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The subject of the paper is a seven layer beam with foam cores. The structure of the beam
is symmetrical. The beam is composed of the main core, two inner sheets, two second cores
and two outer sheets. The main core and two face cores are metal and polyurethane foams,
while the sheets are metal. The analytical model of the beam is developed. The displacement
and strain fields are formulated with consideration of the Zig-Zag hypothesis of deformation of
a flat cross-section of the beam. The governing differential equations for the seven layer beam
are obtained based on the stationary total potential energy. The detailed studies are devoted
to deflections and stresses of the beams under a uniformly distributed load. The influence
of the foam type of cores on the deflections and stresses of the beam is analysed. Moreover,
the numerical FEM-model of the beam is developed. The analytical solution is compared to
numerical calculations — FEM studies (ABAQUS System and SolidWorks Simulation). The
results of the analysis are presented in Tables and Figures.
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1. INTRODUCTION

A generalization of classical sandwich structures involves, for example, mul-
tilayer structures. ALLEN [1] described analytical modeling and analysis of sand-
wich structures. VINSON [2] presented comprehensive discussion of the structural
mechanics involved in the field of sandwich structures. CARRERA |[3] described
a historical review of the theories that have been developed for the analysis
of multilayered structures, especially of Zig-Zag theories. MAGNUCKA-BLANDZI
and MAGNUCKI [4] analyzed a simply supported sandwich beam with a metal
foam core and varying mechanical properties of the core using nonlinear hypoth-
esis of deformation of a plane cross section of the beam. CHAKRABARTI et al. [5]
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described higher order zigzag theory for the static analysis of laminated sand-
wich beam with soft core where in-plane displacement variation is considered to
be cubic for both the face sheets and the core. MAGNUCKA-BLANDZI [6] pre-
sented vibrations of simply supported sandwich beams with a metal foam core
with three different hypotheses of the fields of displacement for the flat cross sec-
tion of the beam. MAGNUCKA-BLANDZI [7] presented buckling of a simply sup-
ported three layer rectangular sandwich plate with isotropic facings and a core.
OSEI-ANTWI et al. [8] analyzed models for predicting axial and shear stresses
in multilayer sandwich structures composed of stiff core layers and intermedi-
ate laminates. ZHANG et al. [9] described dynamic response of fully clamped
slender metal foam core multilayer sandwich beams struck by a low-velocity
heavy mass. CHEN et al. [10] presented nonlinear free vibration characteristics
of sandwich porous beams with non-uniform and uniform porosity distributions.
CALIRI Jr. et al. [11] presented a review of theories and solution methods for
laminated and sandwich structures. MALINOWSKI et al. [12| numerically stud-
ied buckling and post-buckling problems of an elastic seven-layered cylindrical
shell under uniformly distributed pressure. MAGNUCKI et al. [13]| described the
seven-layer beam with transverse sinusoidal corrugated main core. PACZOS et al.
[14] studied orthotropic sandwich beams that consist of five layers and pre-
sented experimental and numerical results and sensitivity analysis of the beam.
MAGNUCKA-BLANDZI et al. [15, 16| presented bending, buckling and vibrations
of sandwich beams with corrugated main core. MAGNUCKA-BLANDZI and RO-
DAK [17] determined deflection and critical axial force for seven layer beams with
a lengthwise trapezoidal corrugated main core and two crosswise trapezoidal cor-
rugated cores of faces. SMYCZYNSKI and MAGNUCKA-BLANDZI [18] presented
stability analysis of a simply supported three layer beam with nonlinear hypoth-
esis of deformation of the cross section of the beam. MAGNUCKA-BLANDZI et al.
[19, 20| studied strength, stability and vibrations of a metal seven-layer rectangu-
lar plate with trapezoidal corrugated cores. SAYYAD and GHUGAL [21] delivered
a critical review of literature on bending, buckling and free vibration analysis
of shear deformable isotropic, laminated composite and sandwich beams based
on equivalent single layer theories, layerwise theories, Zig-Zag theories and exact
elasticity solution. MAGNUCKA-BLANDZI [22]| analyzed bending and buckling of
a metal seven-layer beam with crosswise corrugated main core and compared
with analysis of sandwich beam. SMYCZYNSKI and MAGNUCKA-BLANDZI [23]
presented strength analysis of a simply supported three layer beam under three
point bending. ABRATE and D1 SCOIVA [24] presented a review of equivalent
single layer theories for composite and sandwich structures. SMITH et al. |25],
SZYNISZEWSKI e al. [26] and KLASZTORNY et al. [27] described manufacturing,
applications and mechanical properties of metal foams. Particular group of the
multi-layer structures includes seven-layer plates with corrugated cores.
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The subject of the study is a simply supported symmetrical seven layer beam
of length L and width b. The beam is composed of the main core of thickness
t.1 and Young’s modulus F.i, two inner sheets of thicknesses t5 and Young’s
modules Ey;, two second cores of thicknesses t.o and Young’s modules F.o, and
two outer sheets of thicknesses ts and Young’s modules Fy,. The main core and
two face cores are metal or polyurethane foams, while the sheets are metal. The
beam is under uniformly distributed transverse load of intensity ¢ (Fig. 1).
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Fic. 1. Scheme of the symmetrical seven layer beam under transverse load.

