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The present paper investigates lengthwise crack behaviour in three-axial inhomogeneous
non-linear elastic cantilever beams, i.e., beams which exhibit inhomogeneous material proper-
ties along the width, height and length. The non-linear mechanical behaviour of the inhomo-
geneous material is described by the Ramberg-Osgood equation assuming that the modulus
of elasticity varies linearly along the width, height and length of beams. A solution to the
strain energy release rate is derived by considering the balance of the energy. The results ob-
tained in the present paper indicate that the three-axial inhomogeneous material properties
have a significant influence on the strain energy release rate in non-linear elastic beams.
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1. INTRODUCTION

An adequate crack analysis in inhomogeneous engineering structures is very
important for the evaluation of their integrity, reliability and durability. De-
veloping techniques for such analyses requires consideration of various physical
features. One of the most important features is the fact that the properties of in-
homogeneous materials depend on the location, i.e., the properties are functions
of the coordinates [1-3|. It should be noted that the growing interest towards the
inhomogeneous materials is due mainly to the increasing application of function-
ally graded materials and structures in aeronautics, nuclear reactors, electron-
ics, energy sector, biomedicine, etc. [4-6]. For the last decades, the functionally
graded materials have attracted the attention mostly because their properties
can be varied smoothly along one or more spatial coordinates during manufac-
turing so as to optimise the reaction of functionally graded structural members
and components to the externally applied mechanical loads and influences.
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The dependences of material properties on the coordinates significantly com-
plicate the fracture analysis of inhomogeneous structures in comparison with the
structures made of traditional homogeneous structural materials. Another impor-
tant physical feature that should be taken into account in fracture analyses is the
non-linear mechanical behaviour of the inhomogeneous materials. Recently, sev-
eral papers which deal with a lengthwise fracture in inhomogeneous (functionally
graded) beam structures exhibiting material non-linearity have been published
[7-9]. The material non-linearity was described by using power law stress-strain
relations. It was assumed that the coefficient in the power law stress-strain rela-
tion varies continuously along the beam height, i.e., the beam exhibits material
inhomogeneity in height direction only [7, 8]. Additionally, analyses of length-
wise crack in non-linear elastic beam configurations were performed assuming
that the coefficient in the power law stress-strain relation varies in both height
and width directions of the beam (the coefficient is distributed symmetrically
with respect to the vertical centroidal axis of the beam cross-section) [9]. Non-
linear solutions to the strain energy release rate were derived by analysing the
complementary strain energy cumulated in the beams [7-9].

The present paper aims to develop a lengthwise crack analysis of a non-linear
elastic cantilever beam which exhibits smooth three-axial material inhomogene-
ity (it is assumed that the modulus of elasticity is distributed linearly along the
width, height and length of the beam). The non-linear mechanical behaviour
of the inhomogeneous material is described by applying the Ramberg-Osgood
stress-strain relation. The crack is studied in terms of the strain energy release
rate by considering the energy balance. It should be mentioned that the crack
analysis developed in the present paper holds for non-linear elastic behaviour
of the material. The analysis is also applicable for elastic-plastic behaviour if
the beam undergoes active deformation, i.e., if the external loading increases
only [10].

2. STUDY OF THE STRAIN ENERCY RELEASE RATE

A lengthwise crack of length «a is located in the mid-plane of the inhomoge-
neous beam configuration shown in Fig. 1. Here, it should be mentioned that one
of the motives for the present study is that certain kinds of inhomogeneous ma-
terials, such as functionally graded materials, can be built up layer by layer [5],
which is a premise for the appearance of lengthwise cracks between layers. The
cross-section of the beam is a rectangle of width b, and height 2h. The length of
the beam is denoted by [. The beam is clamped in section K9S5T5. The external
loading consists of two bending moments My, and My applied at the free ends
of the lower and upper crack arms, respectively (Fig. 1). The beam under con-
sideration exhibits inhomogeneous material properties along the width, height
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Fic. 1. Geometry and loading of a three-axial inhomogeneous non-linear elastic cantilever
beam containing a lengthwise crack.

and length (it is assumed that the modulus of elasticity varies linearly along the
width, height and length of the beam). Besides, it is assumed that the beam
exhibits non-linear mechanical behaviour of the material which is described by
using the Ramberg-Osgood stress-strain relation.

