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This paper deals with numerical simulations of the thermoplastic behaviour of isotropic
materials undergoing large deformations. The attention is focused on the constitutive modelling
of thermal softening understood here as a reduction of the plastic strength with increasing
temperature. Different concepts of thermal softening embedded in the plasticity function are
considered, in particular, the reduction of the total yield strength, its initial value or the
hardening part. Moreover, apart from linear dependencies between temperature and the yield
strength, the formulation involving function arc tangent is proposed. The analysed models
are numerically tested in the finite element environment AceFEM using subroutines generated
with the AceGen code generator. In particular, shear banding in an elongated rectangular plate
with imperfection in plain strain conditions is investigated.
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1. Introduction

When a material experiences extreme loading it initially deforms uniformly
and from some point strains localise in a narrow zone while the rest of the ma-
terial experiences unloading. The phenomenon called strain localisation, which
is a precursor of material fracture, can have three sources: material degradation
(e.g. plasticity with softening or damage), geometrical softening (related to the
decreasing cross-section of elongated sample while the plasticity function limits
stresses) or temperature-induced softening.
It is well recognised that material parameters change with temperature. Usu-

ally, the increase of temperature for energetic materials [3] causes decreasing
elastic stiffness of the material and a reduction of the yield strength.
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Many materials, especially metals, generate heat resulting from the dissipa-
tion of energy when sustain plastic strains. Thus, even in the absence of external
sources of heat, temperature of the sample can increase during deformation and
cause softening of the material. If localisation occurs, then in the band with
large plastic strains the heat generation is the highest, and the yield strength
is reduced progressively. It can not be neglected that in a material subjected
to non-uniform distribution of temperature, heat flows through the material
tending to homogeneous state. Admittedly, heat conduction influences the lo-
calisation behaviour but its regularising properties depend on time in contrast
to standard gradient-enhanced models. In fact, even for a high value of heat
conduction coefficient assumed for a material, the process can be treated as
nearly adiabatic for deformation occurring in a very short time. The effect of
heat conduction on localisation phenomena was investigated in several papers,
e.g. [1, 4] or [7].
In this paper special attention is focused on the modelling of thermal soft-

ening incorporated in the plasticity function. This modelling can take various
forms, see e.g. [8] or [6], and it may reduce the total yield strength, its initial
threshold or hardening contribution using linear or more complex functions as
arc tangent function proposed in this paper. Thus, the aim of this research is to
investigate the influence of the different thermal softening functions on the ma-
terial behaviour and strain localisation. Especially, the question to be answered
is how strongly the material response depends on the degradation of the individ-
ual parts of the yield strength. The analysis is based on numerical simulations
of shear banding in an elongated plate in plane strain conditions.
The paper is laid out as follows. In Sec. 2, the material model of large strain

thermo-elastoplasticity accounting for thermal softening is presented. Moreover,
different forms of temperature influence on the yield strength are specified. In
Sec. 3, the results of numerical verification for the presented models are included
and, finally, the paper ends with some remarks.

2. Model description

2.1. Constitutive relations and governing equations

The material model analysed in the paper is based mainly on the formu-
lation of isotropic large strain thermoplasticity presented in [5]. The thorough
presentation of the final model is included in [7], thus, in this paper only the
general description is presented.
The analysed thermomechanical model is based on the multiplicative decom-

position of the deformation gradient

(2.1) F � FθFeFp,
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where Fθ � exprαT pT�T0qsI is a part related to thermal expansion (αT denotes
the coefficient of linear thermal expansion, I is the second-order identity tensor,
T0 and T are the reference and absolute temperatures, respectively), F

e is an
elastic contribution, and Fp involves the irreversible (plastic) deformation.
The state of the material is described by the Helmholtz free energy potential

that is assumed in the following decoupled form [8]

(2.2) ψpbe, T, γq � ψepbeq � ψθpT q � ψppγq,
which distinguishes the elastic, thermal and plastic parts as in [7]. The quantity
be � FepFeqT is the elastic left Cauchy-Green tensor and γ is a scalar plastic
strain measure.
The yield function that governs the plastic regime is assumed in the following

form

(2.3) F ppτ , γ, T q � f pτ q �a2{3σypγ, T q ¤ 0.