The objectives of the study are:

e development of analytical model of the seven-layer beam with consideration
of the shear effect and calculation of the deflection values for some selected
beams;

e deflection calculation of the same beams in accordance with the classical
Euler-Bernoulli beam theory;

e numerical calculation of these deflections with the use of FEM systems
(SolidWorks and ABAQUS);

e comparison of the analytical and numerical results.

2. ANALYTICAL MODEL OF THE BEAM

The Zig-Zag hypothesis is assumed for modelling of the beam. The straight
line before bending transforms into a broken line (Fig. 2).

Displacements in subsequent layers of the beam with consideration of the
hypothesis are:

e the main core — first core {—t.1/2 <y < t./2}

(2.1) o) = -y (G2 -2,

dz tcl

e the inner sheets
— the upper sheet {— (t; +tc1/2) <y < —tc1/2}

dv

(22) o) = - (150 + @),



252 K. MAGNUCKI et al.

dv
dx
Up(X)
—»—[4—
ts | | 7
te2 u(x) Z /
ts l —~7
| /AR
y x u(x,y) j? y X
ts 7
U4(x)
o y iy AL
ts |// )
Up(X)

F1G. 2. The scheme of the deformation of straight line — the Zig-Zag hypothesis.

— the lower sheet {t.1/2 <y <ta/2+ts}

(23) e = - (152 - @),

e the second cores
— the upper core {— (te +ts+ta/2) <y < — (ts +te1/2)}

(24) u(z,y)=—y (jz - W)

t t te1/2 t te1/2
_ < c2+ s+ cl/ ul(x)— s+ cl/ UQ(SU)>,
teo teo

— the lower core {ts +t.1/2 <y <tea+ts+te1/2}

t ts+te1/2 ts+tc1/2
+ ( c2 + S + Cl/ 'LLl(x) _ S + Cl/ 'LLQ(.T,')),
125 teo

e the outer sheets
— the upper sheet {— (teo + 2ts +t1/2) <y < — (tea +ts +ta/2)}
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(26) e = = (150 + ).

— the lower sheet {tco + ts +te1/2 <y < tea + 2ts + te1/2}

(27) e.p) = - (s~ (@)

Therefore, the strains in the layers of the beam are as follows:
e the main core — first core {—t.1/2 <y < t./2}
_ Ou (d% 2 du1> Ju dv ui(x)

dz?  tg dx

(2.8) €0 =5 =- = =

Ty T e T
e the inner sheets
— the upper sheet {— (ts +tc1/2) <y < —te1/2}

(2.9) e Ou_ di%_}_% _@+ﬁ_
' T o Va2 " az ) %“J_ay dz
— the lower sheet {t.1/2 <y <t.a/2+ts}
ou d?v  dwy ou dv
2.10 e=7—=—|y=—5——), oy =7+ =0,
(2.10) = 9z <ydx2 dx) Tay 8y+dx

e the second cores
— the upper core {— (teo +ts+ta1/2) <y < —(ts +te1/2)}

ou d?v 1 /dus duy
<””%—m—ﬁbﬂwdﬁm‘m)}

_ te2 +t5+t61/2 ' duq . t5+t01/2 ' dug
th dx th dx ’

ou dv  us(z) —ui(z)