The lengthwise crack is studied in terms of the strain energy release rate G, by
analysing the energy balance. Assuming a small increase da of the crack length,
the energy balance is written as

(2.1) Mpopr + Mydpy = %5@ + Gbéa,

where ¢y, and @y are, respectively, the angles of rotation of the free ends of the
lower and upper crack arms, U is the strain energy. From (2.1), one obtains

_ My O | My dpy 10U

(2:2) G b Oa b Oa b Oa’
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By applying the Castigliano’s theorem for structures exhibiting material non-
linearity, ¢, and oy are written as

ou*
2. - 2=
(2.3) oL oM,

oUu*
(24) SDU - aMU 9

where U* is the complementary strain energy.
The strain energy cumulated in the beam is obtained as

(2.5) U=UrL+ Uy + Ug,

where U, Uy, and Upg are, respectively, the strain energies in the lower and
upper crack arms, and the uncracked beam portion, a < x4 <1 (Fig. 1).
The strain energy in the lower crack arm is expressed as

b o
a 2 2

(2.6) UL:// /UOLdCCALdylel:
0 b
2 2

where ugy, is the strain energy density in the lower crack arm, and y; and z; are
the centroidal axes of the lower crack arm (Fig. 2).

crack
X1
h2 M,
h/2 N1
2]
) 1 )
b2 b/2

F1G. 2. Free end of the lower crack arm.

Analogically, the strain energies in the upper crack arm and the uncracked
beam portion are written, respectively, as

b h
a 32 2
(2.7) UU—///UOde4dy2d22
0

— h
2

b
2
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and

b
2 h
(2.8) UR—///UORd$4dy3dZ3,
a % —h

where ugy and ugr are the strain energy densities in the upper crack arm and
the un-cracked beam portion, respectively.

Similarly to formulae (2.5)—(2.8), the complementary strain energy cumulated
in the beam is obtained as

b h
(2.9) ///UOde4dy1dzl+///uaUdmdygsz
272 2 2
h
///UORdx4dy3d23,
—h

m\m-

where ug;, ug, and ugp are the complementary strain energy densities in the
lower and upper crack arms, and the uncracked beam portion, respectively.

The Ramberg-Osgood stress-strain relation that is used to describe the non-
linear mechanical behaviour of the material is written as

1
g

(2.10) =g+ (%)E

where € is the lengthwise strain, ¢ is the normal stress, E is the modulus of
elasticity, H and n are material properties. The modulus of elasticity varies
continuously in the beam cross-section according to the following linear law [11]:

(2.11) E = qiya + q224 + g3,
where

b b
2.12 O 0
(2.12) 5 Sy <o,

(2.13) -

>
(VAN
N
N
IN
>



40 V.I. RIZOV

In (2.11),
1

(2.14) n=y (Es — Ek),
1

(2.15) @=7 (Er — Es),
1

(2.16) %= (Er + Ek),

where Ei, Eg, and Ep are, respectively, the values of the modulus of elasticity
in points K, S, and T in an arbitrary cross-section K.ST of the beam (Fig. 1).
Besides, it is assumed that Fx, Fg, and Er vary linearly along the beam length

Ex, — F
(2.17) Ex = Fk, + %u,
Eg, — E
(2.18) Es = Eg, + %u,
Ep, —E
(2.19) Ep =Ep + %m,
where
(2.20) 0<ay4<l.

In (2.17), (2.18) and (2.19), Ek,, Es,, and E7, are, respectively, the values of
Ex, Eg, and E7 in points K1, S1, and T at the free end of the beam, Fk,, Es,,
and Ep, are, respectively, the values of Ex, Eg, and Er in points Ka, So, and
T5 at the clamped end of the beam (Fig. 1). It can be summarised that formulae
(2.11)—(2.20) describe the continuous variation of the modulus of elasticity in
the inhomogeneous cantilever beam configuration (Fig. 1).