The equivalent stress function f pτ q is a measure of Kirchhoff’s stress tensor
τ � 2rBψe{Bbesbe (here Huber-Mises-Hencky) and σypγ, T q denotes the yield
strength, which is discussed in the next Section, including strain hardening and
thermal softening. The description of plasticity is completed with the evolution
law for be and the loading-unloading conditions assumed as in [7].
The constitutive relation for the Kirchhoff heat flux is the standard Fourier’s

law defined in the current configuration: q � �k∇T , where k denotes the heat
conductivity.
The governing equations for the coupled problem cover the balance of linear

momentum (here, a static case without body forces is considered) and the con-
servation of energy, which is expressed in temperature form [5]. The equations
are written as follows:

(2.4) Jdivpτ {Jq � 0, ρc
BTBt � Jdivp�q{Jq �R.

In the first equation, divp�q denotes divergence in spatial description and
J � detpFq, whereas quantities in the energy balance equation are the following:
c – heat capacity, ρ – density, t – time, q – Kirchhoff’s heat flux. The variable R
represents a heat source due to plastic dissipation and is used here in a simplified

form with the Taylor-Quinney factor χ: R �b2

3
χσy 9γ. All differential equations

are completed with proper boundary conditions, see [7].
It can be noted that in the presented large strain model a full thermomechan-

ical coupling is adopted, i.e., the model includes thermal expansion, dependence
of material parameters on temperature, plastic self-heating incorporated in the
energy balance and the influence of deformation on the heat flux.
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2.2. Thermal softening variants

As it was mentioned, the main attention in this paper is paid to the modelling
of thermal softening embedded in the plasticity function. In the work three
main types of thermal softening are distinguished depending on whether the
temperature increase reduces the total yield strength, its initial threshold or the
hardening component.
Firstly, the mechanical part of the yield strength involving strain hardening

is reduced with a thermal factor, see also [8],

(2.5) σypγ, T q � σMy pγq � σTy pT q.
In this work, the mechanical part σMy includes linear and saturation-type strain
hardening

(2.6) σMy pγq � σy0 �a2{3Hiγ � rσy8 � σy0s �1� e�?2{3δγ�,
where σy0 denotes the initial yield strength and Hi, σy8, δ are the parameters
which describe hardening.
In turn, thermal softening part σTy pT q can be, in the simplest case, a linear

function of T

(2.7) σTy pT q � 1�HT rT � T0s,
where HT is a thermal softening modulus. This model is called TS1 lin in sub-
sequent simulations. Note that, for a sufficiently high increase of temperature,
the yield strength can achieve negative values, which is obviously inconsistent
with the physical properties of materials. Thus, the application of linear ther-
mal softening is limited. Alternatively, the thermal softening contribution can
be defined using arc tangent function and the following form (called further TS1
atan) is proposed

(2.8) σTy pT q � �A � arctan rB � rT � T0s � Cs �D,

where A, B, C, D are material parameters. The advantage of formulation (2.8)
is that a wider range of temperature increase can be properly covered in simu-
lations.
Secondly, the constant initial yield strength (independent of temperature) is

assumed in the model (TS2 lin). Thus, the yield strength can be formulated in
the following way:

(2.9) σypγ, T q � σy0 � σMT
y pγ, T q.
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The strain hardening – thermal softening function σMT
y pγ, T q is assumed in such

a way that material parametersHi and σy,8 depend on temperature (here, linear
dependencies with modules HTH and HTσ8 are adopted)
(2.10) σMT

y � σy0 �a2{3HipT qγ � rσy8pT q � σy0s �1� e�?2{3δγ�,
(2.11)

HipT q � HipT0q r1�HTHpT � T0qs,
σy8pT q � σy8pT0q r1�HTσ8pT � T0qs.