2.12 =28, SV _ B T Wm\T)

( ) Yy dy + dr to )
— the lower core {ts +t.1/2 <y <tea+ts+te/2}

ou d?v 1 [(duy dug
@B>%—w—ﬂhﬁ‘@<m‘¢ﬁ}

+ t02+ts+tcl/2. dU1 _ts+tcl/2‘ duZ
teo dz tc2 dzx ’
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e the outer sheets
— the upper sheet {— (teo + 2ts +t1/2) <y < — (tea +ts +ta/2)}

2.15 . = 4+ — =0,
( ) c 8y+ dx

_@__ d2v+duz _Ou dv
 or V422 dz )’ ey

— the lower sheet {tco +ts +te1/2 <y <tea + 2ts + te1/2}

_ Ou d?v  dus ou dwv

(2.16) Ew—ax:‘@dxz‘mc)‘ L v

Stresses in the layers of the beam are formulated in accordance with the
Hooke’s law. Therefore, the elastic strain energy of the beam

(2.17) Ue = UCY 4 U8 + UCD 4 Uled),

where

e the elastic strain energy of the main core after integration with regard to
thickness of this core

L
2 2 2
(218> UE(CU = 1 clbtcl/ [112 <tc1 % -2 dU1> + 2 U1(x)] dx7
0

2 dz? dx 1+va t3

e the sum of the elastic strain energy of two inner sheets after integration
with regard to thickness of these sheets

1 9 a2 2 d2v duy duy 2
S t - Us ts d )
120 s <dx2> Csz a2 dz | \de v

where dimensionless parameters

L
(2.19) UUS) = Bgbt, /
0

1 1
Cs1 = o) (32, + Gtorts + 4t2) Cs2 = . (ter +ts),
S

S

e the sum of the elastic strain energy of two second cores after integration
with regard to thickness of these cores

L
(220) UL = Eobty / (B1(2) — Bo(x) + Bs(x) + Ba(w)} da,
0
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where functions

2 2
@1([13> = icVcl |:t02 dv - (dUQ - dU1):| )

12 da? dx dx
1 du dus1?
@3@) = 1 [Cchxl - CC4d;:| >
d2v dus  duy duyq dug
17 = Cc te - - Cyc 5 — Yed— |
2() 2[ > da? ( dx dx >] [ S da Yl
1 (ua(z) — ur (x))?
[0} =
4() 2(1+ vea) 2, ’

and dimensionless parameters

1
Cor= o [3t2) + 6ter (tea + 2ts) + 4 (82, + Bteots + 3t2)],
c2

1
Cc2 = a7 (tcl + 2+ 2t8)7
2t02

1
CcS = T (tcl + 2t¢:2 + 2t5),
th

1
Coy = — (tcl + 2ts);
tc2

the sum of the elastic strain energy of two outer sheets after integration
with regard to thickness of these sheets

1 d2v\? d2v d dus \ 2
— Oyt (;) Ot u2+< u2> daz,

L
(2.21) UL = BE,bt, /
0

12 84z dz dx

where dimensionless parameters

1
Cy = - [3t2) + 6ter (2t + 3ts) + 4 (3t2, + Oteats + Tt2)],
S

1
034 = LT (tcl + 2t + 3t5)-
s

The work of the load

L
(2.22) W= [ qu(z)duz.
/
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Based on the principle of stationary total potential energy [6(U._W) = 0|
with consideration of the expressions (2.17) and (2.22) three differential equa-
tions of equilibrium are obtained in the following form