In principle, the strain energy density is equal to the area OP(Q enclosed by
the stress-strain curve (Fig. 3). For the Ramberg-Osgood stress-strain relation,
the strain energy density in the lower crack arm is expressed as [12]

14+n
02 g n

(2.21) uop = — + :
2EL  (1+4n)Hn

where o and Ep, are, respectively, the distributions of the normal stresses and the
modulus of elasticity in the lower crack arm cross-section. By using (2.11),
the distribution of the modulus of elasticity in the lower crack arm cross-section
is written as

(2.22) Er = qiy1 + 9221 + @31,
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where
h
(2.23) 4L = G255 T 3,
b b
2.24 <y <~
( ) 9 = Y1 > 27
h h
2.2 L < < 2
(2.25) 5 SAS g
o
P
0 g

&

F1G. 3. Non-linear stress-strain curve.

By substituting of (2.22) in (2.21), one arrives at

14n
02 g n

+ -
2(qy1 + @21 +asL)  (1+n)Hn

(2.26) uor, =

Formula (2.26) is used also to obtain the strain energy density in the upper
crack arm. For this purpose, o is replaced with the distribution of the normal
stresses oy in the upper crack arm. Also, g3y, is replaced with g3y where g3y is
obtained by the following formula:

(2.27) q3U = _QQg +gs.

The strain energy density in the uncracked beam portion is determined by
(2.26) by replacing of o with the distribution of the normal stresses in uncracked
beam portion or. In addition, gsy, is replaced with g3.

The complementary strain energy density is equal to the area OQR that sup-
plements the area OPQ), to a rectangle (Fig. 3). Therefore, the complementary
strain energy density in the lower crack arm is written as

(2.28) Uy, = 0€ — UQL-
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By substituting of (2.10) and (2.26) in (2.28), one derives
2 1+4n

g no n

+ T
2(qy1 + @221 +a30)  (14+n)Hn

(2.29) ul, =

Formula (2.29) is also applied to determine the complementary strain energy
density in the upper crack arm. For this purpose, ¢ and g3, are replaced with the
oy and g3y, respectively. Similarly, the complementary strain energy density in
the un-cracked beam portion is derived by replacing of ¢ and ¢sy,, respectively,
with o and g3 in (2.29).

In order to perform the integration in (2.6), o has to be expressed as a func-
tion of y; and z;. However, it is obvious that o cannot be determined explicitly
from the Ramberg-Osgood equation (2.10). Therefore, o is expanded in the series
of Maclaurin by keeping the first six members

0o (0, 0) n 0o (0, 0) 9?0 (0, 0) ,

2.30 ~ag(0, 0
(2.30) o(y1, z1) = o(0, 0) + A n 921 21+ 219y2 %
%0 (0, 0) 920 (0, 0) 4
ooz AT o
Formula (2.30) is rewritten as
(2.31) o(y1, 21) & B1 + Bayr + Bsz1 + Bayi + Bsyrz1 + Pezi

where the coefficients, 51, B2, 83, B4, O5, and B, are determined in the following
way. First, the distribution of the lengthwise strains in the lower crack arm cross-
section is analysed. The validity of the Bernoulli hypothesis for plane sections is
assumed since the span to height ratio of the beam under consideration is large.
Thus, € written as

(2.32) € =¢€0, + Ky Y1 + Kz 21,

where ¢, is the strain in the centre of the lower crack arm cross-section, and
ky, and k., are the curvatures the of lower crack arm in the x;y; and x12
planes, respectively. Concerning the applicability of the Bernoulli hypothesis, it
should also be noted that since the beam is loaded in pure bending, the only
non-zero strain is €. Thus, according to the small strains compatibility equations,
¢ is distributed linearly in the cross-section of the lower crack arm. It should be
mentioned that the Bernoulli hypothesis has already been used in longitudinal
fracture analyses of inhomogeneous beam configurations [13].
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Further, formulae (2.22), (2.31) and (2.32) are substituted in (2.10)

2 2
(2.33)  ecy +hy 1tz = B1 + Bayr + Baz1 + Bayi + Bsy1z1 + Pezi
QY1 + q221 + q3L

1
( B1+ Bayr + Bsz1 + Bayi + Bsyrz1 + Bezi )»
Hn
By substituting of y; = 0 and z; = 0 in (2.33), one arrives at

_l’_

1
(2.34) e, = b + 511 :
3L Hn
Then, by substituting of y1 = 0 and 2z; = 0 in the first derivative of (2.33) with
respect to y1, one obtains

1 1 1 11
(2.35) Ky Q3L +ecq1 = P2 + T <Q151" + quﬁﬁf 32) .

n

Similarly, by substituting of y; = 0 and z; = 0 in the first derivative of (2.33)
with respect to z1, one arrives at

n

1 1 1 1.4
(2.36) K Q3L +€ciq2 = B3 + e (%51” + Q3Lﬁﬁf ﬁ3> .

