mm, hf = 1 mm,
L = 340, 425, 510 mm, therefore the dimension length λ = 10.0, 12.5, 15.0. The
variability of the Young’s modulus in the depth direction of the three exemplary
beams are shown in Fig. 4.

B-1 B-2 B-3

Fig. 4. The graphs of the Young’s modulus variability in the depth direction
for the exemplary beams.

Examples:

• Beam B-1.
Young’s modules of the upper and lower parts are constant: E1 = 20 GPa,
Ef = 70 GPa, and Poisson ratio is also constant ν = 0.3. Therefore, based on
the position of the neutral axis (2.15), the value of the dimensionless coefficient
is χ2 = 0.45196. The results of the calculations are specified in Table 1.

Table 1. The results of the analytical calculations
for the exemplary beam B-1.

λ 10.0 12.5 15.0

ks 0.9276 0.9419 0.9514

Cse 0.03742 0.02400 0.01669

ṽmax 200.00 385.57 661.49

τ̃max 0.6859 0.6877 0.6889

• Beam B-2.
Young’s modulus of the upper part of the beam is variable according to the
function (2.2) – Fig. 4 (E1 = 20 GPa, Ef = 70 GPa , ν = 0.3). Therefore, based
on the position of the neutral axis (2.15), the value of the dimensionless coef-
ficient is χ2 = 0.46774. The results of the calculations are specified in Table 2.
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Table 2. The results of the analytical calculations for the exemplary beam B-2.

λ 10.0 12.5 15.0

ks 0.4813 0.4877 0.4923

Cse 0.06438 0.04133 0.02876

ṽmax 317.53 606.75 1035.81

τ̃max 0.6123 0.6133 0.6139

• Beam B-3.
Young’s modulus of the upper part of the beam is variable according to the
function (2.2) – Fig. 4 (E1 = Ef = 70 GPa, ν = 0.3 – sandwich beam). There-
fore, from the position of the neutral axis (2.15), the value of the dimensionless
coefficient is χ2 = 0.48530. Thus, the neutral axis, in this case, is located at
the center of the beam depth. The results of the calculations are specified in
Table 3.

Table 3. The results of the analytical calculations for the exemplary beam B-3.

λ 10.0 12.5 15.0

ks 0.1743 0.1803 0.1846

Cse 0.1116 0.07157 0.04976

ṽmax 1254.44 2361.79 3998.11

τ̃max 0.5442 0.5453 0.5462

4. Numerical FEM calculations – validation
of the analytical model

FEM analyses were conducted using the ABAQUS 6.12 software for the iden-
tical set of three beams investigated analytically. Considering the beams’ symme-
try and applied loads, calculations were performed for halves of the structures.
Boundary conditions and loads were consistent with the analytical three-point
bending model, with respect to the neutral surfaces of the beams. Analytically
determined dimensionless coefficients χ1 and χ2 were employed to establish the
positions of the neutral surfaces. To account for the variability of Young’s mod-
ulus, according to expression (2.2), the numerical model was divided into layers,
each characterized as isotropic and linearly elastic relative to its mid-plane.
A quadratic brick element C3D20R was employed for discretizing the beam
model. In regions with significant variations in Young’s modulus, the number of
elements along the beam depth was increased. Determination of the appropri-
ate number and thickness of layers considered solution convergence and problem
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size during preliminary simulations. The numerical models, represented by FEM
meshes and corresponding boundary conditions for the three beams under con-
sideration, are depicted in Fig. 5. A comparative analysis of results obtained
from the analytical and numerical calculations is presented in Tables 4–6 and
Fig. 6.

= 0 = 0

Fig. 5. The FEM meshes and boundary conditions of the beams’ ends with fixed translations
along the x axis.

Table 4. The comparison of analytical and FEM results
for exemplary beam B-1.

λ 10.0 12.5 15.0

ṽmax

Analytical 200.00 385.57 661.49

FEM 199.59 384.73 660.25

∆ [%] 0.21 0.22 0.19

τ̃max

Analytical 0.6859 0.6877 0.6889

FEM 0.6951 0.6951 0.6952

∆ [%] 1.34 1.07 0.91

Table 5. The comparison of analytical and FEM results
for exemplary beam B-2.

λ 10.0 12.5 15.0

ṽmax

Analytical 317.53 606.75 1035.81

FEM 313.60 601.73 1029.72

∆ [%] 1.24 0.83 0.59

τ̃max

Analytical 0.6123 0.6133 0.6139

FEM 0.6159 0.6168 0.6168

∆ [%] 0.60 0.57 0.47
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Table 6. The comparison of analytical and FEM results
for exemplary beam B-3.

λ 10.0 12.5 15.0

ṽmax

Analytical 1254.44 2361.79 3998.11

FEM 1232.04 2332.57 3962.32

∆ [%] 1.79 1.24 0.90

τ̃max

Analytical 0.5442 0.5453 0.5462

FEM 0.5568 0.5580 0.5580

∆ [%] 2.32 2.32 2.16

Fig. 6. The distribution of the maximal shear stresses in the depth direction of the considered
beams for ξ = 1/4.

The above dimensionless maximum deflection and dimensionless maximum
shear stress values were compared to those obtained analytically and specified
in Tables 1–3, demonstrating good convergence between both sets of results.
The differences between the deflection values were found to be less than 1.24%,
whereas the differences between the shear stress values did not exceed 2.32%.

5. Conclusions

The following conclusions can be formulated based on the presented ana-
lytical and numerical studies of three-point bending of the beam with a non-
homogeneous structure in its depth direction:

• The assumed function of Young’s modulus variability along the depth of
the beam (2.2) was used as a material generalization for non-symmetric
beams, ranging from homogeneous to approaching sandwich structures.
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• Comparisons between the analytical and numerical results of dimensionless
maximum deflections and shear stresses showed good compliance, with
noticeable decrease in relative differences as the relative length of the beam
increased.

• The obtained distributions of shear stresses, resulting directly from the
nonlinear hypothesis of deformation of the planar cross-section (2.4), were
consistent with the numerical results. This confirms the accuracy of the
model and allows for the consideration of shear effects, which are neglected
in classical beam theory.
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