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This paper deals with the free material design and its two constrained versions constructed
by imposing isotropy with (i) independent bulk and shear moduli, and (ii) fixed Poisson’s ratio.
In the latter case, the Young modulus is the only design variable. The moduli are viewed as
non-negative, thus allowing for the appearance of void domains within the design domain. The
paper shows that all these methods reduce to one stress-based problem in which the norm
involved reflects the type of the constraints imposed.
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1. INTRODUCTION

The free material design (FMD) method put forward originally in BENDS@OE
et al. [1] leads to a simultaneous designing of the anisotropy and the material
placement. In this method, the minimized merit function is the global compli-
ance, while the design variable is the field of Hooke’s tensor C, subject to the
cost condition expressed by the integral of the trace of tensor C over the de-
sign domain. The tensor C is subject to symmetry required in elasticity and
to the conditions of positive semi-definiteness. A natural starting point for this
theory is the spectral representation of the Hooke tensors, as proposed by RyCH-
LEWSKI [10]. The FMD method delivers a tool for cutting out a material domain
from a design domain, thus linking the material and shape optimization. The
material domain turns out to be the effective domain of the solution to the
auxiliary problem:

min Jdp (t)| Tt statically admissible stress fields » (P).
Q
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Problem (P) has been derived in [4, 6], while its mathematical background is
described by BOUCHITTE and BUTTAZZO in [2] concerning the optimal mass dis-
tribution. It becomes apparent that problem (P) should be, in general, expressed
in terms of the theory of Radon measures. In a regular case, the integrand in
(P) has the form dp(t) = (T - T)"/2dz, where dz is the Lebesgue measure.

It turns out that problem (P) also appears in other versions of the FMD
method, in which additional symmetry conditions are imposed on tensor C.
In the present paper, two versions of the FMD method are discussed: (i) the
isotropic material design (IMD) method of designing an isotropic material of
independent varying bulk and shear moduli, and (ii) the Young modulus design
(YMD) method, in which Poisson’s ratio is fixed while Young’s modulus is the
design variable. The unknown moduli are viewed as non-negative scalar fields. In
both the methods, the minimum compliance problem reduces to the problems of
the form similar to (P), with different integrands. Yet, in each case the integrand
is expressed by a norm of the stress field. Only this property decides that the
problem (P), in all its forms, determines the shape of a body as the effective
domain (or a support, if it is a measure) of the solution. In this manner, we
prove that the FMD, IMD, YMD methods (as well as the cubic material design
method (CMD) proposed in [8]) solve two following problems simultaneously:
optimal shape design and material optimal layout.

A conventional notation is applied- the design domain in R" is denoted
by €2; in the case of n = 3, the domain is parameterized by the Cartesian system
(21, x9,x3) with the orthogonal basis e;, i = 1,2,3. The set of second rank
symmetric tensors is denoted by EZ2. The set of fourth rank tensors satisfying
the symmetries Cyjx; = Chriij, Cijrr = Cjir is denoted by E%. The trace of C
is defined by: trC = C;j;;. The identity tensor in E? is represented by I =
% (03041 + 0idj1) € ®e; ® ey, ®e;. The scalar product of o, €€ E? is defined by
0-& = 0y €;;, where repetition of indices imply summation. The Euclidean norm
of o € E? is defined by o] = (o - (7)1/2. Comma implies partial differentiation,
e.g, 0(+) /0x; = () ;. The symmetric part of the gradient of the vector field v is
denoted by &;; (v) = (vi; + vj) /2.

2. FREE MATERIAL DESIGN (FMD) REVISITED

Consider a non-homogeneous anisotropic linearly elastic body, occupying
a given domain {2, supported on the part I's of the boundary and subject to
tractions T on the remaining part of the boundary I'y. The deformed configu-
ration is given by the displacement field u. The compliance is expressed as

(2.1) p=f),  f(v)= j T v,
I'
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where v = (v1,v9,v3) represents a virtual displacement field. The compliance
will be treated as a functional of argument C = (Cj;;) — a tensor field of elastic
moduli on the design domain. We assume that the mentioned symmetry prop-
erties are satisfied together with the assumption of positive semi-definiteness,
denoted by C > 0. Let us define the function:

. 1
(2.2) i) =5n-(Cn), mek;
and its Fenchel transform

(2.3) 7*(v) = max{t-n —j(n)|n e EZ}.