Furthermore, by substituting of y; = 0 and z; = 0 in the second derivative
of (2.33) with respect to ¥, in the second mixed derivative of (2.33) and in the
second derivative of (2.33) with respect to z1, one obtains

1 1 14 1 1.4
(2.37) 2Ky, q1 = 24 + ! {fhn Bt @B B2
2 1,4 1/1 1,
+ [5451" + fo— ( - 1) By 52} },
n n n
1 1 14 1 1.4
(2.38) Ky G2 + Kz q1 = Bs + E {Q1nﬂ1n B3 + QQEBf B2

+aq3L [ﬁsiﬁ{i_l + 52% (; - 1) 5{1‘_253} },

1 1 14 1 14
(2.39) 2620 q2 =286 + —1 |@2=B1" B3+ @B B3
Hel'on n

n

1 1 1_9 1 4
+q3r— (—1) Br B3+ 287 66}
n\n
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There are nine unknowns, 31, B2, B3, B, Bs, Be, €cy, Ky, and kK, in

Eqgs (2.34)—(3.39). Three other equations are derived by considering the equi-
librium of the elementary forces in the cross-section of the lower crack arm

(2.40) N = A// cdA,
(2.41) M, = //021 dA,
(2.42) M, = // oy dA,

where A; is the area of the lower crack arm cross-section, N, M, , and M., are,
respectively, the axial force and the bending moments about the centroidal axes,
y1 and z1. It is obvious that (Fig. 2)

(2.43) N =0,
(2.44) My, = My,
(2.45) M,, =0.

By substituting of (2.31) in (2.40)-(2.42), one derives

b3h bh3
bh3
(247) My1 = 5357
b3h
24 M, = Bo—.
( 8) 1 62 12

Equations (2.34)-(2.39) and (2.46)—(2.48) should be solved with respect to
B1, B2, B3, B4, Bs, Bes €cy» Ky, and K, by using the MatLab computer program.
It should be noted that Eqs (2.34)—(2.39) and (2.46)—(2.48) can be applied to
determine (31, (2, (3, B4, Bs, B, €cy» Ky, and Kk, at any cross-section of the
lower crack arm, i.e., for any x4 in the interval [0; a] (the only difference between
the various cross-sections are the values of Fx, Eg, and E7 which are obtained
by formulae (2.17)-(2.19)).

Equations (2.34)—(2.39) and (2.46)—(2.48) are applied also to obtain Sy1, Sue,
Bus, Bua, Bus, Bue, €Cy» Ky, and k., at the cross-section of the upper crack arm
(here, ¢, is the strain in the centre of the upper crack arm cross-section, ky,
and k., are, respectively, the curvatures of the upper crack arm in the xoy2 and

T229 Planes)' For this purpose, ﬁl) /827 637 ﬁ47 1857 667 q3L, €Cy /fyl, and Kz, are
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replaced, respectively, with By1, Bue, Bus, Bua, Bus, Bue, G3uU, €Cys Kys, and ko,
in Eqgs (2.34)-(2.39) and (2.46)(2.48). Additionally, M,, is replaced with My
(Fig. 1). The stress oy, in the upper crack arm cross-section, is determined by
replacing of f1, B2, B3, B4, Bs, Be, Y1, and z1, respectively, with By1, Bu2, Bus,
Bus, Bus, Buse, Y2, and zz in (2.31).