Thirdly, following the assumption often made in thermoplasticity, see also,
e.g., [5], the change of temperature acts only on the initial value of the plastic
strength (model TS3 lin)

(2.12) σypγ, T q � σy0pT q � σhardy pγq,
whereas the hardening function depends only on the plastic strain measure. In
numerical simulations the hardening part involves linear and saturation-type
contribution as in Eq. (2.6), whereas the initial yield strength here depends on
temperature linearly:

(2.13) σy0pT q � σy0pT0q r1�HTσ0pT � T0qs.
3. Numerical testing

Numerical simulations are performed using symbolic-numerical packages Ace
working in Wolfram Mathematica environment. The user-supplied subroutines
for the finite element method are developed using automatic AceGen code gen-
erator. The broad discussion on the implementation of the large strain thermo-
plasticity within finite element method is discussed in [7]. The finite element
codes are prepared for the general three-dimensional case. This allows for the
wider range of possible simulations.
A series of computational tests for an elongated rectangular plate in plane

strain conditions are performed. The analysed specimen has dimensions of
0.20� 0.10� 0.0025 m and a square imperfection of in-plane dimensions
0.005� 0.005 m in the center. Due to symmetry of the sample, the implemen-
tation is performed for one-quarter of the specimen, which is elongated with
enforced displacement of maximum value 0.02 m during 1 s. The remaining
mechanical boundary conditions correspond to symmetry and plane strain re-
quirements. The insulation is assumed on the entire surface (adiabatic boundary
conditions).
In all simulations, three-dimensional hexahedral finite elements are used. All

fields are interpolated with the linear shape functions, and F-bar enhancement
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preventing volumetric locking in plasticity [2] is incorporated. However, it should
be mentioned that this modification of the deformation gradient causes small
non-zero strains in the thickness direction, even though the related displace-
ments are zero. The plate is discretised with uniform meshes: coarse 40� 20� 1
(mesh 1) and fine 80� 40� 1 (mesh 2).
The material parameters for the constitutive model applied in the simulat-

ions are as follows: hyperelasticity: K � 164.2e9 N/m2, G � 80.19e9 N/m2, plas-
ticity function: σy0 � 0.45e9 N/m2, σy8 � 0.6e9 N/m2, Hi � 129e6 N/m2, δ �
16.93, density: ρ � 7.8e3 kg/m3, and thermal parameters: k � 100 J/(s �K �m),
c � 460 J/(kg �K), αT � 12e�6 K�1, T0 � 293.15 K, χ � 0.9. The imperfection
is understood here as a reduction of the initial yield strength to σy0,imp � 0.8σy0.
The nonlinear problem is solved with an iterative Newton-Raphson procedure
using adaptive time steps.
Firstly, the numerical simulations are performed for the three presented

variants of thermal softening involving linear dependencies. Thus, models TS1
lin, TS2 lin, TS3 lin are tested with the following material parameter values:
HT � HTσ0 � HTH � HTσ8 � 0.005. In Fig. 1, the load-displacement diagram
for the analysed cases is presented. It can be observed that up to the peak point
the diagrams for all models are very close and later a stiffer response is noticed
for the model, in which thermal softening acts on the initial yield strength (TS3
lin). The results obtained for the latter model are identical for both considered
meshes and the shape of the diagram suggests a diffuse mode of localisation,
which is confirmed in the lower picture in Fig. 2. Moreover, for models TS1 lin
and TS2 lin the response is close and the larger inclination of the diagram is
observed in the post-peak regime than for TS3 lin. For the first two variants, the
strains localise in a shear band, see the upper picture in Fig. 2. The deformed
mesh for TS2 lin with temperature distribution is practically identical as for
TS1 lin, and due to this it is not presented here (the only difference is the max-
imum increase of temperature which is slightly higher for TS2 lin and equals

Fig. 1. Sum of reactions vs enforced dis-
placement multiplier for thermoplastic mate-
rial with different thermal softening functions.
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Fig. 2. Deformed mesh with temperature distribution at the end of
elongation process for thermal softening modelled with TS1 lin (upper)

and TS3 lin (lower).