d*v d3uy dBuy
(2-23) va@ - CvulW - CWQW =D
d3v d2u d2u,
(224) Cvul@ - Culul dx 21 + Cu1u2 dz2 + Culul( ) - Cu2u2(x) = 07
d3v d2u d2u
(2.25) Couwzo—= a3 + Culu2 e 21 - CuquW; — Cu?ul(x) +Cu2u2($) = 0,
where
1 3 3 3
va — E [Ecltcl +2 (Esicsl + Esocs3) ts + 2ECQCcltCQ]7
1
Cvu2 = EsoCs4t§ - E02t32 (CC2CC4 - 6Ccl>>
Cout = + [Burt?y + 6BoiCat? + Euty (6CusCog — C.
vu1—6[ cl cl+ ST 325+ 0202( c2Ve3 Cl)])
E 1 E, 1
Cul —9 cl o c2 -
1+vata 1+ vete
1 1
Cutul =2 |:Ecltc1 + Egits + Eeateo (120(;1 — Ce2Ce3 + 4033)] ;
Eos 1
Cup = —2
u2 1+ vete
1
Cu1u2 = éECQtCQ [Ccl - 6002 (Cc3 + Cc4) + 3003064]7
p=31- uniformly distributed pressure at the outer upper sheet of the beam,

C u2u2 = ECQtCQ [Ccl - 12002004 + 302 ] + 2Ef‘sot&
The bending moment M(z) = b f yo(x) dy with consideration of the Hooke’s

law and after integration with regard to depth h of the beam, leads to the
following equation

d?v duy dug My(x)
A P P
It may be noticed that this equation is equivalent to the equation (2.23).

Therefore, the system of equations for the analyzed problem comprises the equa-
tions (2.26), (2.24) and (2.25).

(2.26) Cloo
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3. BENDING OF THE BEAM — ANALYTICAL STUDY
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The bending moment at the simply supported beam loaded with uniformly
distributed transverse load of intensity ¢ (Fig. 1)

(3.1)

1

My ==

2

(

LT

L

)

X
ZqL?.
74

The system of differential equations (2.26), (2.24) and (2.25) with considera-
tion of the expression (3.1) is approximately solved with the use of three assumed
functions

(3.2) w(x) = v,sin (ﬂ'z>, u1(x) = u1q cOS (ﬂ'Z>, ug () = ugq cOS (

T

T

"z)

where v, — maximal deflection, u1,, s, — maximal displacements of the sheets.
Therefore, after application of the Galerkin’s method, the system of three
linear algebraic equations is obtained

(3.3)

(3.4)

(3.5)

Vg
TChul f -

v,
TCyu2 fa +

Culul + <

Cu1u2+ (

L

L

9 -
> Cul
T
9 -
) Cu2
™

Wvafa

Ulq+

Ulg —

(%

— Coutia

L\? ]
Cu2u2+< ) Cu2
T

From which, the maximal deflection of the beam

4
(3.6) VUmax = Vo = — {
m

I 2
Culul + <> Cul
s

where detg — the eliminant — the matrix determinant.
Taking into account the classical Euler-Bernoulli beam theory (the linear hy-

I 2
Cu2u2 + <> Cu2
T

L 2
CuluQ + <) Cu2
™

— Cpuauq

L\? | ]
Cu1u2+< ) Cu2
T

U2q

U2q,

4
I3
7r4p )

0,

pL*
dety’

pothesis in which plane cross sections before bending remains plane after bend-
ing), the bending problem of the beam with regard to the expression (3.1) is
expressed by one equation
T\ T
AT
L) L

d2v B

(3.7) =

Cuu L

2
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From which, after double integration and with consideration of the boundary
conditions v(0) = v(L) = 0, one obtains the maximal deflection of the beam

5 pL*

(E-B) £~
384 Cyyy

max

(3.8) =

The detailed studies are carried out for example beams of length L. = 800 mm,
width b = 50 mm, thicknesses t.; = 15 mm, t, = 10 mm, ¢t; = 0.8 mm, and
pressure p = 0.05 MPa. The values of material constants of beam parts are
specified in Table 1.

Table 1. The values of Young’s modules E [MPa] and Poisson ratios v.

Material Steel Steel foam | Aluminium | Al foam | Polyurethane foam
E [MPa] | 200000 3150 79000 200 4.5
v 0.3 0.05 0.33 0.3 0.1

The seven type beams are selected to detailed studies. These types are char-

acterized by various materials of the layers (Table 2).

Table 2. The seven type beams with various materials of the layers.