Analogically, the parameters, Br1, Sr2, Br3; Br4a, Brs: BR6, €C5» Kys, and Kz,
of the cross-section of the uncracked beam portion are obtained by replacing of

B1, B2, B3, Ba, Bs, Be; q3L, ECyy Kyrs and Rz respectively, with 8r1, Br2, Br3, Br4,
BRrs, BR6, 43, €Cy, Kys, and k., in Eqs (2.34)-(2.39) and (2.46)(2.48). Also, h and
M,, are replaced, respectively, with 2h and My — My (Fig. 1). Formula (2.31)
is applied to calculate the stress or in the uncracked beam portion. For this
purpose, ﬁlv BQ? 53, /84a 555 ﬁﬁv Y1, and Z1 are replaced with BRla BR2> /8R35 5R47
BRs, Bre, Y2, and 2o, respectively.

By substituting of (2.3)-(2.8) and (2.9) in (2.2), one arrives at

(2.49)

G: b 8ML //uOLdyldzl—i-//uOUdygdzz—/

ugr dyz dz3

3‘\;

b —
2

b aMU //UOLdyld21+//U0Udy2d22—/

_b—
2

uop dys dzs3

?\:

//UOLdyle1+//UOUdy2d22—// ordyzdzs |,

l\)\c-

where ugr, uou, uor, uf; , Uy, and uf, are determined by (2.26), (2.29), (2.31),
(2.34)-(2.39), and (2.46)(2.48) at x4 = a. The integration in (2.49) should
be performed by the MatLab computer program. The derivatives % (...) and
% (...) in (2.49) should be determined numerically by the MatLab computer
program.

In order to verify (2.49), the strain energy release rate is also derived by using
the following formula [8]:
_dU~
~ bda’
where dU™ is the change of the complementary strain energy, and da is an el-
ementary increase of the crack length. By substituting of (2.9) in (2.50), one
obtains

(2.50)
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b
2

;3 -
1
(2.51) GZE //uz‘]Ldyldzl—i—//uz‘]Udygsz—//ungygdz;g ,
b g _%—h

_b_h _b_h
2

2 2

where uj;, ul;, and ujp are determined by (2.29), (2.31), (2.34)-(2.39) and
(2.46)—(2.48) at x4 = a. The integration in (2.51) should be performed by the
MatLab computer program. The strain energy release rates calculated by (2.51)
are the exact matches of the strain energy release rates obtained by (2.50). This
fact is a verification of the crack analysis developed in the present paper. It
should be noted that the strain energy release rate is also analysed by keeping
more than six members in the series of Maclaurin (2.30). The results obtained
are very close to those derived by keeping the first six members (the difference
is less than 2%).

Due to the material inhomogeneity, the strain energy release rate is dis-
tributed non-uniformly along the crack front. It should be mentioned that for-
mulae (2.50) and (2.51) calculate the average value of the strain energy release
rate along the crack front. Therefore, in order to evaluate the distribution of
the strain energy release rate along the crack front the crack is also analysed
by applying the J-integral approach since the J-integral is equal to the strain
energy release rate [7].

The J-integral is solved along the contour I" shown as a dashed line in Fig. 1.
Thus, the J-integral solution is written as

(252) J:JF1+JF2+JF35
where Jr,, Jp,, and Jr, are the J-integral values, respectively, in segments, I,
I35, and I3, of the integration contour. The J-integral in segment I is written as

(2.53) Jr, —/ [uOLcosa— ( a;gz +pyg:;>]d3p,

1
where the angle between the outwards normal vector to the contour of integration
and the crack direction is marked by «, the components of the stress vector are
marked by p, and p,, the components of the displacement vector with respect to
the coordinate system zy are marked by u and v, and ds is a differential element
along the contour of integration. The components of (2.53) are written as

(2.54) pe = —o0,

(2.55) py =0,

(2.56) dsp = dz,
ou

2.57 — =

(2.57) 5 = &

(2.58) cosa = —1.
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By substituting of (2.54)—(2.58) in (2.53), one derives

14+n
B W8 B
2.5 — Biec, h by — oo ———h
(2.59) Ty = Precih+e0fo 75 + K Bapg 200" (1+n)H»