180 K). Note that, despite slight differences in the load-displacement diagrams
for mesh 1 and mesh 2, the band has a specified width that does not seem to
be mesh-dependent. It can be concluded that in this case heat conduction reg-
ularises the response of the material sufficiently. Furthermore, it can be seen in
Fig. 2 that the differences in temperature distribution for TS1 lin and TS3 lin
are significant (the maximum increase for the localised mode is more than four
times higher than for the diffuse one).
Secondly, numerical experiments are performed for linear thermal softening

model TS1 lin to compare the response of the sample for different values of mod-
ulus HT � 0.002 K�1 and HT � 0.005 K�1. The load-displacement diagrams for
both cases are put together in Fig. 3. It can be observed that the difference is not
only quantitative but qualitative as well. At the end of elongation, for the lower
value of thermal softening modulus a diffuse form of localisation in the form of
a neck is observed, see the deformed mesh in Fig. 3, with identical responses
for the two adopted discretisations. For comparison, the final configuration with
shear band for HT � 0.005 K�1 is presented in the upper picture in Fig. 2.
Finally, a comparison of the results obtained for models TS1 lin and TS1

atan is performed. Now the following material parameters are assumed: for
function TS1 lin: HT � 0.005 K�1, for TS1 atan: A � 0.366, B � 0.030 K�1,
C � 2.50 and D � 0.536. For a better recognition of the adopted functions, in
the left diagram in Fig. 4 the relation between the initial yield strength and the
increase of temperature (with respect to room temperature T0 � 293.15 K) is
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Fig. 3. Sum of reactions vs enforced displacement multiplier for ther-
moplastic material with linear thermal softening for different values of
modulus HT (upper) and deformed mesh at the end of elongation for

HT � 0.002 K�1 (lower).

depicted. It can be observed in the right picture in Fig. 4 that the results for
TS1 atan differ significantly from the response for linear function TS1 lin in the
post-peak range. The material loses its stability much later and the diagrams
descend then rapidly. What is more, for model TS1 atan the diagrams in the
post-peak regime for the two adopted meshes differ more than for the linear
model and the strains localise in bands of different widths, which can be noticed
in the deformed sample plots presented in Fig. 5. For mesh 2 (the lower picture),
the localisation zone is narrower and a higher temperature increase is observed.

Fig. 4. Initial yield strength (on the right), and sum of reactions vs enforced displacement
multiplier (on the left) for thermoplastic material with different thermal softening functions.
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Fig. 5. Deformed meshes with temperature distribution for thermoplastic material
with thermal softening function TS1 atan.

4. Conclusion

In this paper, the large strain thermoplastic material behaviour has been
investigated with the special attention paid to the formulation of thermal soft-
ening influencing the yield strength. Three models have been identified in the
work and numerically studied using the finite element method. In particular,
the temperature change can influence the total yield strength, the hardening
contribution or the initial value of the plasticity threshold.
The numerical simulations performed for the elongated plate in plane strain

conditions reveal that the form of thermal softening does not influence signifi-
cantly the response of the sample in the pre-peak regime. However, if the initial
yield strength is subjected to thermal softening only then the response of the
sample in the post-peak range is stiffer and less susceptible to a loss of stability.
Moreover, depending on the magnitude of the linear thermal softening modu-
lus for the same model different modes of strain localisation can be observed
(diffused or localised). Finally, an alternative to linear softening formulation
involving the arc tangent function has been tested which is physically more
justified (yield strength cannot achieve negative value). However, although the
material parameters for arc tangent function are adopted in such a way that
the relation between the initial yield strength and the temperature increase is
close to the linear model, the response in the post peak-regime for this case
is significantly different. It is important that the choice of thermal softening
function highly influences not only the final deformation of the sample but the
temperature distribution as well.
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Summarising, the research provides new developments involving:

• numerical analysis of different thermal softening models in large strain
thermoplasticity in the context of strain localisation,

• proposal and examination of thermal softening described with the arc
tangent function.
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