Beam Main core — t¢1 Inner sheets — ts | Second cores — t.o | Outer sheets — ¢,
B-1 Steel foam Steel Steel foam Steel
B-2 Al foam Aluminium Steel foam Steel
B-3 Al foam Aluminium Al foam Aluminium
B-4 | Polyurethane foam Aluminium Polyurethane foam Aluminium
B-5 | Polyurethane foam Steel Polyurethane foam Steel
B-6 | Polyurethane foam Steel Steel foam Steel
B-7 | Polyurethane foam Aluminium Al foam Aluminium

The values of maximal deflections of the beams calculated based on the ex-
pressions (3.6) and (3.8) are specified in Table 3.

Table 3. The values of maximal deflections of the beams — analytical study.

Beam B1 | B2 | B3 | B4 B-5 B-6 B-7
oYY mm| | 1.92 | 2.76 | 6.45 | 56.06 | 52.43 | 10.71 | 21.87
05D [mm] 185 | 2.03 | 504 | 512 | 202 | 1.8 | 5.04

Comparison of these values of maximal deflections of the beam types calcu-
lated with the use of two methods (Zig-Zag and Euler-Bernoulli theories) allows
to notice significant differences between the beams composed mainly of metal
layers and the ones including polyurethane cores.
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4. BENDING OF THE BEAM — FEM sTuDY — ABAQUS SYSTEM

4.1. Numerical FEM model

The numerical analysis of the seven layer beam is executed in two different
FEM systems: ABACUS and SolidWorks Simulation. The models of the beam
in these programs are the same to compare obtained results with each other and
to check out differences between numerical and analytical solutions. Taking into
account two planes of symmetry the beam is calculated only in 1/4 part. On
both symmetry planes, normal displacements are fixed for all the layers, while
in the support vertical displacements are fixed (along y axis). This boundary
condition is applied to whole supported planes. The scheme of the beam and
boundary conditions and load are presented in Fig. 3.

g

F1a. 3. The scheme of the beam with boundary conditions and load.

Total number of the nodes in SolidWorks Simulation system is 17089, and
total number of the elements of second order (tetrahedrons with 10 nodes) is
10966 for maximum element size not exceeding 8 mm. In ABACUS System the
model includes 91 283 nodes and 19 200 elements. Two element types were used
— 6400 of them were quadrilateral shell elements and 12 800 were solid quadratic
hexahedral ones.

4.2. Bending — maximal deflections

The maximal deflection of the beam is in the plane of symmetry. The results
of analytical and FEM analysis are specified in Table 4 for two systems, where
vﬁfﬁM—A) is deflection calculated in ABACUS System and vgaEM—S) is deflection

obtained in SolidWorks Simulation program.
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Table 4. The values of maximal deflections of beams — analytical and FEM study.

Beam B1|B2|B3| B4 | B5 | B6 | BT
oYY mm] | 1.92 | 2.76 | 6.45 | 56.06 | 52.43 | 10.71 | 21.87
(FEM_A)

Upnax [mm] | 1.91 | 2.74 | 6.41 | 55.40 | 51.77 | 10.74 | 21.99
o) ) | 101 | 273 | 6.30 | 572 | 5115 | 10.70 | 21.86
o BB imm] | 1.85 | 2.03 | 5.04 | 512 | 2002 | 1.86 | 5.04

The results obtained in ABACUS System and SolidWorks Simulation pro-
gram are similar and differs no more than 2.5 per cent from analytical solution.
Bigger differences are in SolidWorks Simulation System.

5. CONCLUSIONS

The proposed objectives of the study are achieved that allowed to make the
comparative analysis of the results. The results obtained with analytical and
numerical methods specified in Table 4 allow to conclude that:

e The differences between the deflection values computed with analytical and

numerical methods do not exceed 2.5 per cent.

e The results calculated with Euler-Bernoulli beam theory differ from the
analytical and numerical values obtained for the B-1, B-2 and B-3 beams
with metal foam cores by less than 36 per cent. In case of the polyurethane
foam cores these differences are significant. For the B-5 beam the difference
is more than 25-fold.

e In order to model the multilayered structures the use of the Zig-Zag theory
is necessary.
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