3

h h3
+ (5250171 + Ky, Brh + Hylﬁﬁﬁ + Hz1ﬁ512> Y1

+ (Bagcy h + Ky, B2h) yi + Ky, Bahi,

where
277712
The J-integral solution in segment I of the integration contour (Fig. 1) can

be found by using (2.59). For this purpose, £1, f2, 83, Ba, Bs, B6, @31, €C1s Kyr
and £, are replaced with By, Bua, Bus, Bua, Bus, Buses q3Us €Cys Kyys and ke,
respectively. Formula (2.59) is applied also to obtain the J-integral solution in
segment I3 of the integration contour. For this purpose, h, 81, B2, 83, B4, G5,
B6, 431, €ECy» Ky, » and K, are replaced, respectively, with 2k, Br1, Br2, Br3, Bra,
BRrs, BRres 43, €Cy, Kys, and k,. Besides, the sign of (2.59) is set to “minus” since
the contour of integration is directed upwards in segment I3.

By substituting of Jp, Jp, and Jp, in (2.52), one obtains the following solu-
tion of the J-integral:

(2.60)

14n

h3 h3 ,82 an

2.61) J= o5t ha s — o h e
(2.61) J 51€clh+6015612+/<015312 quLh (1+n)H%h

3
<62€C1h + Ky, Blh + ”y156 + Kz 65 ) Y1 + (/84601h + HylﬁQh) y%

+ Ky, Bahyi + Buiecy,h + e, B hj—l—/ﬂ B hj—ﬁélh_ i
o Bahyi + Buiec, sy + Rabusyy =5 - (1+4n)Hr

3

h h3
+ <5U2€Cgh + Ky, Buth + /nyBUGE + Hz2ﬁU512> Y1 + (Buaccyh + Ky Buah) Yt

1+n
2h3 (2 28,7
K’ZgﬁRfii_}' Rl + R1

+ iy Buahyy — 2Briecsh — ey Br —
v U4 150 P63 a3 (1+n)H=

2h3 2h3
— | 2BRr2ecsh + 26y, Br1M + Kys BrRé—— 3 + Kz BR5—— i

— (2BRaccsh + 2ky3Brah) yi + 26y, Brahys.
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Formula (2.61) expresses the distribution of the J-integral value along the
crack front.
The average value of the J-integral along the crack front is written as

b

2
1
(2.62) JAV = g / del.

SIS

It should be noted that the average value of the J-integral along the crack
front obtained by substituting of (2.61) in (2.62) and performing the integration
by the MatLab computer program is an exact match of the strain energy release
rate. This fact is also a verification of the analysis developed in the present paper.

3. PARAMETRIC INVESTIGATION

A parametric investigation is carried out in order to evaluate the effects of
three-axial material inhomogeneity and non-linear mechanical behaviour of the
material on the lengthwise crack in the cantilever beam (Fig. 1). For this purpose,
calculations of the strain energy release rate are performed by using (2.49). The
results obtained are presented in non-dimensional form by using the formula
Gn = G/ (Ek,b). The material inhomogeneities along the width and height of
the beam are characterised by Es, /Fk, and Er,/Ef, ratios, respectively. It
is assumed that b = 0.004 m, h = 0.004 m, [ = 0.35 m, My = 0.40 N-m,
My = 0.30 N-m. Function (2.11) is written as £ = —9000y4 + 3300024 + 168 at
Esl/EKl = 07, ETl/EKl = 1.8, T4 = 00, and EK1 = 120 GPa.

The strain energy release rate in non-dimensional form is plotted against
Eg, /Ek, ratioin Fig. 4 at a/l = 0.75, By /Ex, = 0.6, H/Ex, = 0.5, Ex,/Ex, =

70
1
56 \\
G 7 42
Ekb 10 \L
28
14

00 05 10 15 20 25
Es
Ex,

Fia. 4. The strain energy release rate in non-dimensional form presented as a function of
Es,/FEk, ratio (curve 1 — at non-linear mechanical behaviour of the material, curve 2 — at
linear-elastic behaviour of the material).
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0.5, Es,/Eg, = 0.5, Eq,/E7, = 0.5, and n = 0.7. It should be noted that Ef, is
kept constant. Therefore, Eg, is varied to generate various Eg, /Fk, ratios. The
curves in Fig. 4 show that the strain energy release rate decreases with increasing
of Eg, /FEk, ratio (this behaviour is due to the increase of the beam stiffness).
The strain energy release rate obtained assuming linear-elastic behaviour of the
inhomogeneous material is also plotted in Fig. 4 for comparison with the non-
linear solution. It should be noted that the linear-elastic solution for the strain
energy release rate is derived by substituting of H — oo in (2.26), (2.29), (2.31),
(2.34)—(2.39) and (2.46)—(2.49) since at H — oo the Ramberg-Osgood stress-
strain relation (2.10) transforms into the Hooke’s law. One can observe in Fig. 4
that the non-linear mechanical behaviour of the material leads to an increase of
the strain energy release rate.