The tensor field C satisfying the point-wise conditions: C € E4, C > 0, and the
global condition

(2.4) ftr Cdr=A
Q

is the main design variable. The set of statically admissible stresses T = (7;;) is
denoted by X7 (€2). The compliance of the body of a given distribution of elastic
moduli is expressed by

(2.5) o(C)=inf{ [ (@rezr @
Q

We consider the optimum design problem
(26) Y =inf{p(C)|C(z) € E;,C(z) 20 ae. in Q, C satisfies (2.4)}.

One can prove that

72 ,
(27) Y = X, 7 = inf f|'r|| |T € ET (Q) (PFMD)
Q

The problem dual to (Ppyp) reads

(2.8) Z = sup{f(v) | kinematically admissible v,
le(v(z))| <1, ae. in Q} (P*pup).



6 S. CZARNECKI, T. LEWINSKI, P. WAWRUCH

Upon putting the above problems in a rigorous form, see [2], one can prove
their well-posedness. The solution T to problem (Ppyp) determines the optimal
moduli of elasticity:

(2.9) Ciji = Mwi Wi, wij(z) = Tfj(x) 7 A(z) = A”T(CU)H
Ie(2) B}
Il
)

Thus A is the only non-zero eigenvalue of tensor C. Despite this degeneracy, the
elasticity problem of the body with optimal elastic moduli (2.9) is well-posed:
the stress field ¢ transmitting the given tractions to the given support exists,
its uniqueness being still not proved. Moreover, this field is one of minimizers of
problem (Ppyp), or one can write 0 = T.

3. ISOTROPIC MATERIAL DESIGN (IMD)

Consider now the isotropic designs. The unknown tensor C is assumed in
the form

1
(3.1) C =nkA1 +2uls, A = Edijéklei ® €; ®er X e, Ay =1—A;.

n being the dimension of the problem. The bulk modulus k(z) > 0 and the shear
modulus p(x) = 0 are independent design variables. The minimum compliance
problem has the form (2.6), where C is given by (3.1) and minimization takes
over both the moduli subject to the cost condition (2.4) with tr C = 3k + 10u
for n = 3 and tr C = 2k + 4p for n = 2. The formula (2.7); still holds, see [3,
7]. The counterpart of (2.7) assumes the form

(3.2 Z = inf J L —
where
(3.3) Tl (a,8) = c[tr | + B |devT].

Assume that n = 3. Having solved problem (3.2), one can find the optimal
moduli by the rules:

e %(2)]

(3.4) 3k(x 5 10i(z) = A
’ LI
o V3

)= Jdet ()]
J LI

The material is necessary in the subdomains where both the moduli presented
above vanish.
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4. YOUNG’S MODULUS DESIGN (YMD)

Assume that the distribution of Poisson’s ratio is given. Consider the problem
of optimum design of Young’s modulus to minimize the compliance with the cost
condition (2.4), in which tr C = aE for n = 3, here a = (6—9v)(1+v) 1 (1-2v) L.
The formula (2.7); holds, with a new problem (Pyyp) expressed by (2.7)2, where
the norm involved has now the following form:

_ 6 —9v 2 6 —9v 2 1/2
a0 I = (g o+ S0 e o)

Let T be a solution to problem (2.7)2 with the norm (4.1). The optimal Young’s
modulus is given by

(4.2) Bz) = 2

The stress field in the optimal body coincides with one of the stress fields being
solutions to (2.7)s.

5. EXAMPLE AND FINAL REMARKS

The example concerns the YMD optimal in-plane design. We consider
L-shaped plate, see Fig. 1la (h; = hy = 2[). The plate is fixed along its up-
per horizontal boundary. The right vertical segment is subjected to a con-
stant tangent traction of intensity q. Poisson’s ratio v is constant and equal
to 0.3. The problem (Pynp) is solved numerically by the method elaborated

a) b) c)

E*, nu=0.3
7.9

,,,,,,,, )/

7.1E-008

Fic. 1. a) L-shaped domain problem: geometry, load and boundary conditions, b) FEM mesh,
¢) the YMD prediction — scatter plot visualization of optimal Young’s modulus F.
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in [4, 6] for the FMD approach; a non-uniform finite element mesh is shown
in Fig. 1b. The optimal Young modulus E assumes the extreme values at the
re-entrant corner and the smallest values around the left lower corner and be-
tween vertical strips close to the support, see Fig. 1c. Optimal compliance cal-
culated by formula (2.7), with Z corresponding to the 2D counterpart of the
norm (4.1), is equal to Y = 19.55‘% 2. The YMD prediction E compares
favorably with those available in the literature, see [9] concerning the FMD
and thickness optimization problems, for the case where no local stress con-
straints are imposed. The material domain is in fact cut out from the design
domain.
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