The effect of E7, /Ek, ratio on the fracture behaviour is illustrated in Fig. 5
where the strain energy release rate in non-dimensional form is plotted against
Er,/Ek, ratio at three H/FEk, ratios. In Fig. 5, it can be also observed that
the strain energy release rate decreases with increasing of Ep, /Ex, and H/Ef,
ratios.
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Fi1G. 5. The strain energy release rate in non-dimensional form presented as a function of
Er, /Ek, ratio (curve 1 — at H/Ex, = 0.5, curve 2 — at H/Ex, = 2 and curve 3 — at
H/Ek, =38).

The influence of Ex, /Ek, ratio and the crack length on the crack behaviour is
elucidated too. For this purpose, the strain energy release rate in non-dimensional
form is plotted against a/l ratio at two Fk,/Ef, ratios in Fig. 6. The curves
in Fig. 6 indicate that the strain energy release rate decreases with increasing
the crack length when Eg,/Eg, = 1.5. This finding is attributed to the fact
that the modulus of elasticity in the beam cross-section in which the crack front
is located increases with increasing the crack length. One can also observe that
at Ex,/Ek, = 0.5 the strain energy release rate increases with increasing the
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FiG. 6. The strain energy release rate in non-dimensional form presented as a function of a/I
ratio (curve 1 — at Fk,/FEx, = 0.5 and curve 2 — at Ek,/Fk, = 1.5).

crack length (Fig. 6). The curves in Fig. 6 also show that the strain energy
release rate at EFk,/Ex, = 0.5 is higher than that at Fg,/Ex, = 1.5 when
0.20 < a/l < 0.80.

The distribution of the J-integral value along the crack front is shown in Fig. 7
at two Eg, /E, ratios and a/l = 0.75. The J-integral value is presented in non-
dimensional form by using the formula Jy = J/ (Ek,b). Calculations are carried
out by applying (2.61). The abscise axis y; /b in Fig. 7 is directed along the crack
front (y1 /b is chosen such that its origin is located in the centre of the crack front).
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Fia. 7. Distribution of the J-integral value in non-dimensional form along the crack front
(curve 1 — at Eg, /Ex, = 0.5 and curve 2 — at Es, /Ex, = 2.0). The horizontal axis, y1/b, is
chosen such that y1/b = 0.0 is located in the centre of the crack front.
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Besides, y1/b = 0.5 is on the lateral surface S1771527% of the beam (Fig. 1). The
curves in Fig. 7 indicate that the J-integral value is distributed non-uniformly
along the crack front. In Fig. 7, it can also be observed that the J-integral value
increases with increasing of abscise, y1/b, at Eg,/Ex, = 0.5. This finding is
attributed to the fact that at Eg, /Ek, = 0.5 the modulus of elasticity decreases
with increasing of y1/b. At Eg, /Ek, = 2.0 the J-integral value decreases with
increasing of y; /b (Fig. 7). It should be noted that the distribution of the strain
energy release rate along the crack front is the same as that of the J-integral
shown in Fig. 7 since the J-integral is equal to the strain energy release rate |7].
The crack growth will initiate in the point of the crack front where the strain
energy release rate is a maximum. Thus, the maximum strain energy release
rate Gmax has to be compared with the critical strain energy release rate, G¢.
The crack growth will initiate when Guax > Ge. It should be mentioned that
the critical strain energy release rate is a material property that is distributed
non-uniformly along the crack front since the material is inhomogeneous. The
distribution pattern of the critical strain energy release rate along the crack front
is the same as that of the J-integral shown in Fig. 7.

Non-symmetric loading conditions (only the lower crack arm is loaded by
a moment M, while the upper crack arm is free of stresses) are also considered.
The strain energy release rate in non-dimensional form is plotted against My at
two Er, /FK, ratios in Fig. 8. The curves in Fig. 8 show that the strain energy
release rate increases quickly with increasing of My . It can be observed also that
an increase of E7, /Ek, ratio leads to a decrease of the strain energy release rate

(Fig. 8).
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Fia. 8. The strain energy release rate in non-dimensional form presented as a function of
My, when only the lower crack arm is loaded (curve 1 — at Er, /Ex, = 0.5 and curve 2 — at
Er, /Ek, =2.0).
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The curves in Figs 4-7 and 8 indicate that the inhomogeneous non-linear
elastic beam under consideration can be optimised with respect to the strain
energy release rate (for instance, by varying Fg, /EFk,, E1,/EK,, and H/FE, ra-
tios the strain energy release rate can be significantly decreased, which improves
the lengthwise crack performance of the beam).

The distribution of the normal stresses in non-dimensional form o/FE, , along
the height of the lower crack arm at y; = 0 in the cross-section of abscissa,
xr1 = a/3, is presented in Fig. 9 at Ep /Fx, = 1.5 (the coordinate system,
x1Y121, is shown in Fig. 2). One can observe in Fig. 9 that the normal stresses are
distributed non-uniformly along the height of the lower crack arm cross-section
which is due to the non-linear mechanical behaviour of the material and to the
material inhomogeneity. It can be observed also in Fig. 9 that the normal stress
at the lower surface is higher than that of the upper surface of the crack arm
(this finding is attributed to the fact that the value of the modulus of elasticity
at the lower surface is higher than that at the upper surface of the crack arm).
Figure 10 shows the distribution of the normal stresses in non-dimensional form

-16 -12 -8 —4 0.0 4 8 12 16
(2} 4
—— X
FiG. 9. Distribution of the normal stresses in non-dimensional form along the height of the
lower crack arm at y1 = 0 in the cross-section of abscissa, 21 = a/3 (the coordinate system,
x1y121, is shown in Fig. 2).
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Fic. 10. Distribution of the normal stresses in non-dimensional form along the height of the
lower crack arm at y; = 0 in the cross-section of abscissa, 1 = 2a/3.
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along the height of the lower crack arm at y; = 0 in the cross-section of abscissa,
xr1 = 2a/3.

4. CONCLUSION

In the present paper, a technique for analyzing lengthwise crack in non-linear
elastic beams exhibiting three-axial material inhomogeneity, i.e., inhomogeneity
in width, height and length directions of the beam, is developed. It is assumed
that the modulus of elasticity of the inhomogeneous material varies linearly along
the width, height and length of the beam. The non-linear mechanical behaviour
of the inhomogeneous material is modelled by using the Ramberg-Osgood stress-
strain relation. A solution to the strain energy release rate is derived by analysing
the energy balance. In order to verify the solution, the strain energy release
rate is also obtained by using the complementary strain energy. A parametric
study of lengthwise crack is performed to elucidate the effects of material in-
homogeneity, material non-linearity and crack length on the crack behaviour.
The material inhomogeneity along the width, height and length of the beam
is characterised by Egs,/FEk,, Fr,/FKk,, and Ek,/FEk, ratios, respectively. The
analysis revealed that the strain energy release rate decreases with increasing of
Es,/Ek,, Er,/FK,, and Eg,/Ef, ratios. It is found that the non-linear me-
chanical behaviour of the inhomogeneous material increases the strain energy
release rate. Concerning the effect of crack length, it is found that the strain en-
ergy release rate increases with increasing the crack length when Ex, /Fg, < 1.
If Fx,/FEk, > 1, the increase of the crack length leads to decrease of the strain
energy release rate.

In addition, the J-integral approach is applied in the present paper. The
distribution of the J-integral value along the crack front is analysed. It is found
that the J-integral value (and the strain energy release rate) is distributed non-
uniformly along the crack front which is due to the material inhomogeneity (this
fact shows that the crack growth will initiate in the point of the crack front
where the strain energy release rate is maximal). The technique developed in
the present paper can be applied in crack- mechanics based structural design
of beam structures made of non-linear elastic materials whose properties vary
continuously along the width, height and length of the beam.
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